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A2.1 The Determinant as a Volume

Consider n linearly independent vectors v1 through vn in Rm where n ≤ m.

Definition A2.1.1. The parallelpiped (ppd) spanned by {v1, . . . ,vn} is the subset of Rm

consisting of vectors of the form
n∑

i=1

αivi

where each αi ∈ [0, 1].

Our aim is to understand the volume of this region. The most important situation is
when n = m. Here the word volume is to be interperated as length if n = m = 1, as area if
n = m = 2, and as “volume” if n = m > 2. The concept is referred to a “measure” in most
textbooks. The main point of the lecture was

Theorem A2.1.2. The volume of the ppd spanned by {v1, . . . ,vn} in Rn is the absolute
value of the determinant of the matrix whose columns are given by the vectors v1, . . . ,vn.

For example, if n = 2, and

v1 =

(
1

2

)
; v2 =

(
3

4

)
,

then the volume of the corresponding ppd is∣∣∣∣det

(
1 3
2 4

)∣∣∣∣ = 2.

Observe that if the vectors {v1, . . . ,vn} are NOT linearly independent, then the de-
terminant will be zero. This is consistent with the intuition saying that the volume of an
n-dimensional region in Rm with m > n is zero. ie the “area” of a “line” is zero.
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Theorem A2.1.2 was not proved during the lecture. In fact, a careful definition of “vol-
ume” was not written down. However, such a definition was described as follows. Consider
a subset V of Rn. Let ε > 0. Write Rn as the union of cubes with sidelength ε in the natural
way, ie each cube is a translate of the cube whose corners are given by points in Rn whose
coordinates consist of only 0’s and ε’s, and the intersection of any two translates is contained
in the boundary of one of the translates. Multiply the number of cubes which are entirely
contained in V by εn. This is a lower estimate for the volume of V. Multiply the number
of cubes whose intersection with V is non-empty by εn. This is an upper estimate for the
volume of V. If the upper and lower estimates converge to the same number as ε tends to
zero, we call this limit the volume of V, and denote it Vol(V ).

No doubt you can imagine that working with this definition to give a proper proof of
Theorem A2.1.2 takes some care. Also, there are subsets of Rn for which the above two
limits either do not exist or do not agree. Fortunately, though, ppd’s are not among them.

The following two properties of volume are important:
First, if A ∩B = ∅ then Vol(A ∪B) is Vol(A) + Vol(B).
Second, if u ∈ Rn, then Vol(V + u) = Vol(V ).
These two properties of volume were used to discuss Theorem A2.1.2 in the case m = n =

2. In this case, we are looking at a parallelagram in the plane. By drawing pictures, convince
yourself that it is possible to cut a parallelagram into triangles and perform translations on
the triangles such that the resulting object is a rectangle with two vertical sides and two
horizontal sides whose area is the same as the area of the original parallelegram.

The original parallelagram and the constructed rectangle each gives rise to a determinant.
Why are these determinants equal? It is because the matrix corresponding to the rectangle
is obtained from the matrix corresponding to the parallelegram by performing an elementary
column operation.

So the “proof” in the case n = m = 2 is summarized as follows. Begin with a paral-
lelagram. Write down the corresponding matrix. Call it A. Chop up and reassemble the
parallelegram into a rectangle with vertical and horizontal sides. Write down the matrix
corresponding to this rectangle. Call it B. We have that the area of the parallelegram equals
the area of the rectangle. But it is clear that the area of the rectangle equals det B (B is a
diagonal matrix!). Finally, we have det A = det B by the above paragraph. So the area of
the parallelagram equals det A, as desired.

The most important aspect of this is the jump from chopping and reassembling the
rectangle to an elementary column operation. In the opinion of the scribe, if you understand
this, the rest is merely an extremely difficult exercise in mathematical writing.

Exercise A2.1.3. Let a,b ∈ Z3. Then the area of the parallelagram spanned by a and b is
the square root of an integer.
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A2.2 Angles Between Subspaces

Definition A2.2.1. Let U1 and U2 be subspaces of Rn and W = U1 ∩ U2. Define the angle
between U1 and U2 to be the minimum

∠(U1, U2) = min
0 6=wi∈W⊥∩Ui

∠(w1, w2)

Now if α and β are angles of a right triangle of the hypothenuse with the other sides, we
have that cos2 α + cos2 β = 1. The following exercise is a generalization of this fact.

Exercise A2.2.2. Let {u1, u2, u3} be linearly independent orthogonal vectors in R3. Let Vi

be the span of {uj : j 6= i} and W the span of {u1 − u2, u1 − u3}. Show that the following
equation holds:

cos2 ∠(V1, W ) + cos2 ∠(V2, W ) + cos2 ∠(V3, W ) = 1

Now let us take a region P ⊂ W where we are using the notation of the previous exercise
and let pri : R3 → Vi be the orthogonal projection. Then the previous exercise leads to the
following equation:

3∑
i=1

vol2(pri(P ))2 = vol2(P )2

Exercise A2.2.3. Prove that the previous exercise implies the validity of the above equation.
hint: First show that vol2(pri(P )) = cos(∠(Vi, W ))vol2(P )

We now generalize this result to the case of k-dimensional subspaces of Rn. Let {e1, . . . , en}
be the standard basis of Rn. If I ⊂ {1, . . . , n} and |I| = k then define the k-dimensional
subspace VI to be the span of {ei : i ∈ I} and the projection prI : Rn → Rn via

prI

(
n∑

i=1

aiei

)
=
∑
i∈I

aiei

We clearly see that the image of prI is VI . Now let S be any k-dimensional subspace of Rn

and P ⊂ S a compact region.

Theorem A2.2.4.
∑

I⊂{1,...,n},|I|=k volk(prI(P ))2 = volk(P )2
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A2.3 The Binet-Cauchy Formula

The previous theorem is a corollary of the Binet-Cauchy formula, which we will now explore.
In previous lectures, it has been asserted that det(AB) = det(A) det(B), this too will follow
as a corollary.

We start with some notation. Let A be a k × n matrix and B an n × k matrix. Given
a subset I = {i1, . . . , ik} ⊂ {1, . . . , n} let AI = (ãrs) be the k × k sub-matrix of A defined
by ãrs = aris . Similarly, let BI = (b̃rs) be the k × k sub-matrix of B with b̃rs = birs. The
following theorem is known as the Binet-Cauchy formula.

Theorem A2.3.1. det(AB) =
∑

I⊂{1,...,n},|I|=k det(AI) det(BI)

Exercise A2.3.2. How is the theorem on projections of volumes a corollary of the Binet-
Cauchy formula

In order to prove this theorem, we start by putting elementary row operations into matrix
form. For this we need elementary matrices.

Definition A2.3.3. Let E(λ; i0, j0) = (aij) where aii = 1, ai0j0 = λ and all other entries are
zero. Also, if σ is a permutation of the set {1, . . . , n}, let permσ = (bij) be the n× n matrix
with entries bij = δσ(i),j. Matrices of these types will be called elementary matrices.

Exercise A2.3.4. Show that if A is an n×n matrix then E(λ; i0, j0)A is the matrix obtained
by adding the λ times the j0-th row to the i0-th row. Show that E(λ; i0, j0)

−1 = E(−λ; i0, j0).

This exercise shows that multiplication on the left by elementary matrices yields el-
ementary row transformations. One sees similarly that multiplication on the right gives
elementary column transformations.

Exercise A2.3.5. Show that det(permσ) = sgn(σ).

Exercise A2.3.6. Prove that rk(AB) ≤ min(rk(A), rk(B)).

Corollary A2.3.7. If B does not have full column rank then det(AB) = 0

This corollary follows from the previous exercise by observing that if rk(B) < k then
rk(AB) < k which implies det(AB) = 0. Clearly, if B does not have full column rank, then
neither does BI for any I ⊂ {1, . . . , n}. In this case we have that det(BI) = 0 for all such
subsets and we see that the Binet-Cauchy Theorem is satisfied. So we may restrict attention
to the case where B has full column rank.

Outline of proof.
Step 1) We use row operations Ei to turn B into a matrix of the form:

Em · · ·E1B =



β1 0 · · · 0

0 β2 0
...

...
. . .

0 · · · 0 βk

0 · · · · · · 0
...

...
0 · · · · · · 0
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and observe that
AB = AE−1

1 · · ·E−1
m Em · · ·E1B

Step 2) Verify the theorem for B replaced by Em · · ·E1B.
Step 3) Show that these operations do not affect the formula.
This proof will be detailed next lecture.
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