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1 North-South Game

Exercise 6.1. Assign positive real numbers to the cells in the grid so that

(a) the sum of the North squares is �nite,

(b) a move never increases the sum of occupied squares, and

(c) there is a cell (in the South) with a number greater than the sum of all the cells in the

North.

(Conclusion: that square cannot be reached.)

2 Number of unit distances in the plane < n
3

2

Exercise 6.2. First prove geometrically that a unit distance graph does not contain a K2;3:

Then prove the K}ov�ari-S�os-Tur�an theorem for K2;3:

Exercise 6.3. In R4; �nd n points with bn2
4
c unit distances between them (for all n).

Exercise 6.4. Find a method of shifting a grid and doubling points to get n points with

cn log n unit distances.

Exercise 6.5. What numbers can be written as a2 + b2 in many ways? In particular, what is

the smallest number n that you can write as a2 + b2 in at least 200 ways?

Exercise 6.6. Use the previous exercise to show that there is a dn such that the distance dn
occurs n

1+
c

log logn times in the
p
n�pn grid. This is the best known result for this problem.

Exercise 6.7. Prove (log x)100 = o (x) : Show n
c

log logn > log n: (Thus, the best known result

is in fact better than cn log n) .
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3 Max distance occurs � n times

Exercise 6.8. If each vertex in a graph has degree � 2; then the number of edges is � n:

Let S be a set of points in the plane. Let G(S) = (S;E) be the \max distance graph"

de�ned by joining two points if they are at maximum distance.

Exercise 6.9. Prove: in a max distance graph, if deg(x) � 3; then x has a neighbor of degree

one (a \dangling neighbor").

Exercise 6.10. Prove: if G has the property in the previous exercise, hereditarily to all

induced subgraphs, then m � n:

Exercise 6.11. Use the preceding exercises to conclude that the max distance occurs at most

n times.

4 Fitting 1020 + 1 squares on a
�
1010 + 0:1

�
�

�
1010 + 0:1

�
square

Exercise 6.12. Let the upper
�
1010 � 106

�� �
1010

�
rectangle be region A; and let the rest of

the square be region B: So B is a
�
106 + 0:1

���
1010 + 0:1

�
rectangle. Tile region A by aligned

squares (1020 � 1016 of them, no surprise here). B is a long stripe. Squeeze in the square here

by tilting the columns. You may �nd a number better than 106 for the width of this stripe.

Exercise 6.13. In an (n + :01) � (n + :01) square, we can put in n2 + cn� squares for some

constants c and �: Compute as large an � as you can get.

5 Tiling a� b rectangle by rectangles with at least one integer

dimension

Let R be an a � b rectangle, where a and b are positive real numbers. Suppose that we can

tile R by \aligned" rectangles (the sides of the rectangles are parallel to the sides of R) such

that each raligned rectangle has at least one side with integer length. Show that at least one

side of R has integer length. Assume one corner of R is at the origin, and the sides of R are

aligned with the axes.

There is a measure theory solution and a graph theory solution. This hint applies to the

measure theory solution. Assign weights (positive or negative) to each rectangle in R2 so that

if a rectangle has an integer side, the weight is zero. The weights should be additive (if a

rectangle is cut up into rectangles, the weights should add up).

This can be done continuously or discretely. For a rectangle S; we can de�ne its weight asZ Z
S

sin(2�x) sin(2�y)dx dy:
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To de�ne the weight discretely, tile R2 on the half integers with a chess board coloring. If a

region is white, its weight is its area. If a region is black, its weight is the negative of its area.

Exercise 6.14. Prove that the weights have the following properties:

(a) if a side of an aligned rectangle is an integer, then the measure is zero, and

(b) if the measure of an aligned rectangle is zero and one corner is the origin, then a side is

an integer.

Exercise 6.15. Use the previous exercise to prove that at least one side of R has integer

length.
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