Complexity Theory

Instructor: Alexander Razborov, University of Chicago
razborov@math.uchicago.edu
Course Homepage: www.cs.uchicago.edu/ razborov/teaching/spring19.html

Spring Quarter, 2019

You may work together on solving homework problems, but please
put all the names clearly at the top of the assignment. Everyone
must turn in their own independently written solutions. If you
find any of the solutions on-line, it is OK but then you must completely
understand the proof, explain it in your own words and include the
URL.

The due date below pertains to e-mail submissions as a PDF file
prepared from a TeX source: this is much preferred format. Handwritten
work must be submitted by the beginning of class a day before the
deadline.

Homework 3, due June 5

1. Recall that for a basis B the formula size Lp(f) is defined as the
minimum number of computational gates in a formula over the basis
B computing the function f. Let f1(Xy),..., fm(Xm) be arbitrary
non-constant Boolean functions depending on pairwise disjoint sets of
variables.

(a) Prove that Lp,(fi(X1)V ...V fm(Xm)) > %Zﬁl L, (fi(X3)),
where Bj is the basis consisting of all binary functions.

(b) Prove that L A v}(f1(X1) @ ... & fm(Xm)) > Q(m?).

2. Prove that Corr(PARITY,,,MAJ,) = O(n~'/?).

Note. You need to prove both upper and lower bounds.

3. Prove that ||A]| > v/N for any {£1} N x N matrix A.



4. For a function f: X xY — {0,1}, x1(f) is the minimal number of
disjoint 1-rectangles covering f~1(1).

Prove that C(f) < O(log x1(f)?).

5. Prove that U(DISJ,,) < O(logn), where U(fy,) is the unbounded error
communication complexity of a function f, : {0,1}" x {0,1}" —

{0,11.



