
REU 2007 · Transfinite Combinatorics · Lecture 1

Instructor: László Babai
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1.1 Transfinite Combinatorics and Toy Problems

Lamp and switches. Imagine a lamp which is always on, and which assumes one of three
different colors. The particular color of the lamp at a given time is completely determined
by the configuration, at that time, of a row of three-way switches (i.e., switches that can
each occupy one of three different states). If there are n switches, any such configuration
can be represented by an n-tuple (x1, . . . , xn), where xi ∈ {0, 1, 2} for all i, that is, by an
element of {0, 1, 2}n. If we let the set of possible colors of the lamp be {0, 1, 2}, we can thus
regard the lamp’s color as a function of the configurations of the switches, i.e., as a function
f : {0, 1, 2}n → {0, 1, 2}.

The system of the lamp and switches is subject to a single rule, that if the position of
each switch be changed, the color of the lamp changes as well. In other words, if (x1, . . . , xn)
and (x′

1, . . . , x
′
n) are configurations of switches with xi 6= x′

i for all i, then f(x1, . . . , xn) 6=
f(x′

1, . . . , x
′
n).

Exercise 1.1.1. Prove that if there are only finitely many switches, then there must exist
a dictator switch, meaning one which makes all other switches redundant in that all of its
positions induce different colors of the lamp, and each of its positions always induces the
same color, regardless of the configuration of the other switches.

Exercise 1.1.2. Prove that if there are an infinite number of switches, a dictator switch
need not exist; in fact, changing a finite number of switches never makes a difference.

The generous slot machine. Suppose we have a “very generous” slot machine which
operates as follows: for every coin you toss into it, it in return pays you a countable infinity
of coins. However, the particular coin you toss in will not be in the payout, nor will it emerge
in any subsequent payout if you play again.

Exercise 1.1.3. Suppose you are greedy, and decide to accumulate as much wealth as you
can (of course, you are already infinitely rich after just one play on the slot machine, but
let’s pretend this isn’t enough for you). So you toss in a coin, then pick one up from the
payout, toss that one in, and continue in this way. Show that after countably many steps,
you will lose all your money.
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Numerical tilings. By a tile, we mean a square each of whose sides is labeled with a
positive integer. Given a set of tiles T , we say a surface S ⊂ R2 can be tiled by T if it can
be covered by a square lattice in which each cell is completely filled by a tile in T , and two
tiles are adjacent if and only if their common sides have the same label.

Exercise 1.1.4. Let T be a finite set of tiles. Prove that the following are equivalent:

1. The entire plane can be tiled by T .

2. The positive quadrant, {(x, y) ∈ R2 : x > 0, y > 0}, can be tiled by T .

Graphs and coloring. Recall that a graph G is k-colorable (k ∈ N) if there exists an
f : V (G) → {1, . . . , k} such that for all adjacent i, j ∈ V (G), f(i) 6= f(j). The chromatic
number of G is equal to min(k ∈ N : G is k-colorable). The girth of G is the length of its
shortest cycle.

Exercise 1.1.5 (Erdős-de Bruijn). A graph is k-colorable if and only if every finite
subgraph of it is k-colorable.

Exercise** 1.1.6 (Erdős). Prove that for all g, k ∈ N, there exists a finite graph of girth
≥ g and chromatic number ≥ k. [Easier version: Prove that exists a finite graph which has
no odd cycles of length < g and has chromatic number ≥ k.]

Exercise** 1.1.7 (Erdős-Hajnal). If a graph has uncountable chromatic number, then it
contains a 4-cycle.

Exercise 1.1.8. Prove that for all g ∈ N and all cardinal numbers κ, there exists a graph
of chromatic number κ and no odd cycles shorter than g.

Ramsey theory. Consider the complete graphs K5 and K6 on five and six vertices, re-
spectively. Suppose we wish to define a {red, blue}-coloring on the edges of each graph in
such a way that no three same-colored edges in either form a triangle. If we regard K5 as a
regular pentagon in the plane, with an inscribed 5-pointed star, then it is easily seen that
the coloring which assigns red to each of the edges on the pentagon, and blue to each of
the edges in the star, meets our needs. On the other hand, one would become exceedingly
frustrated in trying to devise the desired coloring for K6, for, as we shall see, none exists.

Definition 1.1.9 (Erdős-Rado arrow symbol). Given k, `, m ∈ N, we write k → (`, m)
to indicate that for any graph with k nodes, and every {red, blue}-coloring of the

(
k
2

)
edges,

there is either an all-red subset of size ` (meaning a subset of vertices, the edge between any
two of which is colored red), or else an all-blue subset of size m.

Our opening observation about K5 can thus be summarized as 5 6→ (3, 3). On the other
hand, 6 → (3, 3) by taking k = ` = 2 in the following beautiful result:

Exercise 1.1.10 (Erdős-Szekeres). Prove that for all k, ` ≥ 1,
(

k+`
k

)
→ (k + 1, ` + 1).

[Hint: Proceed by induction on k + `, with base cases k = 1 and ` arbitrary, and ` = 1 and
k arbitrary.]
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It should be emphasized that the above theorem applies to any coloring, no matter how
complicated or unstructured. For this reason, results like the one above can be thought of as
finding “order in disorder,” essentially saying that “total disorder is impossible.” Collectively,
such results form the branch of mathematics known as Ramsey Theory, named for Frank
P. Ramsey, who made the first contribution to the field in 1930 in order to solve a decision
problem in logic.

Exercise 1.1.11. Prove that ℵ0 → (ℵ0,ℵ0). That is, let f be a {red, blue} coloring of the
(unordered) pairs of elements of N. Prove that there exists an infinite subset H ⊆ N such
that either f({x, y}) = red for all x, y ∈ H, or else f({x, y}) = blue for all x, y ∈ H. Such
an H is called a homogeneous set for f .

Exercise 1.1.12 (Sierpiński). Prove that c 6→ (ℵ1,ℵ1), where c is the cardinality of the
continuum (see Definition 1.2.1 below and the discussion following it).

1.2 Cardinal Numbers

The modern tradition of utilizing set theory as a foundation of mathematics was single-
handedly initiated, and greatly developed, by the work of Georg Cantor in the late 19th
Century. Motivated by various schools of thought in the philosophy of mathematics, he
observed that a number can be thought of as an “equivalence class” of all sets containing
that many elements (the quotation marks here are necessary, as an equivalence class in
mathematics is formally a set, while the collection of all sets of size two is not). This allowed
him to begin his study of the transfinite.

Definition 1.2.1. Two sets A and B are said to have the same cardinality if there exists a
bijection A → B.

We define the cardinality of A (without reference to another set), written |A|, as the equiv-
alence class of sets under the relation of bijection (thus two sets are in bijection if and only
if |A| = |B|, which agrees with our terminology in the definition above).

Definition 1.2.2. We write |A| ≤ |B| if there exists an injection A → B.

Exercise 1.2.3 (Cantor-Bernstein-Schröder). Show that if A and B are sets with |A| ≤
|B| and |B| ≤ |A|, then |A| = |B|.

A cardinal, or cardinal number, is an object κ such that, for some set A, κ = |A|.
Commonly encountered cardinals include:

1. 0 is the cardinality of the empty set;

2. 1, 2, 3, . . . are the cardinalities of sets of size one, two, three, etc.;

3. ℵ0 is the cardinality of N;

4. c is the cardinality of the unit interval [0, 1] ⊂ R;
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The concepts of “countable” and “uncountable” are probably already familiar to you. We
can now make these explicit by saying that a set A is countable if |A| ≤ ℵ0, and uncountable
otherwise. It can be shown that there exists a “smallest” uncountable set, i.e., a set A such
that for all sets B, if |A| ≤ |B| then B is uncountable. Any two such sets are in bijection,
and we call their cardinality ℵ1.

Theorem 1.2.4. |Z| = ℵ0.

Proof. Define a bijection f : Z → N by

f(n) =


0 if n = 0
2n if n > 0
2|n|+ 1 if n < 0

.

Recall that the Cartesian product of two sets A and B is the set A × B = {(a, b) : a ∈
A, b ∈ B}.

Theorem 1.2.5. If |A| = |B| = ℵ0, then |A×B| = ℵ0.

Proof. We have ℵ0 = |A| ≤ |A×B| since A injects into A×B via the map a 7→ (a, b), where
b is any fixed element of B. Now let f : A → N and g : B → N be bijections. Define a map
A× B → N by (a, b) 7→ 2f(a)3g(b), which is clearly an injection. Thus |A× B| ≤ ℵ0 and the
result follows by Exercise 1.2.3.

Theorem 1.2.6. |Q| = ℵ0.

Proof. We clearly have an injection N → Q given by inclusion, so it suffices to show that
|Q| ≤ ℵ0. If we define an injection Q → Z × N by n

m
7→ (n, m), where we make sure the

map is well-defined by regarding all rational numbers only in reduced form and with positive
denominator, we obtain that |Q| ≤ |Z × N|. But |Z| = |N| = ℵ0 by Theorem 1.2.4, so
|Z× N| = ℵ0 by Theorem 1.2.5, which completes the proof.

Theorem 1.2.7. |(0, 1)| = c.

Proof. Clearly, |(0, 1)| ≤ |[0, 1]|, and since g : [0, 1] → (0, 1) given by g(x) = 1
2
x + 1

4
is an

injection, the proof is complete.

Theorem 1.2.8. |R| = c.

Combinatorial proof. Fix a bijection g : N → Z. Write

R =
·⋃

n∈Z

Un,

and

(0, 1) =
·⋃

n∈N

Vn,
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where Un = [n, n + 1) for n ∈ Z and Vn = [ 1
2n+1 ,

1
2n ) for n ∈ N. Now for n ∈ N, let

fn : Vn → U1+g(n) be defined by

fn(x) = 2n+1x + g(n),

which is clearly a bijection. Finally, since the Vn are disjoint and cover (0, 1), we can let
p : (0, 1) → N be the function which takes x ∈ (0, 1) to the n ∈ N such that x ∈ Vn. And
since the Un are disjoint and cover R, it follows that the function x 7→ fp(x)(x) is a bijection
(0, 1) → R.

Analytic proof. The inclusion map (0, 1) → R is obviously an injection. Now define f : R →
(0, 1) by f(x) = 1

π
arctan(x)+ 1

2
and notice that f is an injection since arctan : R → (−π

2
, π

2
)

is.

Theorem 1.2.9. R is uncountable (i.e., c 6≤ ℵ0).

Proof. Seeking a contradiction, suppose f : N → (0, 1) is a bijection. Given r ∈ (0, 1),
written in decimal, let r[n] denote the nth digit of r following the decimal point. Define a
real number d ∈ (0, 1) by

d[n] =

{
0 if f(n)[n] 6= 0
1 otherwise

.

Since d ∈ (0, 1), it must be that be that d = f(n) for some n ∈ N. Thus if d[n] 6= 0 then
f(n)[n] 6= 0, so by definition of d, d[n] = 0. On the other hand, if d[n] = 0 then f(n)[n] = 0,
so d[n] = 1 6= 0. In short, d[n] = 0 if and only if d[n] 6= 0, which is a contradiction.

The contradiction obtained in the above proof is a version of the Epimenides Paradox,
popularly known as the “Liar’s Paradox”. Consider the sentence “This sentence is false.” If
the sentence is true then it is false, while if it is false then it is true; in short, the sentence is
true if and only if it is false. Cantor’s proof that |R| 6= |N| was only the first in a long line
of mathematical results to make use of this amusing paradox. Other noteworthy examples
include Russell’s Set Paradox and Gödel’s Incompleteness Theorem. The method used above
is known as diagonalization (of finding an element not in a given list by making it disagree
with the nth element in the list at the nth place) is a common technique in mathematical
logic, computational complexity theory, and elsewhere.

1.3 Cardinal Arithmetic

We already saw above that N × N has the same cardinality as N. To capture this fact
syntactically, we are motivated to make the following definitions:

Definition 1.3.1. Let I be a set and κi for i ∈ I a collection of cardinals. Let {Ai : i ∈ I}
be a family of disjoint sets such that, for each i, |Ai| = κi. Recall that the Cartesian product
of the family {Ai : i ∈ I} is∏

i∈I

Ai = {f : I →
⋃
i∈I

Ai : (∀i)(f(i) ∈ Ai)}.
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Define cardinal addition and cardinal multiplication by

∑
i∈I

κi =

∣∣∣∣∣
·⋃

Ai

∣∣∣∣∣ ,

and ∏
i∈I

κi =

∣∣∣∣∣∏
i∈I

Ai

∣∣∣∣∣ .

For cardinals κ and λ, say with |I| = λ, we also define cardinal exponentiation by

κλ =
∏
i∈I

κ.

It can be checked, by going carefully through the definitions of cardinal numbers and of
the operations above, that all basic arithmetical identities hold (e.g., cardinal addition and
multiplication are commutative and associative, κλ1+λ2 = κλ1κλ2 , (κλ)µ = κλµ, (

∏
ρ κρ)

λ =∏
ρ κλ

ρ , etc.)

Theorem 1.3.2. Let κ and λ be cardinals, at least one of them infinite. Then

κλ = κ + λ = max(κ, λ).

Notice that it is not entirely clear at this point that the maximum of two cardinals makes
sense (i.e., that for any two cardinals κ and λ, either κ ≤ λ or λ ≤ κ). In fact, this is
true assuming the Axiom of Choice, as we shall see later. The Axiom of Choice is necessary
for the above theorem, and indeed to most discussions about cardinal arithmetic (a subject
which becomes significantly harder, if not impossible, without the assumption of this axiom).
As we are assuming Choice throughout these notes, we recall its statement:

Axiom 1.3.3 (Axiom of Choice). Let A = {Ai : i ∈ I}, where each Ai is non-empty.
There exists a function (called a choice function for A ) f : I →

⋃
A such that f(i) ∈ Ai

for all i ∈ I.

Exercise 1.3.4. Prove that the Axiom of Choice is equivalent to the statement that the
Cartesian product of an arbitrary family of sets is non-empty.

Theorem 1.3.5. c = 2ℵ0.

Proof. We identify each r ∈ [0, 1] with its binary expansion, so that the set [0, 1] itself
consists only of infinite sequences of 0s and 1s. Notice that 2ℵ0 , being the set of functions
N → [0, 1], can be regarded as the set of all such sequences, where s ∈ 2ℵ0 is identified with
the sequence whose first bit is s(0), second bit is s(1), and so on. Notice too that even under
these identifications, [0, 1] 6= 2ℵ0 , since for example 0.0111 . . . = 0.111 . . . in [0, 1], but not so
in 2ℵ0 .
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Let D be the subset of [0, 1] consisting of dyadic rationals, namely, rationals of the form
a
2k . Since there are ℵ0 choices for a, and ℵ0 choices for k, and since ℵ0ℵ0 = max(ℵ0,ℵ0) = ℵ0

as we saw above, the set of dyadic rationals in [0, 1] is countable. It is easy to see that
two distinct elements s, t ∈ ℵ0 can be the same in [0, 1] if and only if they are the binary
representations of a dyadic rational (think of a 0 bit as telling you to go “left of half”, and
a 1 bit as telling you to go “right of half”, so that a number like 0.0111 . . . is located firstly
in the interval [0, 1

2
], secondly in the interval [1

4
, 1

2
], thirdly in the interval [3/8

,
1
2
], and so on,

and hence equals 1
2
).

It follows that the inclusion map f : [0, 1]− S → 2ℵ0 is a well-defined injection. Now the
set T = 2ℵ0 − f([0, 1]−S) consists entirely of the binary representations of dyadic rationals.
But two binary representations of a dyadic rational differ only in in which position the first 0
in non-terminating string of 0s occurs in, and hence each dyadic rational has only countably
many binary representations. Thus |T | = ℵ0ℵ0 = ℵ0, and so there is a bijection, call it g,
from D onto T . We thus get that the function h : [0, 1] → 2ℵ0 defined as

h(s) =

{
f(s) if s is not a dyadic rational
g(s) otherwise

is a bijection, and the proof is complete.

1.4 Order Types and Ordinals

Definition 1.4.1. An ordered set (more commonly called a linearly ordered set) is a pair
(A,≤A) in which A is a set and ≤A (from which the subscript is omitted when no confusion
can arise) is a binary relation on A satisfying, for all a, b, c ∈ A, the following properties:

1. a ≤ a (reflexivity);

2. if a ≤ b and b ≤ a then a = b (antisymmetry);

3. if a ≤ b and b ≤ c then a ≤ c (transitivity);

4. either a ≤ b or b ≤ a (linearity).

Definition 1.4.2. A prefix or initial segment of an ordered set (A,≤A) is an ordered set
(B,≤B), where B ⊆ A, ≤B is the restriction of ≤A to B, and for all a, b ∈ A, if b ∈ B and
a ≤B b, then a ∈ B.

Definition 1.4.3. Given ordered sets (A,≤A) and (B,≤B), a monotone or order-preserving
map is a function f : A → B such that, for all a, b ∈ A, if a ≤A b then f(a) ≤B f(b).

Definition 1.4.4. An order type is an equivalence class of ordered sets under the relation
of monotone bijection. Given an ordered set (A,≤), we write ot(A,≤) for its order type.

(In the last definition above, there are again set-theoretic subtleties which we are ignoring
for the moment.)

Some examples of commonly encountered order types are:
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1. ω, the order type of N under its usual ordering (e.g., 6 ≤ 8);

2. ω∗, the order type of −N = {−n : n ∈ N} with its usual ordering (e.g., −8 ≤ −6);

3. η, the order type of Q under its usual ordering (e.g., 1
2
≤ 12

5
);

Exercise 1.4.5. Prove that every countable ordered set admits a monotone injection into
η.

Definition 1.4.6. An ordered set (A,≤) is well-ordered if it does not admit a monotone
injection from ω∗ (i.e., if it has no infinite ≤-descending sequence).

Exercise 1.4.7. Prove that (A,≤) is well-ordered if and only if every non-empty subset of
A contains a ≤-minimum.

Definition 1.4.8. An ordinal or ordinal number is the order type of a well-ordered set.

Exercise 1.4.9. Given any two well-orders, one necessarily admits a monotone bijection
onto a prefix of the other.

Definition 1.4.10. Given ordinals α and β, we write α ≤ β if α admits a monotone bijection
onto a prefix of β (we call ≤ the ordinal ordering). In such a case α is said to be a predecessor
of β. If, moreover, β 6= α and α = γ or β = γ for any ordinal γ satisfying α ≤ γ ≤ β, then
β is called the successor of α.

Definition 1.4.11. An ordinal α is called a successor ordinal if there exists an ordinal β of
which it is a successor. otherwise, α is a limit ordinal.

Thus, for example, ω is a limit ordinal, while 17, under the ordering inherited from N, is a
successor.

Definition 1.4.12. We let 0 be the order type of the empty set. We identify an ordinal
α with the set of its ordinal predecessors (formally, this is how ordinals are defined). In
particular, we then have that α < β if and only if α ⊂ β if and only if α ∈ β.

Exercise 1.4.13. Prove that any non-empty set of ordinals is well-ordered under the ap-
propriate restriction of ordinal ordering.

Exercise 1.4.14. Use the preceding exercise to show that, given any non-empty set of
ordinals, there exists an ordinal which not in that set which is ≤-above every element of the
set. Use this to prove that any non-empty set of ordinals has an ordinal ≤-supremum (not
necessarily in the set).
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1.5 Ordinal Arithmetic

Definition 1.5.1. 1. Let (I,≤) be an ordered set, and αi = ot(Ai,≤i) for i ∈ I an order
type. We define

∑
i∈I αi to be the order type of the ordered set (A,≤A), where A =

⋃
i∈I Ai

and, for a, b ∈ A, a ≤A b if and only if either a ∈ Ai and b ∈ Aj for some i < j or else
a, b ∈ Ai for some i ∈ I with a ≤i b.

2. Let α and β be the order types of (A,≤A) and (B,≤B), respectively. Define αβ as the
order type of (A× B,≤), where for a1, a2 ∈ A and b1, b2 ∈ B, (a1, b1) ≤ (a2, b2) if and only
if b1 <B b2 or else b1 = b2 and a1 ≤A a2.

Notice that ordinal addition and multiplication are not commutative. Indeed, 1 + ω is the
order type obtained from that of N by adding an element below zero, which still has order
type ω (simply rename the new element as 0, the old 0 as 1, the old 1 as 2, and so on).
On the other hand, ω + 1 6= ω, since adding an element at the end of N yields an order
type with an element posessing infinitely many predecessors, which certainly cannot be ω.
Similarly, notice that 2ω is the order type obtained by placing ω-many copies of 0, 1 end to
end, thereby obtaining ω again. But ω2 is obtained by placing two copies of ω back to back,
which is not the same as ω since the former has an element with infinitely many predecessors
while the latter does not.

Exercise 1.5.2. Describe how to construct sets of order types ωη and ηω. Are the two the
same?

Definition 1.5.3. Let α and β be ordinals. We define αβ as follows:

1. αβ = 1 if β = 0;

2. αβ = αγα if β is the sucessor of γ;

3. αβ = sup{αγ : γ < β} if β is a limit.

The method by which we defined ordinal exponentiation should look familiar. Notice that
Case 1 is a base case, while Cases 2 and 3 proceed by referring back to previously defined
objects. We thus have a highly generalized kind of recursive definition, which differs from
what we are used to in that it allows us to “go” way past the elements of ω, and all through
the ordinals. This process is known as definition by transfinite recursion, and represents one
of the high achievements of Cantor, the creator of set theory. A more famous example of
transfinite recursion is its use in the proof of one-half of the celebrated (and at one time
controversial) equivalence between the Axiom of Choice and the Well Ordering Theorem.

Theorem 1.5.4 (Well Ordering Theorem). Every set can be well-ordered.

Proof. Let A be any set. If A = ∅ then the trivial (empty) ordering is a well-order of A,
and we have ot(A) = 0. Now suppose A is non-empty, and let f be a choice function for
℘(A)−{∅}. Given an ordinal β, suppose we have defined elements g(γ) of A for each γ < β.
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If A − {g(γ) : γ < β} is non-empty, define g(β) = f({g(γ) : γ < β}). Otherwise, set
α = min{γ ≤ β : A− {g(δ) : δ < γ} = ∅} (notice that {γ ≤ β : A− {g(δ) : δ < γ} = ∅} is
non-empty since it contains β, and hence it contains a least element).

Now g : α → A is a bijection, and we endow A with an ordering ≤ defined by a ≤ b
for a, b ∈ A if and only if g−1(a) ≤ g−1(b), which is clearly a well-ordering. In particular,
ot(A,≤) = α.

In view of the above theorem, and using Theorem 1.4.9, we can now prove that, for any
two cardinals κ and λ, either κ ≤ λ or λ ≤ κ. Thus, for example, it makes sense to speak of
the maximum of two cardinals. Additionally, we are now able to express the fact that R is
uncountable by the simple expression |R| > ℵ0 (or c > ℵ0).
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