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8.1 Quasirandomness Theorem reminder

Recall the Quasirandomness Theorem:
Consider a biregular bipartite graph (all vertices on the left have the same degree, and the
same for the vertices on the right). Let X be a subset of vertices on the left and Z a subset
of vertices on the right. Then∣∣|E(X,Z)| − p|X| · |Z|

∣∣ ≤ √
λ2 · |X| · |Z|. (8.1.1)

Here E(X,Z) is the set of edges between X and Z. Also, p := |E|
k·` is the density of the

graph, where E is the set of all edges, k is the number of vertices and the left side and ` is
the number of vertices on the right side.

8.2 Proof of Gowers’ Theorem

The goal is Gowers’ Theorem, whose statement we recall:

Theorem 8.2.1. (Gowers’ Theorem) If X, Y, Z ⊆ G for a group G of order |G| = n, and
|X| · |Y | · |Z| ≥ n3

m
, where m is the the minimum degree of nontrivial representations of G

over the reals (for now just a magic number), then there exists x ∈ X, y ∈ Y, and z ∈ Z such
that xy = z.

Recall the strategy of proof: consider a bipartite graph whose two sets of vertices are two
copies of the group G. Let the edges be as follows: for every g ∈ G and y ∈ Y , put an edge
from g on the left to gy on the right. The degree of every vertex is thus |Y |.

Then, Gowers’ theorem reduces to the following question: can we guarantee, under some
conditions, that E(X,Z) 6= ∅? To show this, we would like to show that |E(X,Z)|

|X|·|Z| ≈ p > 0.
Recall that we may form a bipartite adjacency matrix, A, of size k × `, which has a

one in each entry where there is an edge between the corresponding vertices, and a zero in
other entries.
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Now, ATA is square, symmetric, and positive-semidefinite, with eigenvalues λ1 ≥ λ2 ≥
· · · ≥ λ` ≥ 0.

To show that E(X,Z) is nonempty, we need only make λ2 small enough that the quasiran-
domness inequality guarantees that E(X,Z) > 0. Precisely, we have the following corollary
of the Quasirandomness Theorem:

Corollary 8.2.2. If p · |X| · |Z| >
√
λ2|X| · |Z| then E(X,Z) 6= ∅. In other words, if

p2|X| · |Z| > λ2, then E(X,Z) 6= ∅.

Now, let mi be the multiplicity of λi.

Corollary 8.2.3. λ2 <
Tr(AT A)

m2
.

Proof.

Tr(ATA) =
∑̀
i=1

λi = λ1 +m2λ2 + · · · > m2λ2. (8.2.1)

The last inequality used positive semidefiniteness (and λ1 > 0, true for any nontrivial graph).

Lemma 8.2.4. Tr(ATA) = |E| = the number of edges.

Proof.

(ATA)ii =
∑

j

(AT )ij(A)ji =
∑

j

(Aji)
2 = deg(i). (8.2.2)

The last equality used that Aji ∈ {0, 1}, and hence A2
ji = Aji. Then, we conclude that

Tr(ATA) =
∑

i

(ATA)ii =
∑

i

deg(i) = |E|. (8.2.3)

Corollary 8.2.5.

λ2 <
|E|
m2

. (8.2.4)

Thus, to show that λ2 is small, it suffices to show that m2 is large. In particular, for
Gowers we need λ2 < p2 · |X| · |Z|. We know that λ2 <

|E|
m2

= n|Y |
m2

. We would like to show

that this is ≤ |Y |2
n2 · |X| · |Z|, i.e., we would like to show that

n3

m2

≤ |X| · |Y | · |Z|. (8.2.5)

So, it suffices to prove that m2 ≥ m.

Definition 8.2.6. A d-dimensional representation of the group G (for d ≥ 1) is a map
ϕ : G → GL(V ) ∼= GLd(F ) where V is a d-dimensional vector space (i.e., V ∼= F d). Here,
GLd(F ) := the group of d× d nonsingular matrices over F .
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Definition 8.2.7. U ⊆ V is invariant under ϕ if U is invariant under ϕ(g) for all g ∈ G.
That is, (∀u ∈ U)(∀g ∈ G)(ϕ(g)u ∈ U).

Definition 8.2.8. ϕ is irreducible if there is no nontrivial invariant subspace. (“Nontrivial”
means other than the zero subspace and the space itself.)

Definition 8.2.9. The trivial representation assigns the identity transformation to every
element of the group. (This differs form the definition given in class where it was also
required that the dimension of the representation be 1.)

Note that a trivial representation is irreducible if and only if it is only if itis one-
dimensional.

Now, let k(G) := the minimum dimension of nontrivial representations of G over C. Let
m(G) := the same over R instead of C.

The idea: “symmetry forces multiplicity of eigenvalues.” This idea was used by physicist
Eugene Wigner to explain “degeneracies” (multiplicities of eigenvalues) of physical systems
displaying symmetry.

Definition 8.2.10. If λ ∈ F , and A is an n× n-matrix over F , then

Uλ := {x ∈ F n | Ax = λx}. (8.2.6)

This is called the eigenspace to eigenvalue λ.

Exercise 8.2.11. Show that Uλ ≤ F n is in fact a subspace (it is closed under addition and
multiplication by scalars).

We use the following observation:

Observation 8.2.12. If AB = BA then every eigenspace of A is invariant under B.

Proof. Let Uλ denote an eigenspace of A. We need to prove that x ∈ Uλ implies that
Bx ∈ Uλ. Now Bx ∈ Uλ iff ABx = λBx. But, x ∈ Uλ shows that Ax = λx, which implies
that ABx = BAx = B(λx) = λBx.

Proposition 8.2.13. Let A = AT be a real matrix. Suppose that A commutes with all
matrices of a representation ϕ : G → GLd(R). Suppose also that ϕ is not trivial, i.e.,
(∃g ∈ G)(ϕ(g) 6= I). Then there exists an eigenvalue of A with multiplicity ≥ m(G).

Proof. Pick an orthonormal eigenbasis of A (which exists since A is symmetric).

Exercise 8.2.14. Those eigenvectors in the eigenbasis which correspond to eigenvalue λ
span Uλ.

If ψ : Rd → Rd acts trivially on each Uλ (i.e., it acts as the identity on each Uλ) then ψ
fixes each basis vector and therefore acts trivially on Rd (a contradiction). Thus, (∃λ)(ϕUλ

:
g 7→ ϕ(g)|Uλ

is a nontrivial representation on Uλ). That is, ϕ|Uλ
:→ GL(Uλ) is nontrivial, so

its dimension is at least m(G). Thus, the multiplicity of λ = dimUλ ≥ m(G).
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Now, we finish the proof of Gowers’ Theorem. Recall that, for every biregular bipartite
graph, 1` is an eigenvector of ATA: A1` = degleft ·1k. In fact,

ATA1` = AT (degleft ·1k) = degright · degleft ·1` = λ11`. (8.2.7)

(Note that λ1 above is the largest eigenvalue of ATA). Next, we have the

Claim 8.2.15. Consider a pair of permutations (σ1, σ2), with σ1 permuting the left vertices
of our biregular bipartite graph, and σ2 permuting the right vertices. Then, (σ1, σ2) yields
an automorphism of our graph iff P (σ1)

−1AP (σ2) = A, i.e., P (σ1)A = AP (σ2). Here P (σ)
denotes the permutation matrix associated to the permutation σ.

Exercise 8.2.16. Verify the above claim.

Now, using that P T = P−1 for any permutation matrix P , we have

P (σ2)
−1ATAP (σ2) = P (σ2)

TAT (P (σ1)P (σ1)
T )AP (σ2) =

(
P (σ2)

TATP (σ1)
)(
P (σ1)

TAP (σ2)
)
ATA.

(8.2.8)
Now, our group G acts by such graph automorphisms, by permuting coordinates. So, we
obtain a representation of our group by permutation matrices which commutes with our
matrix. So all we have to conclude is that the action of the group is not trivial on Uλ2(A

TA),
and then we obtain the desired lower bound on the multiplicity of λ2.

Lemma 8.2.17. The action of G on Uλ2(A
TA) by permuting coordinates is nontrivial.

Proof. Since the action is by permuting coordinates, the group can only fix a vector if all the
coordinates are the same (it acts transitively on the coordinates). However, such a vector is
a multiple of the all-ones vector, whereas U(λ2) is perpendicular to the all-ones vector.
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