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9.1 General and Special Linear Groups

Recall that if F is a finite field and n ∈ N, the set Mn(F ) of all n× n matrices over F can
be identified with F n2

, and hence contains |F |n2
members. We will be interested here in two

particular subsets of Mn(F ), namely the general linear group

GLn(F ) = {M ∈Mn(F ) : det(M) 6= 0}, (9.1.1)

and the special linear group

SLn(F ) = {M ∈Mn(F ) : det(M) = 1}. (9.1.2)

As their names suggest, both sets are groups (under matrix multiplication), as is easily
verified.

Notation 9.1.1. When F = Fq, we write GLn(q) for GLn(Fq) and SLn(q) for SLn(Fq).

Question 9.1.2. Given q ∈ N, how many elements do GL2(q) and SL2(q) contain?

Now let us look by looking at an arbitrary member M ∈ GL2(q), say

M =

(
a c
b d

)
,

whose determinant then is ab− bc. Suppose we wish to find the conditions under which this
determinant is equal to 0.

Case 1. d 6= 0. There are then q − 1 choices for d, q choices for each of b and c, and a
is uniquely determined, giving us a total of q2(q − 1) possibilities for M with d 6= 0 and
det(M) = 0.

Case 2. d = 0. Then a can be arbitrary and there are 2q − 1 possible pairs {b, c} so that
bc = 0. Hence there are a total of q(2q − 1) matrices M with d = 0 and det(M) = 0.
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Putting the above together, we get that there are

q2(q − 1) + q(2q − 1) = q3 + q2 − q

non-singular matrices M , and hence that

|GL2(q)| = q4 − (q3 + q2 − q) = q(q − 1)2(q + 1). (9.1.3)

We can obtain the same result by a simpler line of reasoning. Let c1 and c2 be the column
vectors of M , so that M can be written as (c1 c2). For M to be non-singular, the vector
c1 can be any nonzero vector, meaning there are q2 − 1 choices for it. The vector c2, on the
other hand, cannot be any of the q multiples of c1, and hence there are q2 − q choices for it.
We thus obtain that there are

(q2 − 1)(q2 − q) = q(q − 1)2(q + 1)

non-singular matrices, just as before.

Exercise 9.1.3. For general n, what is the order of GLn(q)? Give a simple formula which
is a product of n terms and generalizes the expression (q2 − 1)(q2 − q) for GL2(q).

We can easily compute the order of SLn(q) in terms of that of GLn(q). We know that the
determinant map det : GLn(q) → F×q is a homomorphism, of which then SLn(q) is precisely
the kernel. Thus, F×q ∼= GLn(q)/SLn(q), hence q − 1 = |GLn(q)|/|SLn(q)|, and we obtain

|SLn(q)| =
1

q − 1
|GLn(q)|. (9.1.4)

In particular,
|SL2(q)| = q(q2 − 1). (9.1.5)

Exercise 9.1.4. The proof above used the fact that the image of GLn(q) under the deter-
minant map is all of F×q . Prove this fact.

9.2 Group Representations, Frobenius’ Theorem

Recall that for a group G and an integer d ≥ 1, a d-dimensional representation of G is a
homomorphism ϕ : G → GL(V ), where V is a d-dimensional vector space (d is called the
degree of the representation). A representation ϕ is trivial if ϕ(g) = id for all g ∈ G.

Theorem 9.2.1 (Frobenius’ Theorem). The minimum degree of a non-trivial complex

representation of SL2(q) is
q − 1

2
.

Note that (q− 1)/2 ∼ n1/3/2 is a large “part” of the order n = q(q2 − 1) ∼ q3 of SL2(q).
This is why Gowers’ theorem works well for SL2(q).
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Definition 9.2.2. A subspace U ≤ V is invariant under the representation ϕ if (∀g ∈
G)(∀u ∈ U)(ϕ(g)u ∈ U). {0} and V itself are the trivial invariant subspaces.

Definition 9.2.3. A representation ϕ : G → GL(V ) is irreducible if V has no non-trivial
invariant subspace.

Example 9.2.4. Let us consider a 2-dimensional representation, call it ϕ, of Zn over R by
rotations. Specifically, we make the representations

1 7→ rot2π/n

k 7→ rot2πk/n,

where, recall, rotα is a rotation by α. The matrix (element of GL2(R)) corresponding to
rot2π/n is (

cos(2π/n) −sin(2π/n)
sin(2π/n) cos(2π/n)

)
.

One can check that if n = 1 or 2, then all subspaces are invariant for ϕ, while if n ≥ 3 there
are no non-trivial ones (i.e., ϕ is irreducible).

9.3 Some character tables

Recall that the trace of an n× n matrix A = (aij) is the sum of its diagonal entries,

Tr(A) =
n∑
i=1

aii.

It is an easy exercise to prove that for matrices A and B, Tr(AB) = Tr(BA). Thus, if A and
B are similar, meaning B = S−1AS for some invertible matrix S, then

Tr(B) = Tr(S−1AS) = Tr((S−1A)S) = Tr(S(S−1A)) = Tr((SS−1)A) = Tr(A).

That is, similar matrices have the same trace. As two different bases for a linear transfor-
mation necessarily have similar associated matrices, it consequently makes sense to speak of
the trace of a linear transformation, namely as the trace of the matrix of the transformation
in any basis.

Example 9.3.1. Consider the linear transformation rotα of Example 9.2.4. With respect to
an orthonormal basis of the plane, rotα is represented by the matrix(

cos α −sin α
sin α cos α

)
.

The trace of the transformation rotα is thus 2cos(α).
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Example 9.3.2. Consider the transformation Refl of reflection in a line ` in the plane. Let
us take a basis consisting of a vector in ` and another perpendicular to `. Then the matrix
describing Refl is (

1 0
0 −1

)
.

If we take another basis: a vector neith in ` nor perpendicular to `, and its reflection across
`, then the matrix becomes (

0 1
1 0

)
.

Either of these two matrices demonstrates that the trace of the transformation Refl is 0.

From now on we consider the field F = C only.

Definition 9.3.3. The character of the representation ϕ : G → GL(V ) is the function
χ : G→ C given by χ(g) = Tr(ϕ(g)), g ∈ G.

Definition 9.3.4. The space of G→ C functions is denoted CG and has dimension |G|. We
equip it with an inner product,

a · b =
1

|G|
∑
g∈G

a(g) b(g) (9.3.1)

for a, b ∈ CG.

Example 9.3.5. Consider the group Zn, and suppose χ is a character of it. Set χ(1) = ω,
so that while χ(0) must equal 1 we also have

χ(0) = χ(1 + · · ·+ 1︸ ︷︷ ︸
n times

) = ωn,

implying that ω is an nth root of unity. We conclude that there are n characters in total,
one for each of the nth roots of unity.

For concreteness, take n = 3 and call the characters of Z3 χ1, χ2, and χ3. Say χ1(1) = 1,
χ2(1) = ω is a third root of unity unequal to 1, so that χ3(1) is a third root of unity unequal
to 1 or ω; it is easy to see that then χ3(1) = ω2. We can present the situation in a character
table, in which the ijth entry is χi(j):

0 1 2
χ1 1 1 1
χ2 1 ω ω2

χ3 1 ω2 ω

Notice that the rows in the above table are orthogonal, and that under the function space
inner product of Definition 9.3.4 they are in fact orthonormal.
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Suppose a group G is given, and that g1, g2 ∈ G are conjugate, say g2 = h−1g1h for some
h ∈ G. Then, for the character χ of ϕ we have

χ(g2) = χ(h−1g1h) = Tr(ϕ(g)−1ϕ(g1)ϕ(g)) = Tr(ϕ(g1)) = χ(g1).

In other words, χ is constant on conjugacy classes of G (such a function is called a class
function or a central function).

Example 9.3.6. What does the character table of the group S3 look like? There are 3! = 6
elements in S3, which we can list out as id, the 3-cycles (123) and (132), which constitute a
conjugacy class of S3, and the 2-cycles (12), (13), and (23), which form another conjugacy
class. Thus, the characters of S3 will take on at most three distinct values, one for each of
the three conjugacy classes. Besides the trivial character χ1, it is not difficult to find two
other characters: the sign character, sgn, which assigns to g ∈ G its sign as a permutation,
and the character ∆, which arises from the 2-dimensional representation of S3 by symmetries
of a triangle. The resultant character table is thus:

id {123), (132)} {(12), (13), (23)}
χ1 1 1 1
sgn 1 1 −1
∆ 2 −1 0

Observe that if ϕ is an n-dimensional representation of G, then the linear transformation
representing the identity element of G will be the n×n identity matrix, and hence will have
trace n. We see this demonstrated in the above table, where χ1(id) = sgn(id) = 1 while
∆(id) = 2. Indeed, χ1 and sgn are the characters of 1-dimensional representations while ∆
is the character of a 2-dimensional representation.

We also make several interesting observations. Firstly, just as in our previous example,
the rows of the above table are orthonormal. Secondly, notice that in this table, χ1(id)2 +
sgn(id)2 + ∆(id)2 = 12 + 12 + 22 = 6 = |G|. As we are about to see, neither of these
observations is a coincidence!

9.4 Character Theory

Definition 9.4.1. We say that a character is irreducible if the representation of which it is
the character is irreducible.

This definition does not seem to be sound: why could it not happen that an irreducible
and a reduclible representation have the same character. Indeed this cannot happen; this is
one of the many amazing consequences of the orthogonality of irreducible characters stated
as part of the next theorem.

Theorem 9.4.2 (Some theorems of Frobenius Theory). Let G be a group of order n
and let k be the number of conjugacy classes of G.

1. A character of G is irreducible if and only if it is of norm 1.
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2. The number of irreducible characters of G is k.

3. The irreducible characters are orthonormal.

4. Let di = χi(id) be the degree (dimension) of the i-th irreducible character of G. Then∑k
i=1 d

2
i = |G|.

The usefulness of the above results is immeasurable. We illustrate some of its conse-
quences on the example of S3.

First, we infer that the character ∆ is irreducible, which would be obvious over R but
it is not self-evident over C. It also tells us that the characters we found for S3 are in fact
all the irreducible characters of S3. In fact, we know this in two different ways! Firstly, by
Theorem 9.4.2(1) there are as many characters as there are conjugacy classes of S3, namely
3. Secondly, by (4), the sum of the squares of the characters’ degrees (dimensions) is the
order of the group, as was the case above.

Definition 9.4.3. Two representations ϕ, ψ : G→ GLn(F ) are equivalent if there exists an
invertible S such that (∀g ∈ G)(S−1ϕ(g)S = ψ(g)).

Equivalent representations clearly have the same characters. What is less obvious is that
over the complex numbers, the converse is true:

Theorem 9.4.4. Over C, ϕ and ψ are equivalent if and only if χϕ = χψ.

9.5 Regular Representations

Definition 9.5.1. A function f : G → C is called central if f(gh) = f(hg),∀g, h ∈ G;
equivalently, if f is constant on conjugacy classes.

The space of central functions, Cent(G) has dimension the number of conjugacy classes
of G. Indeed, if C1, . . . , Ck are the conjugacy classes of G, define a basis {f1, . . . , fk} for
Cent(G) by

fi(g) =

{
1 if g ∈ Ci
0 otherwise

(9.5.1)

Hence, the irreducible characters form an orthonormal basis for the space of central functions.

Definition 9.5.2. Suppose the space V is the direct sum of subspaces U1, . . . , Ut and we have
a representation ϕi : G → LG(Ui) for each i. Then these representations can be combined
to a representation in V , whicch we class the direct sum of the ϕi: ϕ = ϕ1 ⊕ · · · ⊕ ϕt.

If we choose a basis in each subspace Ui and combine them to a basis of V then the matrix
representations become blcko-diagonal, where the blocks correspond to the subspaces Ui.

Corollary 9.5.3. If ϕ = ϕ1 ⊕ · · · ⊕ ϕt and χi is the character of ϕi then χϕ =
∑t

i=1 χi.

Theorem 9.5.4. Every representation of a finite group over C is a sum of irreducible rep-
resentations.
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This will follow from the combination of two facts:
(1) Every representation of a finite group over C is equivalent to a unitary representation

(all matrices ϕ(g) are unitary):
(2) If U is an invariant subspace under a unitary representation then U⊥ is also invariant.

It follows that every character is the sum of irreducible characters. Given a representation,
how can we find out which irreducible representations occur as subrepresentation and with
what multiplicities? The answer is remarkably simple:

Theorem 9.5.5. Let ψ be a character and suppose

.ψ =
k∑
i=1

niχi. (9.5.2)

Then
ni = ϕ · χi. (9.5.3)

Moreover, the dimension (degree) of ψ is

ψ(id) =
k∑
i=1

nidi, (9.5.4)

where di = χi(id) is the dimension (degree) of χi.

Proof. The first equation is immediate from the orthonormality of the characters. The second
follows by substituting the identity in equation (9.5.2).

Now fix a group G of order n and let {eg : g ∈ G} be a basis for CG.

Definition 9.5.6. The regular representation of G (over C) is the representation R : G →
GL(CG), where for g, h ∈ G, R(h)eg = egh.

So all matrices in this representation are permutation matrices.

Exercise 9.5.7. The trace of a permutation matrix is the number of fixed points of the
corresponding permutation.

So to compute the character, we need to see the number of fixed points. But R(h)eg = eg
if and only if h = id, so none of the nonidenntity elements have any fixed points. Thus, the
character χR of the representation R satisfies

χR(h) =

{
n if h = id
0 otherwise

(9.5.5)

Looking at the inner product of χR with the i-th irreducible character, we consequently have

χR · χi =
1

|G|
∑
h∈G

χR(h)χi(h) =
1

|G|
χR(id)χi(id) = χi(id).

We already remarked that χi(id) represents the dimension (or degree) of the representation
of which χi is the character. In view of line 9.5.3 above, we thus have:
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Theorem 9.5.8. In the regular representation, the multiplicity of each irreducible character
is its dimension.

Combining this with equation (9.5.4) we obtain the relation

n =
k∑
i=1

d2
i .

So this relation follows from the orthogonality of the irreducible characters.
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