Quenching of flames by fluid advection -draft-6/15/00

Peter Constantin Alexander Kiselev Leonid Ryzhik
Department of Mathematics
University of Chicago
Chicago IL 60637

June 15, 2000

Abstract

We consider a simple scalar reaction-advection-diffusion equation with ignition-type nonlin-
earity and discuss the following question: What kinds of velocity profiles are capable of quenching
any given flame, provided the velocity’s amplitude is adequately large? Even for shear flows, the
answer turns out to be surprisingly subtle.

If the velocity profile changes in space so that it is nowhere identically constant, (or if it
is identically constant only in a region of small measure) then the flow can quench any initial
data. But if the velocity profile is identically constant in a sizable region, then the ensuing flow
is incapable of quenching large enough flames, no matter how much larger is the amplitude of
this velocity. The constancy region must be wider across than a couple of laminar propagating
front-widths.

The proof uses a linear PDE associated to the nonlinear problem and quenching follows when
the PDE is hypoelliptic. The techniques used allow the derivation of new, nearly optimal bounds
on the speed of traveling wave solutions.

1 Introduction

We consider a mixture of reactants interacting in a region that may have a rather complicated spatial
structure but is thin across. A mathematical model that describes a chemical reaction in a fluid is
a system of two equations for concentration n and temperature T of the form

2

T, +u- VT = kAT + L g(T)n (1)
K
2
ne+u-Vn = %An - %Og(T)n

The equations (1) are coupled to the reactive Euler equations for the advection velocity u(z,y,t).
Two assumptions are usually made to simplify the problem: the first is a constant density approxi-
mation [8] that allows to decouple the Euler equations from the system (1) and to consider u(z,y, t)
as a prescribed quantity that does not depend on 7" and n. The second assumption is that Le =1
(equal thermal and material diffusivities). These two assumptions reduce the above system to a
single scalar equation for the temperature 7. We assume in addition that the advecting flow is
unidirectional. Then the system (1) becomes

T + Au(y)T, = kAT + %gf(T) (2)
T(O7 x, y) = TO(:L‘v y)



with f(T) = g(T)(1 — T'). We are interested in strong advection, and accordingly have written the
velocity as a product of the amplitude A and the profile u(y). In this paper we consider nonlinearity
of the ignition type

(i) f(T') is Lipschitz continuous on 0 < 7T < 1,
(ii) f(1) =0, 36 such that f(T) =0 for 0 <T <6y, f(T) > 0 for T > 6, (3)
(i) f(T)<T.

The last condition in (3) is just a normalization. We consider the reaction-diffusion equation (2)
in astrip D = {z € R, y€0,H]|}. Equation (2) may be considered as a simple model of flame
propagation in a fluid [3], advected by a shear (unidirectional) flow. The physical literature on
the subject is vast, and we refer to the recent review [22] for an extensive bibliography. The main
physical effect of advection for front-like solutions is the speed-up of the flame propagation due to
the large scale distortion of the front. The role of the advection term in (2) for the front-like initial
data was also a subject of intensive mathematical scrutiny recently. Existence of unique front-like
traveling waves has been established in [3, 6], and their stability has been studied in [18, 19, 21]. A
traveling front is a solution of (2) of the form

T(t7 €, y) = U(.’L‘ —cat, y) (4)

such that
lim U(s,y) =1, lirf U(s,y) =0, Us(s,y) <0. (5)
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The monotonicity property is not required for traveling wave solutions, but it is always present in the
situation we consider. The speed-up of the fronts by advection mentioned above may be quantified
as the dependence of the traveling front speed c4 on the amplitude A. Variational formulas for c4
were derived in [10, 11]. The latter work also contains results on the asymptotic behavior of ¢4 when
A is small for some classes of shear flows, as well as upper bounds on ¢4 linear in A. An alternative
approach to quantifying advection effects was introduced by the present authors in [7, 15]. It is
based on the notion of the bulk burning rate,

dxdy vg/ dxdy
Vity= | T} —= = — T
0= [ nGE =2 [ S

which extends the notion of front speed. We derived lower bounds for long time averages of V()
which behave like C'A for large A, with constant C' depending on the geometry of the flow. These
bounds are valid for a class of flows that we call percolating. They are characterized by infinite
tubes of streamlines connecting +o0o and include shear flows as a particular case. Our bounds imply
the estimate cq4 > C A for traveling waves. Audoly, Berestycki and Pomeau gave a formal argument
[1] suggesting that in the case when the shear flow varies on the scale much larger than the laminar
flame width, one should have ¢4 ~ A. One of the by-products of this paper is a rigorous proof of
this conjecture.

Our main goal in the present paper is to consider advection effects for a different physically
interesting situation, where initial data are compactly supported. In this case, two generic scenarios
are possible. If the support of the initial data is large enough, then two fronts form and propagate in
opposite directions. Fluid advection speeds up the propagation, accelerating the burning. However,
if the support of the initial data is small, then the advection exposes the initial hot region to diffusion
which cools it below the ignition temperature, ultimately extinguishing the flame.

We consider for simplicity periodic boundary conditions

T(t,x,y) =T(t,x,y+ H) (6)



in y and decay in x:

T(t,x,y) — 0 as |z| — oco. (7)
We take
H
[ utway=o. (®)
0

A constant non-zero mean can be easily taken into account by translation. We consider the case
when the width of the domain is larger than the laminar front width length scale: H > 1 = %. We
will always assume that initial data To(x,y) is such that 0 < Tp(z,y) < 1. Then we have 0 <T <1
for all t > 0 and (x,y) € D. Moreover, we assume that for some L and n > 0 we have

To(w,y) > 0o +n for [z < L/2, (9)
To(xz,y) =0 for |z| > L.

The main purpose of this paper is to study the possibility of quenching of flames by strong fluid
advection in a model (2). The phenomena associated with flame quenching are of great interest for
physical, astrophysical and engineering applications. The problem of extinction and flame propaga-
tion in the mathematical model (2) under conditions (3), (7), (9), was first studied by Kanel [14] in
one dimension and with no advection. He showed that, in the absence of fluid motion, there exist
two length scales Ly < L; such that the flame becomes extinct for L < Lg, and propagates for
L > L;. More precisely, he has shown that there exist Ly and L; such that

T(t,x,y) — 0 as t — oo uniformly in D if L < Lo (10)
T(t,x,y) — 1 ast— oo for all (x,y) € D if L > L;.

In the absence of advection, the flame extinction is achieved by diffusion alone, given that the support
of initial data is small compared to the scale of the laminar flame width [ = k/vg. However, in many
applications the quenching is the result of strong wind, intense fluid motion and operates on larger
scales. There are few results available for such situations in the framework of the reaction-diffusion
model. Kanel’s result was extended to non-zero advection by shear flows by Roquejoffre [20] who
has shown that (10) holds also for w # 0 with Ly and L; depending, in particular, on A and u(y).
The second (propagation) part in (10) was also proved in [21] for general periodic flows. However the
interesting question about more explicit quantitative dependence of Ly, L; on A and u(y) remained
open. Is it possible to quench the initial data that previously lead to an expanding solution by
increasing A, but not changing the profile? How does this possibility depend on geometry of the
profile u(y)? Anyone who has tried to light a match in the wind has some intuition about this
phenomenon. Yet, the mathematical answer turns out to be surprisingly subtle. In this paper, we
also limit ourselves to shear flows. We are interested in the understanding the behavior of Ly and L
for large A. The answer depends strongly on the geometry of the flow. In some cases the maximal
extinction size grows Ly ~ A, and in others even the propagation size L; remains finite as A goes
to infinity. In the first case, we will say that u(y) is quenching.

Definition 1 We say that the profile u(y) is quenching if for any L and any initial data To(z,y)
supported inside the interval [—L, L] x [0, H], there exists Ao such that solution of (2) becomes extinct:

T(t,z,y) — 0 as t — oo uniformly in D

for all A > Ag. We call the profile u(y) strongly quenching if the critical amplitude of advection Agy
satisfies Ag < CL for some constant C(u, k,vo, H) (which has the dimension of inverse time).



The key feature that distinguishes quenching from non-quenching velocities is the absence or presence
of large enough flat parts in the profile u(y).

Definition 2 We say that the profile u(y) € C*°[0, H| satisfies the H-condition if
there is no point y € [0, H], where all derivatives of u(y) vanish. (11)

The H-condition guarantees that the operator

0 0?

U(y)% "o (12)

is hypoelliptic [12]. The study of existence of smooth fundamental solutions for such operators was
initiated by Kolmogorov [16]. Kolmogorov’s work with u(y) = y served in part as a motivation
for the fundamental result on characterization of hypoelliptic operators of Hérmander [12]. The
hypoellipticity of the operator (12) plays a key role in our considerations. Our first result is that
the H-condition implies strong quenching.

Theorem 1 Let f(T) be an ignition type nonlinearity, and let uw € C*[0, H] satisfy the H-condition.
Then u(y) is strongly quenching. That means that there exists a constant C(u, k,vy, H) > 0 that
may depend on H, K, vy and u(y) but is independent of A such that

T(t,xz,y) — 0 as t — oo uniformly in D. (13)

This flame extinction occurs whenever the initial temperature Ty(x,y) is supported in an interval

[—L,L] x [0, H], with L < C(u,k,vp, H)A .
The next result shows that a plateau on the order of the laminar front width
I =k/vg (14)
in the profile u(y) prohibits quenching. (And therefore the conditions in Theorem 1 are natural.)

Theorem 2 There exist universal constants Cy,C1 > 0, such that, if u(y) = 4 = const for y €
[a — h,a+ h] for some a € [0, H] and h > hg = Cpl, then

T(t,z,y) =1 ast — oo (15)

uniformly on compact sets, for all A € R. This flame propagation occurs whenever the initial
temperature To(z,y) satisfying (9) is supported in an interval [—L, L] x [0, H| with L > C1hy.

An interesting by-product of the proof of Theorem 2 is an estimate for the speed of traveling
front solutions of (2) when the shear flow varies slowly on the scale of the laminar flame width [.
Let us define

|ut|p, = max min Ut
° 0<y<H {ye[yo—ho,yo+ho]

with hg = C1 given by Theorem 2, and uy = max(u(y),0).
Theorem 3 The speed of the traveling front ¢ satisfies the upper and lower bounds

Aluglry < e < Allug oo +vo.



The upper bound of Theorem 3 is contained in [7] (it is shown there for KPP type reaction, but this
immediately implies the corresponding bound for ignition nonlinearity by a simple application of
maximum principle). The left hand side is close to ||u4||co if u(y) is slowly varying on the scale hg.
This agrees with the formal prediction of Audoly, Berestycki and Pomeau [1], and also (up to the
addition of vg) with the results of Majda and Souganidis [17] in the homogenization regime x — 0.

Unlike hypoellipticity, the quenching property is stable to small L perturbations: a small
enough plateau (on the scale of the laminar front width /) does not stop quenching.

Theorem 4 For every 6y > 0 in (3) there exists a constant B > 0 such that, if a profile u(y)
satisfies the H condition outside an interval y € [a — h,a + h| with h < hy = Bl, then it is strongly
quenching.

Moreover, the strongly quenching profiles are generic in the following sense:

Theorem 5 The set of all strongly quenching shear flows u(y) contains a dense open set in C[0, H|
(here C[0, H| is the space of continuous functions on [0, H]).

In Section 3 we show that All results on quenching, namely, Theorems 1, 4, 5 extend to the case
of full system (1) with Le # 1.

Finally, in the last section we prove that initial data of sufficiently small size (of the same order
as in the case u(y) = 0) will be quenched by any shear flow Au(y).
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2 Quenching by a shear flow

We prove Theorem 1 in this section. It suffices to show that there exists some time ¢y such that
T(to,x,y) < by for all (z,y) € D. (16)

Then it follows from the maximum principle that T'(t, xz,y) < 6y for all ¢ > ty, and hence T satisfies
the linear advection-diffusion equation

Ty + Au(y)T, = kAT.

for t > to, which implies (13). We actually show that (16) holds at to = /v for sufficiently large A.
Recall that f(T') < T, and hence T'(t, x,y) can be bounded from above using the maximum principle
as follows:

T(t,xz,y) < @(t,x,y)e”gt/“. (17)

Here the function ®(t, x,y) satisfies the linear problem
Oy + Au(y)®, = kKAD (18)
®(0,z,y) = To(z,y)
O(t,z,y) = ®(t,z,y + H).

Furthermore, we have

O(t,z,y) = /Oo dzG(t,x — 2)V(t, z,9)

—00



with the function W(t,x,y) satisfying the degenerate parabolic equation

Uy + Au(y) ¥, = kY, (19)
\I](Oal‘ay) = TU(xvy)
U(t,z,y) =V(t,z,y+ H)

and

1 x?
G(t, .f) = m exp (—m) .

We note that if u(y) satisfies the H-condition (11) then the diffusion process defined by (19) has a
unique smooth transition probability density. Indeed, the Lie algebra generated by the operators 9,
and 0y + u(y)0, consists of vector fields of the form

o 9 o , .9 , .0 )
5 o1 H W) g W) g W) ) g

which span R? if u(y) satisfies (11). Then the theory of Hérmander [12], and the results of Ichihara
and Kunita [13] imply that there exists a smooth transition probability density pa(¢,x,y,y’) such
that

H
U(t,z,y) = /dw’/dy’pA (t,x — 2, y,y) To(a',y/).
R 0

In particular, the function p4(¢) is uniformly bounded from above for any ¢ > 0 [13]. Then we have
2 2
T(t,2,y) < e0/5|B(1) | g0, < €8 [W(1) 15, < €0 |Ipa()llze, I Tol 1y, -

It is straightforward to observe that

o) A
palt,z,y,y) = Apo( $y,y)

with pg being the transition probability density for (19) with A = vy. That is, py satisfies

“y or ay
po(0,2,9,9') = 6(x)d(y — v/)
pO(tvxay) Zpo(t,fﬁ,y-i- H)

Opo dpo (92200
ou(y)

Therefore we obtain
20
T(t,x,y) < 6t/ T IPo@llzee, 1 Tollzy, < 4ev3t/n 20 S Po(®)l| e, LH

and in particular at time ¢y = -5 we have
0

(¥
T(to,x.y) < O |po(to) ez, LH < o (20)

as long as

ooz, LH
v9 0o

6



Theorem 1 follows from (20) as explained in the beginning of this Section. [

We prove now Theorem 4 that shows that a sufficiently small plateau in the profile u(y) is not
an obstruction to quenching.

Proof of Theorem 4. Let us define the set

D, =R x[a—r,a+r].
As before, it suffices to show that solution of (18) satisfies

0
q)(t(% z, y) < 2
e

ty = -5 (21)
Yo

and that is what we will do. First, we split the initial data for (19) into two parts: one supported
on a strip Dp,, containing the flat part of u(y), and another supported outside it. We will choose
hi = C1l > h such that any solution of (19) that is independent of x and with initial data supported
inside Dy, will be small at time ty) = k/ vg . The second part is supported away from the strip Dy,
where u(y) is flat. Therefore for a sufficiently small time it behaves like a solution of (19) with
advection satisfying the H-condition.

We choose h; as follows. Let ¢(t,y) be a periodic solution of

bt = dyy, 9(0,y) = do(y), 0<¢o(y) <1

given by
O(t.y) = D o (0)eHI v/ AN/,
j€z
Hhem e e 1609y | 60,9
» Y LL » Y LL 2.2 /72
‘<Z>(t,y)— - v <9 - yj%;ezy@tﬂg/H'
A simple estimate shows that
S <ot
S "
and hence 0 0
‘d)(to,y) [lo( ;{/)HL; SCch( 7ly)HL13,, o — :g 22)
Therefore we have B
P(to, x,y) < 10
as long as
16(0,9)| 1 < Cil, (23)

where Cy = 6pHI/(10(l + CH)). Let us choose h; so that (23) is automatically verified for initial
data supported on Dyp, :
hi < Chl/4

with C] as in (23). Let us assume that the width of the interval [a — h,a + h|, on which u(y) is

constant satisfies
h < I
i 4 .



This condition determines the constant B in the statement of Theorem 4. We may now split the
initial data for (19) as follows:
To(z,y) < xo(y) + Yo(z,y).

Here the smooth function yo(y) is supported in the interval [a — 2h1,a + 2h;] while the function
o(x,y) is supported outside the set [a — hi,a + hq]. Both of these functions satisfy in addition
0 < x0(y),vo(z,y) < 1. Then the function ®(t,z,y) satisfies the inequality

O(t,x,y) < x(t,y) + (¢, z,y)

with the functions x and v satisfying (19) with the initial data xo and g, respectively. It follows
from our choice of h; that

to
t < =
X( an) = 107

so it remains only to estimate 1 (to, z,y). We will do it separately for (z,y) inside and outside of the
strip Dy, /2. For the points (x,y) € Dy, /o we have:

H

Y(t,z,y) = /daf’/dy’pA(t,x—x’,y,y’)wo(aﬁ’,y’) < /dw’ / dy'pa(t,x — 2" y,y")
R

0 R ly'—a|>h1

hy bo
Plwoiz 43

for sufficiently small ¢t. Here W (t) is the one-dimensional Brownian motion with diffusivity «, and
P denotes probability with respect to it. Thus (21) holds inside Dy, /.

In order to estimate the function ¢ (¢, z, y) outside Dy, /o we introduce a profile %(y) that coincides
with u(y) outside of the interval [a — (1 + §)h,a + (1 + 9)h], § < 1, and satisfies the H-condition on
the whole interval [0, H]. We define the process (X (t),Y (t)) by

dX (t) = u(Y(t))dt, dY(t) =V2kdW(t), X(0) =z, Y(0)=y. (24)

Consider the stopping time 7 which is the first time when Y (¢) enters the interval [a — (1 4 0)h, a +
(14 6)h]. Then we have

V(L 2, y) < Pry {(X(1),Y (1)) € supp Yo} = Py {(X(¢),Y () € supp vo|r >t} Py(1 > t)
+ Py {(X (), Y (t)) € supp ¢o|7T <t} Py(r <t)
ng,y{( (t),Y (1)) € supp ¢0|T>t} Py(r > 1)+ Py(r < 1).

Here P, , denotes probability with respect to the process (X (t),Y(t)) starting at (x,y), while P,
denotes probability with respect to Y (¢) starting at y (recall that Y(¢) is independent of x). The
process X (t) for t < 7 is identical to the process (X (t),Y (t)) defined by (24) with u(Y") replaced by
@(Y). Therefore we have

Y(t,x,y) < Ppy {(X'(t),f/(t)) € supp Yo|T > t} Py(t>t)+ Py(t <t)

< Py {(R(8), V(1)) € supp v} + Py (7 < t).

Recall that (z,y) ¢ D, /2 and h < hy/4. Therefore the point y is a fixed distance away from the
interval [a — (14 d)h,a + (1 4 6)h]. Hence we may choose t; < to sufficiently small so that
to

P, t) < —.
(T < 1)_10



Furthermore, the function 9(t, z,y) = Py, {()N((t),f/(t)) € supp 1/10} satisfies (19) with the initial

data L, (z,y) ¥
N (1, (x,y) € supp o
¢(0,2,y) = {0, (z,y) ¢ supp o

However, u(y) is quenching and thus we may choose A so large that

Ao
¢(t1a1‘ y) < E

Therefore we have at ¢ = ¢;:

w(tlvl‘ay) S 0_50

and hence the same upper bound holds at t = to > t1. Therefore (21) holds also outside Dy, /5, and

Theorem 4 follows. The fact that u(y) is strongly quenching follows from this property of @(y). O
Theorem 5 is a simple corollary of Theorem 1.

Proof of Theorem 5. The set of all profiles u(y) satisfying H-condition is dense in C[0, H], so by

Theorem 1 the set of strongly quenching profiles is dense. To complete the proof, we will show that

if u(y) satisfies H-condition, then there exists §(u) such that if

lu(y) = a(y)llcpo,n) < (@)

then u(y) is strongly quenching. From the proof of Theorem 1, we know that there exists a constant
C(u) such that the solution ¥(z,y,t) of the equation (19) with advection Au(y) satisfies

~ 0
\Ij(xayvtO) < 2

if the initial data ¥(z,y,0) is supported on the interval [~ L, L] with L < C(#)A (recall that such
inequality implies quenching of 7" with the same initial data). Let U(z,y,t) be a solution of (19)
with advection Au(y), and initial data supported in [—L’, L']. Then by the Feynman-Kac formula

(see, e.g. [9])

t
U(z,y,t) < Pry x+A/u y+W(s))dse[-L' L) <
0

&Mm+A/a@+W@Dme[ —ASt I+ ASt]) < B(x, y, 1),
0

where W (z, y, t) is the solution of (19) with advection Au(y) and initial data equal to the characteristic
function of the interval [—L' — Adtgy, L' + Adty] for t < tg. Now choose § < C(@)/tg. Then

~ 0
U(z,y,t0) < Uz, y, to) < —
€

provided that L' < (C(u) — dtp)A, and hence u(y) is strongly quenching. [J



3 Quenching for a system

All results on quenching for equation (2) proved in the previous section extend directly to the case
of the system (1). In this respect, the situation is similar to the case u(y) = 0, where all results
on quenching proved by Kanel [14] for a single equation extend to the system case. We make an
assumption ¢g(7') < T, which is just a normalization and corresponds to the condition f(7) < T
in the case of a single equation. We take compactly supported initial data for the temperature,
while for the concentration we assume 0 < n(x,y,0) < 1. Notice that by the maximum principle,
n(x,y,t) <1 for every t. Therefore, T' satisfies

T, +u(y)T, — kAT < T,

and from this point the analysis proceeds in the same way as for scalar equation (starting from (17)).
We summarize the results in

Theorem 6 Assume that g(T) = 0 for T < 6y, and g(T) < T. Suppose that the velocity profile
u(y) € C§°[0, H| satisfies H-condition, then it is strongly quenching. The same conclusion holds if
the profile u(y) has a plateau of the size h < hy = Bl (where B is a universal constant). Moreover,
the set of all quenching shear flows contains a dense open set in C[0, H].

4 Flame propagation

We prove Theorem 2 in this section. Let T'(t,z,y) be solution of (2) with the initial data as in (7).
We will use the following result of Xin [21] that holds for more general types of advection (its version
for the shear flow was also proved by Roquejoffre in [20]). Consider

Ti +u(z,y) - VT = kAT + U—jf(T) (25)

T(vaa y) - T(](.’I},y) € LQ(D)
with u(z,y) being periodic in both variables, and 0 < Ty(z,y) < 1.
Proposition 1 (Xin) Assume that the initial data in (25) are such that

lim Ty(x,y) =0 wuniformly in D

|z|—o0

and
To(z,y) > 60 +n for |z| < L.

Then there exists Li(n,w) that depends on n and u(x,y) such that if L > Ly then

_ L dfa<s<e
tll}I&T(-I'—Stay?t) - {07 ifcg>s ors>c

Here ¢; and ¢, are the speeds of left and right traveling waves, respectively (c; <0, ¢, > 0).

The right traveling wave is described by (4), (5), and the left traveling wave satisfies (4) and
lim U(s,y) =0, lim U(s,y)=1, Us(s,y) > 0.

§——00 $——+400

Notice that Theorems 1 and 4 imply an estimate L1 > C'A if u has no flat parts larger than certain
critical size. On the other hand, Theorem 2 shows that L1 = hg is independent of A if u has a
sufficiently large flat part.

10



The proof of Theorem 2 proceeds in several steps. We consider the initial data satisfying (9).
First we find hg such that there exists a C? function ¢(z,y) such that 0 < ¢ < 6y + 7, and

2
RAG+ L f(9) 2 0 (26)
and ¢ vanishes on the boundary of the disc of radius hg centered at the point (0, a):

dlac, =0, Qo= B((0,a); ho).

Then in the system of coordinates that moves with the speed @ the function ¢(z,y) is a sub-solution
of (2) in Q. Therefore, initial data that start above ¢ will not decay to zero. Next we consider the
special solution ®(t, z,y) of (2) with the initial data given by

wo(eg) = { G0 (e (27)

We show that ®(t,z,y) satisfies (15) and that implies that (15) holds for arbitrary initial data
Ty > @y, in particular, such as described in Theorem 2.

Step 1. Construction of a stationary sub-solution. Choose 601,605 so that 6y +n > 0o >
01 > 0y and define f1(T") by

0, T<6
f1(T) = w7 0, <T < 6
0y — 01

The function f(7') is Lipschitz continuous, and hence we may choose ; and 6, so that f1(T) < f(T).
Therefore if ¢ satisfies

kAo + L fi(¢) = 0 29

then ¢ satisfies (26). We are going to construct an explicit radial solution ¢(r) of (28) with the
“initial” conditions

99
0) =02, —(0)=0
8(0) = 02, =2(0)
Indeed, ¢(r) is given explicitly by
rvgy/o f(62) K1
=0 O —61)Jo | —— = —— fi <R = . 29
o(r) =01 + (02 1)o< - ), a=g—5 forr<h — (29)
Here Jy(§) is the Bessel function of order zero, and &; is its first zero. Furthermore, we have
é(r) = Bln %, for Ry < r (30)

with B and R determined by matching (29) and (30) at » = R;. Then we get

b2 — 0 2! —ol =2

R=1& 7(6s) P [(92 — 01)&1]J45(&1)] o

Then ¢(r) satisfies

KA¢+U—/§f(¢) >0, ¢(r)>0,0<r<R
P(R) = 0.

11



Thus we will take the critical size of plateau in the velocity profile to be 2R so that the disc of radius
R will fit in.
Step 2. A sub-solution. Let us now assume that h > hg = R. We make a coordinate change

E=x—ut

In new coordinates we have a function T'(¢,&,y) that solves

2
Ty + A=t + u(y)Te = kA, T + %’ £(T) (31)
with the initial data given by (27):

T(O, g, y) — { ¢(§0”y)7 (gv y) € 2?y§ ¢B§2((()]’ a); hO) .

Observe that ¢(&,y) satisfies (26) inside Qg since u(y) = @ in Qy. Moreover, T'(t,&,y) > ¢(&,y) on
0), where ¢ vanishes. Therefore the maximum principle implies that inside )y we have

T(t,&y) = ¢(&,y) forallt >0 and (&,y) € Q. (32)
Note that Ty (t,&,y) = T(t + h,&, y) solves (31) with the initial data

Th(ovéay) = T(h,f,y) > T(O,f,y) (33)

The inequality in (33) follows from (32) inside €y and the fact that T'(¢,xz,y) > 0 outside Q.
Therefore we have

T+ h,&y)—T(t,Ey) >0 forall h>0,t>0and ({,y) € D

and thus the limit B
T y) = lim T(t,€,y)

exists since T' < 1. Moreover, the standard parabolic regularity implies that T'(¢,£,y) converges to
T'(&,y) uniformly on compact sets together with its derivatives up to the second order. Therefore T'
satisfies the stationary problem

W -
(—+u(y)Te = k¢, T + ;Of(T)- (34)

We also have )
T(&y) > o(&y) for (§y) € Qo.
It is easy to show using the sliding method of Berestycki and Nirenberg [5] that for any (£,y) € Dy,

T(&,y) > o(&—ry) (35)

where the right side is any translation of ¢ along the & axis. Indeed, assume that there exists the
smallest (say, positive) r such that T(&p,v0) = ¢(&0 — 7,%0) at some point (£o,0) € Dip. Then
the strong maximum principle implies that T(£,y) = ¢(& — r,y) for all (£,y) inside the translate
Q. = Qg — rey of the disc €. But that contradicts the fact that T(¢,y) > ¢(£ — r,y) = 0 on the
boundary 0f2,. Then (35) implies that

T(&a) >0, = sup ¢(£,y), for all £ € R. (36)
(fvy)GQO

The next two lemmas show that (34) and (36) imply that T'(¢,y) = 1.

12



Lemma 1 Let T be a solution of (31) such that (36) holds. Then we have

/%@ﬂﬂLM<am /@@WT%mn (37)
D D
Proof. In order to show that integral of f(7T') is finite we integrate (34) over the set (—L + ¢, L +
¢) x [0, H] with L large and ¢ € [0,1]. We get
H H
A/dy[—a+u< ML +6) = T(-L+ Gl = [ dylTe(L+Cy) = Te(~L+ )

0
L+¢

%/dy | s

—L¢

and average this equation in ¢ € [0, (]:

H

l
?/c/dy it ul)TL+ G y) ~ T(-L+Cy)
0

d[(L+HD T(L,y) —T(-L+1,y) +T(—L,y)]

9 l H L+¢
(Y
2 [ fay [ aerrien.
0 0 —L4¢

Therefore we obtain

xS

H L
[av [ aer@icn) < ¥+ 2maim ful
0 +

for all L, and hence the first inequality in (37) holds. In order to obtain the second inequality we
multiply (34) by T" and perform the same integration and averaging as above. This leads to

l
4 [ f sl - b o

H
=J?/@TQL+lw T*(L,y) —T*(—L +1,y) + T*(—~L,y)]
0

2
) l L+¢
+7/ﬁg/ﬁyb/ @{ T) + k|VT? (38)
0 0 —L+<¢

and then the second inequality in (37) follows from (38) and the first inequality in (37). O
Lemma 2 The limit function T(£,y) =1
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Proof. Notice that T can not achieve local minima in D as follows from the maximum principle.

Therefore if we define p, 5 = min T(&,y) and () = min T(o,y) then pag = pla) or
P a<é<B,0<y<H 0<y<H b

o = (B). Furthermore, if T(€,y) = 1 at some point, then T(£,y) = 1 everywhere by the strong
maximum principle. In particular, if (0) = 1, then T(¢,y) = 1. Therefore we consider only the
case that p(0) < 1 and argue by contradiction. We have either u(£) < u(0) for any £ > 0, or for any
¢ < 0. Otherwise the minimum of T over the set [—¢, €] x [0, H] would be achieved inside. Let us
assume without loss of generality that p(§) < p(0) for any £ > 0. Consider

5:min(1_;(0),92;90>.

For any £ > [, we have three options.
1. T(&y) € [u(€), u(€) + 6] for any y € [0, H], and u(&) > 6 + 6. In this case, by definition of §,
properties (3) of f, and since u(€) < u(0) < 1, we have

H
/f(T(f,y)) dy > CH.
0

2. u(€) < 6y + 4. Inequality (36) implies that there exist yi, yo such that T(&,y1) = s — 0,
T(f,yQ) = 92. Then
Y2

/&@@@Myzam—mm
Y1

Y2 Y2 2
/ITylzdyZ ly2 — 1| /!Ty!dy > 82|y2 — 1|t
Y1 1
Therefore,
0 Y2
/ﬂﬂm»@/mﬁ@zmQ (9)
H Y1

in this case.

3. The remaining option is that u(&) > 6p+4, and there exists y € [0, H] such that T'(€,y) > u(€)+4.
In this case, an argument identical to the reasoning of option two leads to the same bound (39).
Overall, we see that for any £ <[,

H

/U@@w+Wﬂ%w»@za

0

where C' depends only on H and 4. But this contradicts directly Lemma 1. [J
Using Proposition 1, we can now complete the proof of Theorem 2. Notice that even though we
showed T'(¢,y) = 1, we still have to show the limiting function is the same in the original coordinates.
Proof. Lemma 2 implies that there exists a time ¢y so that for all £ € [0, Lo(02 — 0o, Au(y))] and all
y € [0, H] we have
T(to,&,y) > 0o + .

14



Here Lg(n,v) is defined by Proposition 1. Then we may apply Proposition 1 with s = 0 in the
original coordinates (z,y), and initial data T'(t9,z,y), and get (15). The fact that ¢ < 0 < ¢,
follows from (8) and, for instance, results of [3]. O

The sub-solution we constructed in Theorem 2 is also useful for a proof of Theorem 3. As
mentioned in the Introduction, we only need to show the lower bound, the upper bound is contained
in [7]. We begin the proof with two auxiliary lemmas.

Lemma 3 Let u(y) be a function that is constant on an interval:
w(y) =1u, y€la—h,a+h]

that may or may not satisfy the mean zero condition (8). Assume that h > hg with hy given in
Theorem 2. Then we have ¢;(u) <u < ¢,(u) (recall that ¢;(u) and c.(u) are the velocities of unique
left and right traveling fronts).

Proof. Let Tj be an initial data as in Theorem 2 such that

(;5(27, )7 (x7 )EQ :B((Oaa);h)
TO(x’y)Z{ o) e

with the function ¢(z,y) constructed in the proof of Theorem 2 and given explicitly by (29) and
(30). Then we have

and therefore Proposition 1 implies that ¢; < @ < ¢, because T'(t,z — ut,y) may not go to zero as
t—oo0. U
Let yp be a point at which |uy |p, is achieved: u(y) > |uy|p, for y € [yo — ho, yo + ho]. We define
now a new velocity field
u(y) = { u(y), v ¢ o : ho, yo + ho (40)
‘u+’hoa RS [?Jo h07y0 + hO]

so that u(y) > v(y).

Lemma 4 Let u(y) > v(y) be two velocity fields. Then the corresponding right traveling front speeds
satisfy cr(u) > cp(v). Similarly, if u(y) < v(y), then ¢(u) < ¢(v).

Proof. Let T""(t,x,y) be solutions of

2
TH 4 Au(y)T" = kAT + 2 £(T%)
K

and
2

TY + Av(y)T? = kAT® + 20 £(T)
K
with the same initial data
Tu(()? m) y) = T’U(07 x? y) = TO('/I/‘7 y)'

The function Ty(x,y) is assumed to be front-like and monotonic. That is, Ty(z,y) = 1 for x < —L,

To(x,y) =0 for x > L and
9Ty
— <0.
5 (©Y) <

Then by maximum principle applied to the equation for 9T*" /dx we have

oT™v
ox

(t,z,y) <0 forallt >0
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and hence 5

Ty + Au(y)T} — kAT = <LF(T") = Afuly) - v(y))T} <0.

T

Therefore by maximum principle we have
TU(t,z,y) > T (t, z,y). (41)
However, by results of [21, 20] similar to Proposition 1 but for the front-like initial data we have

o 1, ifs<e(v)
E&T (x —st,y,t) = {0, if s > ¢ (v)

and similarly for 7%. Then ¢,(v) > ¢,(u) would be incompatible with (41), and hence ¢,(v) < ¢ (u).
Naturally, an analogous result is true for left traveling fronts. [J

Proof of Theorem 3 In order to finish the proof of Theorem 3 we apply Lemma 4 to v(y) given
by (40), and observe that ¢,.(v) satisfies the estimate in Theorem 3 according to Lemma 3.0J

Finally, we remark that in the situation of Theorem 2 strong advection not only does not quench
the flame, but has directly opposite effect, according to Theorem 3 and Proposition 1.

Corollary 1 Let u(y) = @ = const fory € [a — h,a + h] for some a € [0, H], and h is larger than
or equal to the critical size hg. Then, provided that the size of initial data L > hgy, we have

1, if g <s<ec
0, ifcg>sors>c

lim T'(z — st,y,t)
t—o0

Moreover, ¢, > |ut|n, and ¢; < —|u_|p,.

Proof. The first statement is a direct corollary of Proposition 1 and Theorem 2. The second
statement is the content of Theorem 3. [J

5 A lower bound for the quenching size

Recall that the burning rate is defined by

V() = [ 1w S

D
We also say that nonlinearity f(7T') is of concave KPP class if
F0)=f(1)=0, f(T)>0for0<T <1, f'(T)<0.

We have previously shown [7] that for such nonlinearities and for front-like initial conditions the
burning rate in the presence of any advection is bounded from below by Cvg, more precisely:

V(t) > Cog(1 — e~ Cut/m). (42)

The physical meaning of (42) is that no advection may slow up the burning significantly. We now
show that similarly there is a fixed size of initial data that is quenched by any shear flow. That
means that no shear flow may help prevent quenching of initial data with a fixed small support. Let
T(t,z,y) be solution of

T+ ul)Ts = AT + B (T) (43)

with the initial data T'(0, z,y) = To(z,y) and periodic boundary conditions (6).
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Proposition 2 There exists a constant C > 0 that depends only on the non-linearity f(T) such
that given any initial data Ty with

/To(ﬂﬁ,y)dxdy <CP 1= vﬁ’
0
D

we have
T(t,x,y) — 0 wuniformly in D ast — +oo (44)

for all u(y) € C[0, H].

Proof. We will show that solution of (43) with f(T) replaced by a KPP nonlinearity f(T) =
MT(1 —T) and the same initial data drops below 6y before time to = x/v3. That will imply (44).
Choose M such that f(T) < f(T) = MT(1—T) (such M exists since f is Lipschitz continuous) and
let T be the solution of

~ ~ ~ 2 ~ ~
T+ uly) Ty = RAT + 2 f(T)
with initial data Tp and periodic boundary conditions (6). Let us also define
- . dxd M2 [ - - dxd
V0 = [Tiwa) S =210 [ 10—,

H K
D D

Note that T(t,x,y) > T(t,x,y) and hence Proposition 2 follows from the following Lemma.

Lemma 5 There exists a constant C > 0 that depends only on the non-linearity f(T) such that
given any initial data Ty with

/To(mvy)dl"dy < Cl?a I = ia
v

J 0

and any u(z,y) € CY(D), there exists a time t; < to such that T(t,z,y) < 0o for all (z,y) € D.

Proof. The following inequality holds for f/(t):

O ERLRLA 0] >2K/|vT|2@.
D

M’Ug dt

We define the set
S(t)={y €[0,H]: 3z € R such that T(t,x,y) > 0o/} C [0, H].

Observe that there exists a constant 6 > 0 that depends only on M and 6 such that if the Lebesgue
measure |S(7)] < dl at some time 7 € [0,%0/2], then ||T'(to)|| > < 0y. Indeed, we have then

T(r,2,y) < x(y) +¥(z,y), IxWI <6l ¥(a,y) < /M.

Therefore we have with C' as in (22)

to
<eM <
T(to,z,y) <e {(C’—i— 1) + GZM} < by
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for a sufficiently small §. Hence it suffices to consider the case when |S(t)| > dl for all ¢t € [0,t/2].
We claim that then at any time ¢ € [0,¢y/2] we have

/ VT dxdy / f(T)dzdy > CI? (45)
D D

with the constant C' depending only on M and 6y. This may be proved similarly to Lemma 2 in [7].
Therefore we obtain N -
~ dv(t 2Cvgl
V(t) + ——s V() 20007
Mg dt H QV(t)

Thus we have
Vit) >

) Cl
20 for to/2 < t < to.

Therefore

/T(to,l’,y) > /T0($,y)d$dy+01€t0
D D

However, we have an a priori bound

/T(t(]vxvy)dxdy < GM/To(.ZU,y)d.Z'dy
D D

which contradicts the previous inequality if
C Hto

T <
/ O(x,y)dwdy_ €M
D

= Oyl (46)

Therefore T'(t, x,y) has to drop below 6 if the initial data satisfies (46) and Lemma 5 is proved. [
Proposition 2 then follows from Lemma 5. [J

Remark. The uniform quenching size in Proposition 2 is optimal. Indeed, the subsolution we
have constructed in Section 4 for shear flows with a flat part has L' norm CI?, and thus one cannot
expect that initial data with L'-norm larger than CI? are quenched by all shear flows.
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