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Braids can be represented as two-dimensional diagrams showing the crossings of
strings or as words over the generators of a braid group. A minimal braid is one
with the fewest crossings (or the shortest words) among all possible representations
topologically equivalent to that braid. The main result of this paper is that the set
of minimal braids is co-NP-complete. © 1991 Academic Press, Inc.

1. INTRODUCTION

Algorithmic problems in braid groups have received much attention
since [A1]. An algorithm for the word problem was given by Artin [Al,
A2],.and Garside solved the conjugacy problem [G]. More recently, with
the increasing interest in complexity, these problems have been reexam-
ined with regard to efficiency. Artin’s algorithm involves generating a
canonical form of length exponential in the length of the original word.
Apparently the first polynomial-time algorithm for the word problem
.results from recent work of Thurston [Th]. Whether there exists a polyno-
mial-time algorithm for the conjugacy problem seems to be unknown.

In his polynomial-time algorithm for the word problem Thurston pro-
duces a canonical form for braid group elements whose length is quadratic
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in the length of the original word. Neither his form nor Artin’s one is a
minimal word representing the given braid. This situation is not very
common in group theory; e.g., for free groups, HNN-extensions, free
products, and so on, the known normal forms are minimal when the
generators are chosen in a natural way.

The present paper provides some complexity intuition as to why such a
form with “nice” properties cannot exist for braid groups (unless P = NP).
We show that the set of minimal braids is co-NP-complete. This implies
that (again, unless P = NP) there is no polynomial algorithm to produce a
minimal representation of a given braid. It is of interest to compare our
result with that of Tatsuoka [Ta)], which shows that this problem can be
solved in polynomial time for any fixed braid group.

There are two quite different approaches to braid groups, geometric
and algebraic (compare [A, and M)); each has some advantages and
disadvantages. In this paper we follow an intermediate course. We say as
precisely as possible what should be calculated and how, but the calcula-
tions themselves are omitted whenever the result is clear from geometric
intuition.

2. DEFINITIONS AND MAIN THEOREM

Throughout, letters g, r, ..., z stand for words over an alphabet, letters
a,b,c,... for symbols from this alphabet; |z| is the length of z and A is
the empty word; “ = ” stands for graphical equality (i.e., as words), “ ="
for the equivalence of two words representing the same element in a
group. S, is the symmetric group on n symbols. The notation u * v * w is
used to denote the corresponding occurrence of the word v in the context
uvw.

The group B, of braids with »n strings has the following representation:

B, = (oy,...,0,_4l0,0; = gj0; for j > i + 1,0,0,,,0, = 0,,,0,0;44,
forl<i<n-2). (1)

The o;’s are called the standard generators of B,. A geometric picture of
o; is given by Fig. 1. We shall sometimes refer to standard generators as
positive crossings and to their inverses as negative crossings. In the follow-
ing development there is a special role for the initially leftmost string of
the braids, which we shall call the weft. The other strings will be called
wires. The problem we consider is presented in the style of Garey and
Johnson [GJ].
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Fi. 1. Picture of generator o;.

DEeriNiTioN (NON-MINIMAL BRAIDS).

Instance. A braid group B, and a word w, in the standard generators
of B.

Question. Is there a shorter word w’ equivalent to w in B?

Main THEOREM. NON-MINIMAL BRAIDS is NP-complete.

Proof. NON-MINIMAL BRAIDS is clearly in NP, since the word
problem for braids is solvable in polynomial time [Th].

To show that this set is NP-hard we will use instances representing the
following set of braids = U, ,.,%, ,. For each r,m,%  cB,,_,
where ¢ is a parameter dependent on r and m to be chosen just below.
The strings of B,,,,, are partitioned into the weft (the leftmost string),
and m consecutive blocks of wires, to be called cables, consisting of ¢
wires each. Each cable is labelled with a symbol from the alphabet
> ={1,...,r). It will be convenient to refer to cables labelled with i as
i-cables and to their wires as i-wires. The weft traverses the cables in s
identical stages, each having r Jevels numbered sequentially from 1 to r
and each level consisting of ¢ loops. We will choose these parameters as
s = 8m?, ¢ = rms, and t = r®m'2sS.

For each loop in level j, the weft starts on the left and travels all the
way to the right, passing under i-cables where i > j, and over i-cables,
where i < j; then it returns, passing under any i-cable, where i > j, and
over any i-cable, where i < j, thus enfolding precisely the j-cables.

It is clear how to write the corresponding word in the standard genera-
tors; we denote this by x(q), where g =a, --- a,, € 3™ and aq; is the
label of the ith cable.

The special word wy, = wy(q), such that wy(g) = x(g), describes the
following wiring layout:

(1) Each 1-cable is passed under the other cables and accumulated
in a block on the left, then the 2-cables are passed under the remaining
cables and accumulated in a block to the right of the 1-block, and so on. In
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this process, no cables with the same labels ever cross each other and the
cables are sorted into numerical order by label using left-over-right trans-
positions of cables. The weft remains on the extreme left.

(ii) The weft is brought under the 1-block, then wrapped around the
whole block as a coil with ¢ — 1 turns leaving the block on the right. The
weft continues, making a similar coil around the 2-block, and so on for
each block in turn, finally returning over all the cables. This whole
sequence is repeated s times.

(iii) The cable crossings of part (i) are now reversed, using right-
over-left transpositions, to restore the original ordering of the cables.

If K transpositions of cables are needed to sort the cables in part (i) then,
since a cable crossing uses c? wire crossings, we have

lwol = 2Kc? + 2tmcs.

We want to see under what conditions the special word is minimal.

DeriniTioN.  The number of inversions of a string ¢ = 4, - - a,, € 3™
with respect to a permutation 7 of X is defined as

inv(g, ) =|(<i,f>|i <jand m(a;) > ‘rr(a,-)}|.

Note that inv(g, ) is just the minimal number of transpositions re-
quired to permute g in accord with 7, and inv(g, ) < m(m — 1)/2.

THEOREM 1. The special word w is of minimal length if and only if the
identity permutation, , is a value of w € S, which minimizes inv(q, ).

Proof. (Only if) Suppose that there is a permutation 7 such that
inv(q, m) < inv(g, 1) = K. Consider the word w' corresponding to the
following layout:

(i) Arrange the cables into blocks using inv(g, 7) - ¢? wire crossings.
The procedure here is similar to that in the special word, except that the
blocks are ordered according to the ordering of 3, given by 7, and in each
crossing the wire with the smaller label is taken under that with the larger
label.

(ii) Visit the blocks in numerical order to make the coils, finishing at
the left. This requires at most (r + 1 + 2¢)mcs crossings.

(iii) Restore the original order of the cables by reversing the crossings
used in (i).
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Since ¢ = rms, we have
Wl < 2inv(q,7) - c2+ (r + 1 + 2t)mcs < 2Kc? + 2tmes = |wy)

and the special word is not minimal.

Figure 2 shows w (213123213), except that we have used s = 2 and
t = 8 for clarity. This word is not minimal, since it is better to arrange the
cables in the pattern “222111333” for coiling.

(If) Suppose w is a minimal word such that w = x(g) and |w| < |w,|. We
want to show that there is a permutation 7 € S, such that inv(g, ) <
inv(g, ¢). The main algebraic part of our proof is contained in the follow-
ing lemma.

Lemma 1. If w = x(q), then

(i) w has at least 2tmcs positive crossings between the weft and
wires;

(i) if the length of w is minimal then there exists some permutation
m of 3 such that w has at least 2¢? - inv(q, ) crossings between the
wires.

To preserve the momentum of the proof we defer to the next section the
proof of Lemma 1 and the precise algebraic definitions corresponding to
its geometric notions.

If w is a minimal word corresponding to g € 2™ and = is a permuta-
tion as assured by Lemma 1(ii), then |w| > 2tmcs + 2¢? - inv(g, 7). Since
lwl < Iwgl, we have inv(g, m) < inv(q, ¢) as required. Drheorem 1

To complete our proof we show that the following problem, SNMP
(sorting does not minimally partition), is NP-complete.

DEeriniTiION (SNMP),

Instance. q € 3*, where 3 =1{1,...,r}.

Question. Is there a permutation 7 of [1,..., r] such that inv(gq, 7) <
inv(q, ), where ¢ is the identity permutation.

TueoreM 2. SNMP is NP-complete.

Proof. 1t is clearly in NP. We show it to be NP-hard by a chain of
reductions.

A very similar problem, GROUPING BY SWAPPING, was shown
NP-complete by T. D. Howell (unpublished manuscript, 1977, referred to
in [GJ]), but we require here a stronger result.

It is a straightforward strengthening of Cook’s theorem that 3SAT
remains NP-complete even when the input formula is always accompanied
by some assignment which satisfies all but one of the clauses. This follows
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Fic. 2. Special word w(213123213).
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from the observation that any nondeterministic polynomial-time Turing
machine can be modified to accept the same set in the same time but also
to have a standard terminating rejection computation. Under suitable
conventions the latter computation transforms to an assignment satisfying
all but one of the clauses.

Our next step is to show the NP-hardness of the following set:

NON-MINIMAL FEEDBACK ARC SET.

Instance. A directed graph G and a subset S of arcs of G such that
each circuit in G contains some arc of S; i.e., S is a feedback
arc set.

Question. Ts there a feedback arc set S’ with |S'| < |S]?

LEmMa 2. NON-MINIMAL FEEDBACK ARC SET is NP-complete.

Proof. For any instance, F, of 3§AT with v variables and ¢ clauses we
define a corresponding directed graph, Gr. Gy has 4uc vertices, a,, ;, b, ;,
A, and B, for 1 <u<wv,1<i<c. There are arcs {a,;b,;),
(A, B, ), ¢b,;,A, ;),{B, ;,a,;)foralll <u<v,1<i<ecl<j<
¢, together with some further arcs corresponding to each clause.

We shall think of the arcs <a, ;, b, ;>, (A4, ;, B, ;) as corresponding to
the potential occurrence of literals x, and - x,, respectively, in the ith
clause. It can be verified that the only feedback arc sets of minimal size for
the graph defined so far consist of the union over all 4,1 <u <v, of
either all the arcs corresponding to x, or all those corresponding to — x,.
Thus there is a natural correspondence between these potential feedback
sets and assignments to the variables. However, G, has in addition, for
each clause C;, 1 < i < c, three arcs which connect the arcs corresponding
to the literals of C,; into a circuit. For example, if C; = {x;, = x,, x} the
three arcs are {bs ;, A, ;>, (B, ;, a¢ ), and (b ;, as ;).

When one of the potential feedback sets described above is removed,
the only possible circuits remaining in G are some 6-circuits correspond-
ing to clauses. If the potential feedback set chosen corresponds to a
satisfying assignment to F then all of these circuits will be broken. In this
case we have a minimal feedback arc set of size cv. If there is no such
satisfying assignment then at least one further arc is needed. When we are
given an assignment satisfying all but one of the clauses, at most one extra
arc is needed. Thus for those instances {(Gp, S), where S corresponds to
an assignment satisfying all but one clause of F, the satisfiability of F is
equivalent to the non-minimality of S. Oy enma 2

We complete the proof that SNMP is NP-complete by reducing NON-
MINIMAL FEEDBACK ARC SET to SNMP. Let G = (V, A) and
suppose {G, S) is an instance of NON-MINIMAL FEEDBACK ARC
SET. Since S is a feedback arc set for G, the vertex set V can be ordered
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so that every arc in 4\ S is a “forward arc,” i.e., of the form {a,b),
where a < b in this ordering. Without loss of generality, suppose that
V =1{1,...,r}, where the natural ordering provides such an ordering. We
construct a word wg s over the alphabet V' such that sorting wg ¢ with
respect to V provides a minimal-transposition partitioning if and only if S
is a minimal size set of feedback arcs.

Consider first an arbitrary palindrome, P, over V. It is easy to see that
the partition of P with respect to any permutation of V requires exactly
the same number of transpositions. If P is now modified by interchanging
one pair of adjacent symbols, say i is changed to ji, then any permutation
of V, where i precedes j, will require two more transpositions than the
others. A similar observation holds when several such interchanges are
made. We therefore construct wg ¢ as follows.

Suppose that A = {a,,...,a,}. For1 <j <p,let ¢; = uv and E; = vy,
where a; = {u,v). Then

WG,S=€162 M epep Lo 8281

which is palindromic except for transpositions corresponding to each arc
of A. Let q be the number of transpositions required to partition the
palindromic string e,e, - - €,E, - - E,E,. As observed above, g is inde-
pendent of the ordering chosen for the partition. For any permutation
of V, let back(G, 7) = ({7 (i), #(j)) € Ali > j}. Then

inv(wg s, m) = q — | Al + 2|back(G, m)l.
Hence,

(G, S) € NON-MINIMAL FEEDBACK ARC SET
< 37 such that [back(G, )| < |S|
< 37 such that inv(wg 5, 7) < inv(wg s,t)

« Wg, s € SNMP.  Omyeorem2)

This also completes the proof of the Main Theorem.  Dyin Theorem)

3. ProvING LEMMA 1

We first collect some well-known general definitions and facts about
braid groups which will be used in the proof. The mapping
{oy,...,0,_1 = S,, defined by

gt = (i,i +1), (2)
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Fic.3. x(uxaxv) = {i, j).

can be extended to a homomorphism *: B, — S,. The kernel of * is
denoted by 7,. Geometrically, x* is the permutation on strings realized
by a braid x, and &, is the subgroup consisting of those braids which
ultimately return the strings to their initial order. Given an occurrence
u*ax*v of aletter a from the alphabet {o,,...,0,_}*' in a word uav,
denote by x(u * a * v) the initial indices of the (unordered) pair of strings
that cross at u * a * v. Formally, if a = o;*! then

x(uxaxv) = {(w*) 7 '(k),(u*) " (k + 1)} 3)

Given I c{l,...,r} and a word x we define a new word u,(x) in
[I] — 1 generators. Geometrically, u,(x) is the result of “dissolving” all
strings not belonging to I. To give an algebraic definition, we first
introduce a mapping 6,, on occurrences of the form u*o-,gtl *p and
taking values in the set {oy, ..., 0y;_;, A} *', defined by

0 (uxofxv) =0, if x(uxof*v)cl,
=A otherwise (A is the empty word), 4)

where g is the number of those i for which 1 <i < k and (u*)~'(G) € L.

Geometrically, it is the crossing obtained from u * o, *! * v by deleting
strings numbered by {1, . .., n} \ I; if at least one string forming u * o, ! * v
is deleted then this crossing is destroyed and the result is A. Now 8, can
be extended to arbitrary occurrences by

O (uxay -+ a,xv) = [ 6/(uay -~ a;_1xa;xa;,, -+ ap).
1<i<n

Finally, set
pi(x) = 0,(*xx). (5)

The following three facts are clear from the geometry and can be checked
by calculation.
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Fact 1. x =y implies p,(x) = u,(y).
Therefore u, can be regarded as a mapping from B, to B

Fact 2. p; restricted to &4, is a group homomorphism from .27
to &
(T

Fact 3. 6, and y “commute”; i.e., if y(u* of *v) C I, then
x(0,(*uxoiv)*0,(uxof*v)*0,(uog *v *))
coincides with x(u * o * v), renumbered relative to I.

Some facts about the particular group B, are also needed and these are
proved in the next three lemmas. We shall exploit the fact that the
structure of B, (unlike larger braid groups) is very clear. Indeed, applying
the automorphism

op=A7""?  o,=ad, (a=o7'0;!,A=0,0,0,)

to the presentation (1) with n = 3, we see that in the new generators B,
has the form

By = (A,alA™? = a3);

i.e.,, B; is a free product with amalgam (see, e.g., [LS]. Each element
y € B, has a uniquely determined normal form

y = A?®a®0Aa®A - af-1Aa®,
where £4,¢, €1{0,1,2}, 4,...,¢,_; €{1,2}, and p € Z. For instance,
oy=Aa, oy=ald, ojl=a’A, o;'=Ad?

show the normal forms for the original generators and their inverses.

For any word in {A, A™!, a} (i.e., with only positive occurrences of a)
define w(z) to be the number of occurrences of « in z. Note that, for the
normal forms given above,

w(Aa) =w(ald) =1; w(a?A) =w(Aa?) =2.

Any such word z can be reduced to its normal form by successive
a-replacements, where o is replaced by A~2, and A-operations, where A is
cancelled with A= A~! is replaced by AA~2 or an occurrence of A*2
is transferred to the left end. We observe that, in such a situation, w is

[
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reduced by 3 with each a-replacement and is invariant under A-oper-
ations. An a-syllable of a word is a maximal nonempty subword containing
only a’s.

Lemma 3. Let x be a word over {a,, 0,}*! such that x = (o,0%0,)? in
B, for some d, and x contains g negative occurrences. Then x does not
contain any subword of +3 where € € {1,2).

Proof. The normal form for x is A**(Aa’Aa?)? and w(A%
(Aa*Aa?)?) = 4d. Using the obvious homomorphism 7: B; — (Z, +),
given by n(o,) = n(o,) = 1, we find that the number of positive crossings
in x must be 4d + g. Substituting the normal forms for a,, 0,, oy !, and
a; ! in x, we obtain a longer (possibly reducible) word x’ with w(x') = 44
+ 3g. Therefore, by the observation above, exactly g a-replacements are
used in reducing x' to its normal form. Suppose x contains a subword
of*3, then x' contains a subword (aA)®*2a. Since the reduced normal
form of x'(= x) contains a’s only in occurrences of a2, each of the g + 1
single occurrences of a identified in the subword of x’' must be either
replaced or combined with other a’s when going from x' to its normal
form. To do this at least g + 1 a-replacements are needed. This contra-
diction completes the proof. Oy epnma 3

The following claim is proved in a similar way, except that we count
occurrences of a? in x' rather than of single a’s.

LemMa 4. Let x be a word over {a,, 0,}*! such that x = (g, 030~ 1)*

or x = (62" 'a}'a))* for some t, s, and x contains g negative occurrences.
Then any positive subword of x has at most 3g + 2s alternations between o,

and o,.

Proof. Beginning as in the proof of Lemma 3, we obtain a (possibly
reducible) word x', with w(x') = 4ts + 3g, and x' =x. As before, g
a-replacements are used in the reduction from x’ to its normal form. Each
occurrence of oy0, or o,o0, yields directly or indirectly an adjacency
between a pair of a’s in x', but the normal form for x has just 2s
occurrences of a?. Since adjacencies between a’s are only removed (at
most three at a time) by a-replacements, we deduce that the number of
alternations in x can be at most 3g + 25. O emma 4

We now need a deeper fact about subwords of those words considered
in Lemma 4.

LemMa 5. Let x be a word over {ay, 0,} ! such that x = (g,02'c? 1)
or x = (o' 'o}a,)* for some t,s. Suppose x contains a subword u such
that the function x considered on all one-letter occurrences in u misses at
least one of the three possible values; i.e., some pair does not cross within u,
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and x contains at most |ul/4 — 3t negative occurrences. Then for € = 1,2,
u contains at least 2t occurrences of o, .

Proof. Let x' be the word obtained from x by performing all “free”

cancellations, i.e., cancellations of o, lo, or g,0; !. The image u' of uin

x' cannot contain any occurrences of the form ot !o¥ot! or ot lofo,t?,
for odd integer u, because these would contradict the assumed property of
x- Such occurrences and the forms o, !o,, 0,0, ! (¢ € {1,2}) we shall refer
to as forbidden.

As in the proofs of Lemmas 3 and 4, substitute the normal forms for
o*! and o,*! in x’ and . If x” and u” are the resulting words, the same
arguments as before show that the total number of a-replacements in x”
when going to its normal form is g, where g(< |ul/4 — 3t) is the number
of negative occurrences in x. We also know that ' does not contain any
forbidden occurrences and that |u'] = |u| — 2g. This allows us to represent
the process of going from u” to its normal form u" in an especially simple
way.

We first perform in «” all possible A-operations and obtain a word
0" = A?PafoAa®A,- - -, a®-1Aa®, where gy, 6, 2 0and ¢,,...,¢6,_, > 1. It
is easy to check that the absence of forbidden occurrences in u' implies
that actually ¢y, ¢, € {0,1,2,4} and &,,...,¢,_, €{1,2,4}. Now the nor-
mal form u" is obtained from #” by merely replacing each a* by aA? and
then transferring all occurrences of A? to the left end, i.e., by using a
single level of a-replacements. Thus each a-syllable in #" came either
from a single letter in u' or from two adjacent letters, and so 2" (and
hence u™) contains at least |u'|/2 > |ul/2 — g a-syllables. No more
than g + 2 of them can be affected within x”, therefore u#” and x”, the
normal forms of u” and x”, contain a common piece p with at least
/2 > |ul/2 —2g — 2 > 6t — 2 a-syllables. But x” =x, and so x" =
A?4, for some e, where A is a subword of the periodic word
(a2A(aA)2’ ~2)* Therefore p contains at least three a-syllables of the
form a?, say p = plazA(aA)z"ZazA(aA)z"zazApz.

A word over {o,, 0,}*! with no forbidden occurrences consists except
for a short prefix and suffix, of a sequence of the pairs o2, 02, 072, 052,
with no cancellations. A long subword of the form (aA)* in the normal
form of a word over {g,, o,} *! with no forbidden occurrences can only be
generated from a long periodic subword of one of the following three
types: o, o, or {o] %05 2}*. This is easily checked by a case analysis.

Consider the generatlon of a single syllable of a? w1th a long string of
a’s on each side. There are six possible origins for the a? syllable. It may
be formed from two a syllables in two different ways,

() 0,0, = Ad?A,
(i) 0,0, = aAAa = A%a?,

»
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or it may be the a? syllable of the first or second o7 ! in o772,
(iii) o7% = a?Aa’A,

(iv) 072 = a®Aa’A,
or it may be from either 05! in 052,

W) 0;? = Aa®Aa?,

(iv) 052 = Aa’Aa?.
In each of the six cases, the preceding and succeeding sequences of pairs
to generate the a’s are unique. We show below for each case in the above
order a necessary subword required to generate A(aA)* ~%a?A(aA)? 2

(l) 0,12t0.221 = A(aA)Zt—laZA(aA)Zt-el,

(ll) 0.2210,121 = AZ(aA)Zt—laZ(Aa)Zt—l’

(lll) 0_221—10.1—2(0.{20.1—2)t—1 = A—21+2(aA)2t—laZ(Aa)Zt’—laA’

Giv) (0_1—20.{2)t—10.1—20.22t—1 = A2+ 2(aA)? a2 (Aa)* A,

(V) 0121—10{2(01—202—2)1—1 = A—2t+3(aA)2!—laz(Aa)Zt—la’

(Vi) (0.2—20.1—2)t—'10.£-20.12t = A—21+3a(aA)2t—la2(Aa)21—1-

So, u' (and therefore also u) contains at least 2¢ occurrences of o;*! and
of o;*!, and the lemma is proved. O cmma 5

For your convenience we repeat the statement of Lemma 1.

Lemma 1. Let w be a word such that w = x(q). Then

(i) w has at least 2tmcs positive crossings between the weft and wires;

(ii) if the length of w is minimal then there exists some permutation
of 3 such that w has at least 2¢® - inv(q, ) crossings between the wires.

Proof of Lemma 1(). 1t is evident that, for all i, pg.eq (x(@)) = 07" €
B,. (1) implies that B, = Z, and hence the (possibly reducible) word
R wete, i W), €quivalent to o', contains at least 2s positive occurrences of
a,. All these occurrences must have come from positive occurrences of the
form u*a=*v with y(u*a+*v) = {weft, i}. Summing over all i, we find
that the number of positive occurrences uxax*v for which weft €
x(u*ax*v)is at least 2tmcs. O emma 16y)

Proof of Lemma 1(ii). Set n = rm?s (= mc). We have already seen
that there exists a w, such that w, = x(g) and |w,| < n* + 2tsn, therefore,

lwl < n? + 2tsn. (6)
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From (6) and Lemma 1(i), we obtain
(number of negative occurrences in w) < n?. 7

Let T be the number of crossings between wires in different cables. We
shall actually prove a stronger result than that stated in Lemma 1(ii),
namely that for some permutation 7 € S,, T > 2¢? - inv(q, 7). Pick at
random a system of representatives i,,...,i,, in the cables, one wire per
cable. Then the expectation of the total number of crossings among
| PR F (- T/cz. Choose such a system iy,...,i, that the number of
crossings is minimal and apply pes.;,,...,;,y t© w. Then our problem is
reduced to the case ¢ = 1 with the difference that w.eq ;.. ; (W) can be
non-minimal. However, (7) still holds for peq ; . ; (w). So, assume
¢ =1 and a word w is given such that w = x(g) and (7) holds.

If w contains at least m? wire crossings then the result is proved.
Otherwise, w contains a piece u (w = puq) with no wire crossings within u
such that |u] > 2ts/m, because |w| > 2tsm by Lemma 1(i) with ¢ = 1. To
complete our proof it is*sufficient to show that, for all k, p* arranges the
k-wires into a consecutive block, because we can then take the permuta-
tion of the alphabet induced by p* as .

Start by choosing a wire (say j,) such that the weft has at least 2ts/m?
crossings with this wire within .

Ciam. If a; + a; (1 <j < m) then within u the weft has at least 2¢
crossings with the wire j.

Proof of claim. Apply Wyes, ;, jo 1O the word w. We obtain a word
equivalent to (0,050 1) or (07" 71070, Opyeq ; (P * u * q) satisfies
the conditions of Lemma 5, because j and j, do not intersect within # and
by (7) the total number of negative occurrences in L yes ; ;(W) is less than
n? and n? < |pgeq ; j(W)/4 — 3t. Hence by Lemma 5 there are at least
2t occurrences of o' in O (P*uxq) for &= 1,2. Since
Bpwett, j, jo P * U * g) does not contain any (j, jo)-crossings, then if p*(jy) <
p*(j), x of any occurrences o,t! is {weft, j}; otherwise y of any occur-

rence ot! is {weft, j}. The claim is proved. Ojcyyim

Assume now that k (1 < k < r) is fixed. By the claim and the observa-
tion that 2¢s/m? > 2t, we can choose a k-wire i such that there are at
least 2¢ crossings in w between i and the weft. By (7), there exists a
segment v, where w = puvu,q, containing at least 2n*(= 2t/n?) cross-
ings between the weft and wire i, and there are no negative crossings. We
claim that (pu,)*, and therefore p* because there are no wire crossings
within p *u % g, takes all the wires associated with k to a consecutive
block. Suppose not. Then there exists a k'-wire j inside the k-block such
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that k' # k. Choose also in the k-block a k-wire i’ such that j lies
between i and i’. Consider two cases.

Case 1. There exists a subsegment v’ of v (w = p'v'q’), containing at
least n? + 2 crossings of the weft with i but no crossings of the weft
with 7'

Since wires do not intersect each other within u, p*(j) lies between
p'*(i) and p*(i"), as it was for p and pu,. We now apply the mapping
0 = Opes, i,y to the word w and find that

ts
/-"'(weft,i,i’)(w) =0(xw=x) = (‘7102201) .

From our knowledge of p'+xuv'xgq’, the only possible crossings in
0(p'* v'* q') are between the weft and wire i. Therefore 6(p’'* v'*q') =
o, where e > n? + 2 and ¢ € {1,2}. This yields a contradiction with (7)
and Lemma 3.

Case 2. There is no such subsegment as in Case 1. This implies that
the sequence X of pairs representing successive crossings of v contains at
least 4n? — 4 alternations of {weft, i} and {weft,i’}. Since (pu,)*(j) lies
between (pu,)*(i) and (pu,)*(i’"), between any such alternating pair in X
there exists at least one occurrence of {weft, j}. So, there are at least
4n? — 4 alternations of {weft,i} and {weft,j}. Applying the mapping
Fewets, i, jj» We find that:

(D) tere, i, j( Py * U * u,q) has at least 4n> — 4 alternations of oy, 7;
(i) #’(weft,i,j)(w) = (o'}

Because 4n? — 4 > 3(n? — 1) + 2s, this contradicts Lemma 4.

oo’ or (o002 1),

This contradiction with the assumption that there exists a k'-wire lying
within the k-block shows that for any k, p* takes all the k-wires to
a consecutive block. As observed above, this completes the proof of
Lemma 1(ii), since the required permutation 7 is just that induced

#
by p”. O emma 1i)
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