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5.1 The Continuum Hypothesis

Recal that if S is a set and |S| = m, then 2m = |P(S)|. Let ℵ0 denote the cardinality of the
integers. Then c = 2ℵ0 is the cardinality of the continuum. Cantor showed that 2ℵ0 > ℵ0.

Exercise 5.1.1. For any cardinality m, we have 2m > m.

Continuum Hypothesis (CH) 2ℵ0 = ℵ1

CH is independent of ZFC (the Zermelo-Frankel axioms of set theory with the Axiom of
Choice). Gödel proved in the 1930’s that CH is consistent with ZFC by showing that if one
has a model for ZFC, then there exists a model for ZFC+CH.

This method for showing consistency of axioms dates back to János Bolyai (1820) who
used the technique to show that the parallel postulate is consistent with the rest of Euclid’s
axioms of geometry by creating a model for the axioms with the parallel postulate out of
a model for the axioms without the parallel postulate (hyperbolic geometry). This showed
that, if the axioms without the parallel postulate are consistent, then adding the postulate
does not break consistency. When Felix Klein made a model of hyperbolic geometry built
from a model of Euclidean geometry, he showed that if Euclidean geometry is consistent,
then the negation of the parallel postulate is consistent with the other axioms of geometry.
Thus, the parallel postulate is independent of the other axioms.

Cohen showed in the 1960’s that the negation of CH is also consistent with ZFC and
therefore CH is independent of ZFC. In fact, it is consistent for 2ℵ0 to equal a number of
different cardinalities, including ℵ1,ℵ2,ℵ17, and ℵω+1.

Exercise 5.1.2. 2ℵ0 6= ℵω.

Let m+ denote the smallest cardinal greater than m. So ℵ+
α = ℵα+1. The Generalized

Continuum Hypothesis (GCH) states that for any infinite cardinal m we have 2m = m+.
GCH is independent of ZFC.
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5.2 Transfinite Induction

Claim 5.2.1. (Principle of Transfinite Induction) Let (S,≤) be a well ordered set
and T ⊆ S. Suppose that (∀α ∈ S)(if (∀β < α)(β ∈ T ) then α ∈ T ). Then T = S.

Proof. Suppose that T 6= S. Then S\T is nonempty, and since S is well ordered, S\T
contains a minimal element, s. By minimality, we have that (∀β < s)(β ∈ T ), and so by
assumption, s ∈ T , which is a contradiction.

We can use transfinite induction to show that:

Claim 5.2.2. There is a set of points in R2 which intersects every line exactly twice.

Proof. Let ωα be the least ordinal with cardinality c. Since there are c many lines, we can
index them using ωα so that {`β | β < ωα} is the set of all lines.

We shall construct our desired set S by transfinite recursion. Let S0 be the empty set,
and assume that at step β, Sβ is a subset of R2 which intersects no line more than twice, has
cardinality ≤ 2|β| < c, and which, if γ < β, intersects `γ exactly twice. If `β doesn’t intersect
Sβ exactly twice, then since two points determine a line, there are at most |Sβ|2 < c points
on `β which, if added to Sβ, would cause the set to contain three collinear points. Thus, since
|`β| = c we can find a point (or two) on `β to add so that Sβ union these points intersects
no line more than twice, has cardinality less than c, and intersects every `γ exactly twice
whenever γ ≤ β. By transfinite induction, we can thus construct a set S which intersects
every line exactly twice.

Exercise 5.2.3. (a) If a set S ⊆ R2 which meets every line twice is measurable, them S
has measure zero.

(b) S need not be measurable.

We say that A, B ⊂ N are almost disjoint if |A ∩B| is finite.

Exercise 5.2.4. Show that there exist c many pairwise almost disjoint subsets of N.

Exercise 5.2.5. If {Ai | i ∈ I} is k-intersecting, i. e., |Ai ∩ Aj| ≤ k whenever i 6= j, then
|I| ≤ ℵ0.

5.3 Finitely additive (0, 1)-measures

Suppose S 6= ∅. Then µ : P(S) → {0, 1} is a finitely additive (0, 1)-measure if µ(S) = 1
and µ(A∪̇B) = µ(A) + µ(B). Note that µ(∅) = µ(∅) + µ(∅), and so µ(∅) = 0.

Definition 5.3.1. We say that F ⊂ P(S) is a filter if F is

• upward closed, i. e., A ⊃ B ∈ F ⇒ A ∈ F ,

• closed under finite intersections, i. e., A, B ∈ F ⇒ A ∩B ∈ F .
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Similarly, we say that I ⊂ P(S) is an ideal if I is

• downward closed, i. e., A ⊂ B ∈ I ⇒ A ∈ I,

• closed under finite unions, i. e., A, B ∈ I ⇒ A ∪B ∈ I.

We say that U is an ultrafilter if U is a filter and P(S) \ U is an ideal.

Theorem 5.3.2. If F is a proper, nonempty filter on S (i. e., F 6= P(S)), then there exists
a proper ultrafilter U ⊇ F .

Proof. Consider the set of all proper filters containing F , ordered under inclusion. Given a
chain, the union is clearly a filter, and noting that a filter is proper if and only if it does
not contain ∅, we see that it is a proper filter. Thus, we can apply Zorn’s lemma to get a
maximal proper filter U ⊃ F .

To see that U is an ultrafilter, we note that by maximality, if A, B ∈ P(S)\U , then
∃U, V ∈ U such that A ∩ U = B ∩ V = ∅. Then (A ∪ B) ∩ (U ∩ V ) = ∅, and thus
A ∪B ∈ P(S)\U . Since downward closure is clear, P(S)\U is an ideal.

Corollary 5.3.3. On every infinite set there exists a nontrivial finitely additive (0, 1)-
measure.

Proof. Let S be an infinite set. Let I be the set of all finite subsets of S. Then I is an ideal,
and the complement, the set F of all co-finite subsets of S, is a filter. Let us extend F to
an ultrafilter U and define, for all A ⊆ S, µ(A) = 1 if A ∈ U and µ(A) = 0 otherwise.

Given a nontrivial finitely additive (0, 1)-measure on S, we have a nontrivial solution to
the light bulb problem as follows.

Suppose our colors are blue, green, and red; and let the three states of each switch also
be called blue, green, and red.

Given a configuration of switches, consider the sets Sb, Sg, Sr of switches turned to blue,
green, and red respectively. Exactly one of these sets has µ-measure 1. Let the bulb be the
color of this set. Suppose that the light is glowing blue, and that we change all the switches.
Then the only switches that are set to blue after the change are ones that were formerly red
or green. Therefore, the set of new blue switches is a subset of a set of µ-measure 0, and
thus the light color had to change. Moreover, since every finite set is of µ-measure 0, flipping
a finite number of switches does not change the color of the bulb.

5.4 Ramsey Theory

Recall the notation k → (`, m) means that if the edges of Kk are colored red and blue,
then we can find either a red K` or a blue Km. For example, 6 → (3, 3), 5 6→ (3, 3), 10 →
(4, 3), 9 6→ (4, 3).

Theorem 5.4.1 (Ramsey). (i) (∀`, m ∈ N)(∃k ∈ N)(k → (`, m)), and (ii) ℵ0 → (ℵ0,ℵ0).
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Proof. We shall show that ℵ0 → (ℵ0,ℵ0). Assume the edges of N have been colored red and
blue. Consider the forward edges from vertex number 0. Either there are infinitely many
red ones, or infinitely many blue ones. If there are infinitely many red edges, color vertex
0 red, otherwise color 0 blue. Delete all forward neighbors of 0 which are connected by an
edge not of the color used for 0, and relabel the remaining vertices. At step i, vertex i has
either an infinite number of red forward edges, or an infinite number of blue forward edges
ones. Color i accordingly, and delete forward neighbors connected to i by an edge of the
other color, and relabel the remaining forward vertices. Eventually, all vertices which aren’t
deleted are colored red or blue. Since an infinite number of vertices are colored, there are
an infinite number colored the same color (say red). Consider the set of red vertices. Since
every forward edge of a red vertex is red, we must have that we have a red Kℵ0 .

Exercise 5.4.2. Using (ii) and the König path lemma, prove (i). Note that the value of k
obtained is not effective.

Exercise 5.4.3. (Sierpinski) c 6→ (ℵ1,ℵ1).

4


