
REU 2007 · Apprentice Program · Lecture 4

Instructor: László Babai

June 28, 2007. Instructor’s notes.
INCOMPLETE NOTES. Greatly expanded on June 29, 7 p.m.

Look for updates on the weekend.

For basic definitions and facts about finite probability spaces (sample
space, probability distribution, events, random variables, expectation, indi-
cator variables) see Chapter 7 of the instructor’s online Discrete Math Lecture
Notes (DMLN) posted on the class website.

A4.1 The Inclusion–Exclusion Principle revisited

We give a probability formulation of the Inclusion–Exclusion principle.
Let (Ω, P ) be a finite probability space (Ω is the sample space and P is a

probability distribution over Ω). For an event A ⊆ Ω, the complement Ω \A
is denoted by A.

Let A1, . . . , Ak ⊆ Ω events. Let B = A1 ∪ · · · ∪ Ak. We are interested
in the probability P (B) given the probabilities of all intersections of the Aj.
For J ⊆ [k], let

AJ =
⋂
j∈J

Aj. (1)

This includes the covention A∅ = Ω. (See the comments on this convention
after the statement of Inclusion-Exclusion in yesterday’s notes (Class 3).)

Yesterday we proved the following.

Theorem A4.1.1. (Inclusion-Exclusion Principle, counting version)

|B| =
∑
J⊆[k]

(−1)|J ||AJ |. (2)
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Today we consider the “probability version:”

Theorem A4.1.2. (Inclusion-Exclusion Principle, probability ver-
sion)

P (B) =
∑
J⊆[k]

(−1)|J |P (AJ). (3)

Exercise A4.1.3. Derive the “counting version” from the “probability ver-
sion.” Hint: use the uniform distribution.

Exercise A4.1.4. Adapt yesterday’s proof of the “counting version” to prov-
ing the “probability version.”

Today we give a different proof of this result, based on indicator variables
and the linearity of expectation. This proof will be particularly insightful
in that it explains the structure of the formula by directly relating it to the
expansion of the product

∏k
i=1(1− xi):

Exercise A4.1.5. Let x1, . . . , xk be numbers or variables. For J ⊆ [k], set
xJ =

∏
j∈J xj, inlcuding the case of the empty product: x∅ = 1. Verify the

identity
k∏

i=1

(1− xi) =
∑
J⊆[k]

(−1)|J |xJ .

Note that the right hand side has 2k terms. Note the resemblance to the
Inclusion-Exclusion formula; as we shall see, the analogy is not superficial.

Recall that for an event A ⊆ Ω, the indicator variable ϑA : Ω → {0, 1}
is defined by ϑA(x) = 1 if x ∈ A and ϑA(x) = 0 if x /∈ A.

Exercise A4.1.6. Prove that every (0, 1)-valued function on Ω is the indi-
cator variable of some event. This correspondence between all (0, 1)-valued
functions and all events is a bijection.

Exercise A4.1.7. E(ϑA) = P (A).

Exercise A4.1.8. If A, B are events then ϑA∩B = ϑAϑB.

Exercise A4.1.9. (Complementary event) ϑA = 1− ϑA.

Exercise A4.1.10. (DeMorgan’s Rule)
⋃k

i=1 Ai =
⋂k

i=1 Ai.
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Exercise A4.1.11. For B =
⋃k

i=1 Ai we have

ϑB =
∏k

i=1 (1− ϑAi
) .

Hint: DeMorgan’s Rule and Exercises A4.1.8 and A4.1.9.
Now we are ready to prove Theorem A4.1.2. First apply the expansion

from Ex. A4.1.5 to xi = ϑAi
; we obtain

ϑB =
∑
J⊆[k]

(−1)|J |ϑAJ
. (4)

Now take the expected value of each side using Ex. A4.1.7; the result is the
desired Inclusion–Exclusion formula.

A4.2 The Matrix-Tree Theorem

The next several sections will be devoted to the proof of the directed graph
version of the Matrix-Tree Theorem.

We review some of the material from the previous class.

Definition A4.2.1. Let X = (V, R, r) be a rooted digraph. This means
that (V, R) is a graph and a “root” r ∈ V is specified.

Definition A4.2.2. An arborescence T in a rooted digraph X is a set of
edges of X such that for every vertex v of X, there is a unique path from v
to the root composed of edges in T , and T is minimal under this constraint.

(We say that a set T is minimal under certain constraint if (a) T satisfies
the constraint; (b) no proper subset of T satisfies the constraint.)

Now recall that the outdegree deg+(i) of a vertex i ∈ V is the number
of edges starting at i (directed away from i). Define D+ to be the n × n
diagonal matrix with i-th entry deg+(i). Recall that the adjacency matrix
of a digraph is an n× n matrix A = (aij) where aij is 1 if the directed edge
(i, j) ∈ R and zero otherwise.

Definition A4.2.3. The Laplacian of a digraph is the matrix L = D+ −A.
The reduced Laplacian of a rooted digraph is the matrix ∆ = L(r; r) (we
delete the row and the column corresponding to the root).

Exercise A4.2.4. Show that det(L) = 0 for any directed graph X.
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Theorem A4.2.5. (Matrix-Tree Theorem, rooted digraph version)
Let X be a rooted digraph. The number of arborescences of X is det(∆).

Assumption A4.2.6. We shall make the following assumption throughout
this discussion except where otherwise stated:

The root r ∈ V is accessible from every vertex of X (along directed
paths).

Lemma A4.2.7. An arborescence exists in X if and only if Assumption A4.2.6
holds.

Proof. If the Assumption fails then obviously there is no arborescence in X.
Suppose now that the assumption holds. Let T be the set of those subsets

T ⊆ E (egdes of X) which satisfy the condition that r is accessible from every
vertex through edges in T . Now X ∈ T , so T is not empty and therefore it
has a minimal member (with respect to inclusion). Such a minimal member
is an arborescence according to our definition.

Exercise A4.2.8. Show that if Assumption A4.2.6 fails for the rooted di-
graph X then det(∆) = 0.

This prove the Matrix-Tree Theorem in case the Assumption fails; so
henceforth we may assume the Assumptuion holds.

A4.3 Arborescences vs arrow configurations

Lemma A4.3.1. In an arborescence, the root has outdegree zero and all
other vertices have outdegree 1. Therefore, an arborescence has n − 1 edges
where n = |V |.

Proof. Let T be a set of edges such that the root is accessible from every
vertex along directed path composed of edges that belong to T . Suppose
vertex x has two outgoing edges, x → y and x → z. We claim that in this
case T is not minimal.

Let P be a shortest directed path from x to r. This path cannot involve
at most one of the edges x → y and x → z; WLOG assume it does not
involve the edge x → z. Let T ′ be T with the edge x → z omitted. We claim
T ′ still satisfies our accessibility condition. Indeed take a vertex w 6= r. If
the shortest path from w to r in T is disrupted by the omission of x → z,
then the edge x → z must have been part of that path; so an initial segment
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of that path, say Q, must go from w to x without passing through x → z.
Now the combination QP is a walk from w to r in T ′; therefore r is accessible
from w in T ′.

This proves the first part of our statement. Now the second statement
is immediate: if T is an arborescence then T has one edge per vertex other
than r.

Definition A4.3.2. An arrow configuration in a rooted digraph X is a
collection of n− 1 directed edges, one outward pointing edge for each vertex
except the root.

So Lemma A4.3.1 can be restated as follows:

Lemma A4.3.3. Every arborescence is an arrow-configuration.

Now we characterize which arrow configurations are arborescences.

Lemma A4.3.4. An arrow configuration is an arborescence if and only if it
does not contain a directed cycle.

Proof. Let T be an arrow configuration. From any vertex w 6= r, consider
the unique maximal T -walk defined by following the outgoing edges either
indefinitely or until we hit r (the dead end). So some of these walks termi-
nate (in r); the others never terminate. Any non-terminating T -walk is a
“yo-yo,” which contains a directed cycle (we first reach the cycle and then
cycle indefinitely). So if T does not have a directed cycle then every walk
terminates and therefore T is an arborescence. On the other hand, if there is
a directed cycle then the walks starting from the vertices of the cycle never
terminate, so T is not an arborescence.

Lemma A4.3.5. If T is an arborescence then if we ignore the orientation
of edges, T becomes a spanning tree.

Proof. We need to rule out undirected cycles. We claim that if disregarding
orientation we find an undirected cycle in an arrow configuration then that
cycle is in fact directed (i. e., its edges are consistently oriented). Indeed,
let the cycle be (v0, v1, . . . , vk) where vk = v1. WLOG the orientation of
between the first two vertices is v1 → v0. Then the orientation of the next
edge is v2 → v1 (otherwise v1 would have two outgoing edges in T ). By the
same argument we can show by induction that all edges are oriented “down”
(vi → vi−1).
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A4.4 Counting Arborescences via Inclusion-Exclusion

We would like to use the Inclusion–Exclusion Principle to count arborescences
in a rooted digraph X with root r ∈ V . To achieve this we start with a
definition.

It is clear that the number of arrow configurations in X is precisely∏n−1
i=1 deg+(i). To employ the Inclusion–Exclusion Principle, we will take the

set of arrow configurations as Ω and eliminate all configurations containing
directed cycles.

Lemma A4.4.1. Any two cycles in an arrow configuration are vertex-disjoint
(they don’t share a vertex).

Proof. Suppose in the arrow configuration K we have two directed cycles,
{(i1, i2), (i2, i3), . . . , (ik, ik+1)} where ik+1 = i1, and {(j1, j2), (j2, j3), . . . , (j`, j`+1)},
where j`+1 = j1. Suppose they share a vertex; WLOG this vertex is i1 = j1.
This means that both (i1, i2) and (i1, j2) are present in K. But i1 has only
one out-neighbor in K, so i2 = j2. By induction, using the same argument,
we see that is = js for all s, so the two cycles are identical.

A trivial cycle is a cycle of length 1.

Notation A4.4.2. For a set {C1, . . . , Ck} of pairwise vertex-disjoint nontriv-
ial cycles in X, let N(C1, . . . , Ck) denote the number of arrow configurations
containing these cycles (and possibly other cycles).

Lemma A4.4.3.

N(C1, . . . , Ck) =
∏

i6∈U, i 6=r

deg+(i), (5)

where U =
⋃k

i=1 V (Ci).

This is the quantity which figures in the elimination of cycles from all
arrow configurations via Inclusion–Exclusion.

Theorem A4.4.4. The number of arborescences in X is

bn/2c∑
k=0

(−1)k
∑

N(C1, . . . , Ck), (6)

where the second summation is over all unordered k-tuples of pairwise vertex-
disjoint cycles in X.
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Proof. Let Ω be the set of all arrow configurations in X. For a cycle C in
X, let A(C) ⊆ Ω be the set of those arrow configurations which contain
the cycle C. Let B =

⋃
C A(C). Then according to Lemma A4.3.4, the B

is precisely the set of arborescences. To apply Inclusion-Exclusion, we need
to determine |A(C1) ∩ · · · ∩ A(Ck)| for every set of k nontrivial cycles Ci.
According to Lemma A4.4.1, this quantity is zero unless the Ci are pairwise
vertex-disjoint; in particular, if k > n/2. If they are pairwise vertex-disjoint
then by definition,

|A(C1) ∩ · · · ∩ A(Ck)| = N(C1, . . . , Ck).

So equation (6) contains precisely the nonzero terms from the Inclusion-
Exclusion formula for B.

A4.5 Expanding the determinant of the reduced Lapla-
cian

We now show that the quantities in equation (6) correspond to the expansion
terms of determinant of the reduced Laplacian. This will complete the proof
of the Matrix-Tree Theorem.

*** (see further update with proof) ***

A4.6 Rational functions: a Puzzle Problem

We consider formal “polynomial fractions”
p(x)

q(x)
where p(x) and q(x) are

univariate polynomials over a field F and q 6= 0. For now
p(x)

q(x)
is just another

notation for the pair (p(x), q(x)) but it motivates the following definition.

Definition A4.6.1. Two polynomial fractions
p1(x)

q1(x)
and

p2(x)

q2(x)
are consid-

ered equivalent if p1q2 = p2q1.

Exercise A4.6.2. Prove that this is an equivalence relation on the set of
pairs of polynomials {(p(x), q(x)) : q 6= 0}.
Definition A4.6.3. A rational function is an equivalence class of polyno-

mial fractions
p(x)

q(x)
(q 6= 0). The set of rational functions over the field F is

denoted by F (x).
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Note that we built the “rational functions” in the same way as one builds
the rational numbers from the integers.

Exercise A4.6.4. Prove: (a) F (x) is a field. (b) F (x) is a vector space over
F .

Exercise A4.6.5. The dimension (over R) of R[x] (space of polynomials over
R) is countably infinite (a basis can be numbered by the positive integers).

In contrast, the dimension (over R) of R(x) (space of rational functions)
is uncountably infinite - it has the cardinatity of R (“continuum”) because

Exercise A4.6.6. The functions

{
1

x− α

∣∣∣ α ∈ R
}

are linearly independent

in R(x).
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