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Exercise 6.0.1. Prove that 2ℵ0 6= ℵω. (Hint: use the following result.)

Exercise 6.0.2 (Gyula [Julius). König] If (ai, bi, i ∈ I) are two families of cardinals (where I is
a set) such that (∀i ∈ I)(ai < bi) then

∑
i∈I ai <

∏
i∈I bi.

6.1 The Cantor-Bernstein-Schröder Theorem

Lemma 6.1.1. Let G be a graph such that every vertex has degree 1 or 2. Then every connected
component is one of the following:

• an m-cycle for some 2 < n < ω

• a path of length n for some 0 < n < ω

• a one-way infinite path

• a two-way infinite path (which will also be called an “infinite cycle”).

The following theorem establishes the asymmetry of the order relation between cardinals.

Theorem 6.1.2 (Cantor-Bernstein-Schröder). If A and B are two sets such that |A| ≤ |B|
and |B| ≤ |A| then |A| = |B|.

Proof. Suppose f : A → B and g : B → A are injections. Consider the bipartite graph G with
vertices on the left being elements of A and vertices on the right being elements of B. Draw a
white (resp. blue) edge between x on the left and y on the right if and only if f(x) = y (resp.
g(y) = x). Since f and g are injections we see that every vertex in G has degree 1 or 2. Apply
the lemma above to G. Again since f and g are injections we cannot have a finite path in G. We
define h : A→ B to be f(x) if x ∈ a finite/infinite cycle or a one way infinite path starting with a
white edge. Otherwise x is in a one way infinite path starting with a blue edge and h(x) is defined
to be g−1(x). Check that h is a bijection.

(Notice that the proof does not use the Axiom of Choice)
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6.2 Chromatic Number

Exercise 6.2.1. (1) Let G be a graph, κ a cardinal, and assume (∀x)(deg(x) ≤ κ). Then χ(G) ≤
κ+ 1.

Hint. The proof for finite κ is separate from the proof for infinite κ (in which case κ+1 = κ). For
finite κ, prove the result for finite graphs first and then extend to all graphs via Erdős - deBruijn.

(2) Let ~G = (V,E) be a directed graph and let deg+(x) denote the out-degree of a vertex x ∈ V .
Let κ be a cardinal and assume (∀x)(deg+(x) ≤ κ).

(2a) If κ is finite then χ(~G) ≤ 2κ+ 1. (Chromatic number of a directed graph is defined to be
the chromatic number of the graph without taking orientation into account.)

(2b) If κ = ℵ0 then χ(~G) ≤ ℵ0 does not follow. Hint: let V = ω1 (the smallest uncountable
ordinal). Orient the complete graph Kω1 so that every edge points downward (x → y ⇔ x > y).
Check that (∀x ∈ V )(deg+(x) = ℵ0).

(2c) If κ is infinite then χ(~G) ≤ κ+ (where κ+ is the smallest cardinal greater than κ).
(3) If every countable subgraph of a graph has finite chromatic number then the graph has finite

chromatic number.

6.3 Some Set Theory and Logic

Exercise 6.3.1. There are at most countably many pairwise disjoint intervals in R. (Proof: Every
interval contains a rational number.)

Exercise 6.3.2. Every well ordered subset of R is countable.

Exercise 6.3.3. If (A,≤) is a countable order type then there is a monotone injection f : A→ Q.

Proof. Let A = {a1, a2, . . .}. We will define f(ai) recursively. Let f(a1) = 0. Assume f(ai) has
been defined for i ≤ k. Now ak+1 is either less than all ai, i ≤ k or greater than all of them or
∃0 < i, j < k + 1 such that k + 1 is the least integer ` such that ai < a` < aj . In each case, define

f(ak+1) to be 1 + max1≤p≤k f(ap), −1 + min1≤p≤k f(ap), and
f(ai) + f(aj)

2
, respectively. Check

that f satisfies the requirements.
Again, we are not using the Axiom of Choice.

Definition 6.3.4. (A,≤) is a dense ordering if (∀a, b ∈ A)(∃c ∈ A)(a < c < b).

Exercise 6.3.5. If (A,≤) is a dense ordering without maximum or minimum and A is countable
then its order type is η (the order type of Q).

This is an example of a simple set of axioms which determine the model of a given cardinality
up to isomorphism. Another example is that of vector spaces over Q. The model is determined by
its cardinality if its cardinality is uncountable.

Definition 6.3.6. A set of axioms is categorical in cardinality m if all models of cardinality m
are isomorphic.

Theorem 6.3.7. If the language of Σ is countable then the existence of a model with an infinite
cardinality implies the existence of models with all infinite cardinalities.

Algebraically closed fields of a given characteristic (0 or p) are not categorical in ℵ0 but are
categorical in every other infinite cardinal.
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6.4 Topological sort

Definition 6.4.1. Let ~G be a directed graph. A topological sort of ~G is an ordering of the
vertices of G such that every edge goes up, i. e., (i→ j) ⇒ (i < j).

A DAG is a directed acyclic graph, i. e., a directed graph with no directed cycles.

Exercise 6.4.2. Prove that ~G has a topological sort if and only if ~G is a DAG. (Hint: One way is
obvious. For the other way first prove for the finite case and then use Zorn’s lemma.)

Exercise 6.4.3. Prove the above result for ~G countable using the König Path Lemma instead of
Zorn’s Lemma.

6.5 Erdős-deBruijn and topological sort via Tikhonoff

Recall the Erdős-deBruijn Theorem:

Theorem 6.5.1. For k ∈ N, a graph is k-colorable iff all finite subgraphs are k-colorable.

Exercise 6.5.2. Infer this from Tikhonov’s theorem that the product of compact spaces is compact.

Hint: Every finite set with the discrete topology is compact. If V is the set of vertices then
kV = {f : V → k} (where k = {0, 1, . . . , k − 1}) is compact under the product topology according
to Tikhonov’s Theorem. Now use the “finite intersection property” characterization of compact
sets.

Exercise 6.5.3. Prove DAG ⇐⇒ Topological sort exists using Tikhonov’s theorem in the place
of Zorn’s Lemma.

6.6 First Order Logic with Equality

First order logic deals with models of sets of first order formulae. The “language” is a (possibly
infinite) list of names of the finitary operations (such as “addition” (binary operation), “inversion”
(unary operation), constants (nullary operations), finitary relations (such as “less than” (a binary
relation), and variables. Models of the language are interpretations of each operation and relation
symbol on a set S. (A binary operation would be a map S × S → S and a binary relation is
R ⊂ S × S.)

A polynomial in the given language is a combination of operations.
A primitive formula is R(p1, . . . , pk) where R is a k-ary relation symbol and the pi are

polynomials in the variables of the language.

Definition 6.6.1 (First Order Formulae). • Primitive formulae are formulae

• If ϕ,ψ are two formulae then (ϕ)∨(ψ), (ϕ)∧(ψ),¬(ϕ) are formulae (∨,∧,¬ denote OR, AND,
NOT resp.)

• If ϕ is a formula and x is a variable then (∃x)(ϕ), (∀x)(ϕ) are formulae.

• Formulae are strings of symbols obtained by repeting the above rules a finite number of times.
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We interpret formulae on models of the language in the obvious way. Caveat: in formulae like
(∃x)(∀x)(x > y), the second occurrence of x has nothing to do with teh first occurrence, and the
formula is equivalnet to (∃t)(∀x)(x > y).)

Definition 6.6.2. free(ϕ) is the set of free variables in ϕ. The formal definition is inductive:

• If ϕ is primitive then all its variables are free.

• free((∃x)ϕ) = free((∀x)ϕ) = free(ϕ) \ {x}

• free((ϕ) ∨ (ψ)) = free((ϕ) ∧ (ψ)) = free(ϕ) ∪ free(ψ)

• free(¬ϕ) = free(ϕ).

A sentence is a formula with no free variables (free(ϕ) = ∅).

Let Σ be the set of sentences or axioms. Σ is said to be consistent if it has a model, i. e., a set
and interpretations of the relations and operations (including the constants) on the set such that
all sentences in Σ are true.

Theorem 6.6.3 (Compactness for First Order Logic). Σ is consistent ⇐⇒ all finite subsets
of Σ are consistent.

This result was proved by Gödel in 1930 for |Σ| = ℵ0 and in the general case by Mal’cev in 1936.

Exercise 6.6.4. Infer Erdős-deBruijn and “existence of a topological sort ⇐⇒ DAG” from the
Compactness Theorem of First Order Logic.

6.7 Proof of Erdős-de Bruijn via ultrafilters

Recall that a filter F on a non-empty set S is a subset of P(S) which is upward closed (A ⊇ B ∈
F ⇒ A ∈ F) and is closed under finite intersections. An ideal is downward closed and closed
under finite unions. A proper filter is a filter which does not contain ∅. An ultrafilter U is a
subset of P(S) whose complement is an ideal. Recall:

Theorem 6.7.1 (Ultrafilter). If F is a proper filter then ∃U ⊇ F which is an ultrafilter.

Definition 6.7.2. Let H ⊂ P(S). We say that H has the finite intersection property if the
intersection of a finite number of members of H is never empty.

Exercise 6.7.3. Prove: if H ⊂ P(S) has the finite intersection property then there exists an
ultrafilter U ⊂ P(S) such that H ⊆ U . In other words, there exists a finitely additive (0, 1)-
measure on S such that (∀H ∈ H)(µ(H) = 1).

Proof. of the Erdős-deBruijn Theorem. Let G = (V,E) be a graph such that every finite subgraph
is k-colorable. Let K be the set of all legal partial k-colorings with finite domain,i. e., f ∈ K ⇐⇒
dom(f) ⊆ V, |dom(f)| <∞, f : dom(f) → k is legal on the subgraph induced by dom(f).

Let Kx = {f ∈ K x ∈ dom(f)}. Suppose we have a (0, 1)-measure of K such that (∀x ∈
V )(µ(Kx) = 1). We can then define a coloring of G by choosing the color of x ∈ V to be the color
which almost all colorings assign to it (because almost all colorings assign one of a finite number
of colors). Then we can check that this coloring satisfies the requirements.
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We need to construct an ultrafilter U such that (∀x)(Kx ∈ U). This is easy. In view of
Exercise 6.7.3, we just need to verify that finite intersections of the Kx are nonempty. Now Kx1 ∩
. . . ∩Kxt is nonempty since there is a k-coloring of {x1, . . . , xt} and we are done.

Exercise 6.7.4. Prove the Compactness Theorem of First Order Logic using the Ultrafilter Thm.

6.8 Ordinal Ramsey Theory

Exercise 6.8.1. (∀α < ω1)(α 9 (ω, ω + 1)). In other words, give the vertices of Kα the order
type of α and color each edge red or blue Then we can avoid a complete red (resp. blue) subgraph
whose vertices have order type ω (resp. ω + 1).

Exercise* 6.8.2 (Specker). (∀k < ω)(ω2 → (k, ω2)).

Exercise 6.8.3. 2ℵ0 9 (ℵ1,ℵ1) (Hint: Combine the well-order and natural order of the reals.)
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