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Abstract
We show several results about derandomization including
1. If NP is easy on average then efficient pseudorandom generators exist and P = BPP.

2. If NP is easy on average then given an NP machine M we can easily on average find
accepting computations of M (x) when it accepts.

3. For any A in EXP, if NEXP* is in P4 /poly then NEXP# = EXP4.
4. Tf A is 2P-complete and NEXP* is in P4 /poly then NEXP* = EXP = MA#.

1 Introduction

The past several years have seen several exciting results in the area of derandomization (e.g. [[W97,
IW01, KvM02, MV99, IKW02]) giving strong evidence that we can often eliminate randomness from
computation. These papers use hardness results to get derandomization and exhibit many exciting
applications of these methods.

Can the collapse of complexity classes cause derandomization to occur? If P = NP then one
can easily show that efficient pseudorandom generators exist!. We weaken this assumption to show
that even if NP is just easy on average then pseudorandom number generators exist and P = BPP.

We use this result to study relations between distributional search problems and decision prob-
lems. These relations are well understood in the context of worst-case complexity. For example,
every NP search problem is reducible to a decision problem in NP, this implies that if P = NP, then
accepting computations of NP machines can be computed in polynomial time. We also know that
if P = NP, then all optimization problems are solvable in polynomial time, and indeed the entire
polynomial-time hierarchy is in P. We do not have analogous results in average-case complexity.
Say a class C is easy on average if for every language L in C and every polynomial-time computable
distribution u, L can be decided in average-polynomial time with respect to u. Ideally, one would
like to show if NP is easy on average, then the entire polynomial-time hierarchy is easy on aver-
age. However, this question is open. The conventional methods used in worst-case complexity that
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exploit the self reducibility of SAT do not seem to carry over to the average-case world. There
are some partial results in this direction. Ben-David et. al. showed that every distributional NP
search problem is random truth-table reducible to a distributional decision problem [BCGL92].
Schuler and Watanabe [SW95] showed that PNF is easy on average, if every language in NP is
solvable in average-polynomial time with respect to every PNP-sampleable distribution. Note that
the hypothesis here is much stronger than what we would like, i.e., NP is easy on average.

Here we show that if NP is easy on average, then all search problems in NP are also easy on
average. The proof uses the earlier mentioned derandomization result. Thus we obtain a result
that is analogous to the result in worst-case complexity. Moreover we extend a result of Ben-David
et. al. [BCGL92| and show that if NP is easy on average then one can find in exponential time a
witness to any NE predicate.

Impagliazzo, Kabanets and Wigderson [IKW02] use derandomization techniques to show that
if all languages in nondeterministic exponential time (NEXP) have polynomial-size circuits then
NEXP = MA where MA is the class of languages with Merlin-Arthur protocols. Their result gives
the first proof that if NEXP is in P/poly then NEXP = EXP.

Can one extend their result to questions like what happens if NEXPSAT ig in PSAT /poly? One
cannot apply the Impagliazzo-Kabanets-Wigderson result directly as their proof does not relativize.

For any A in EXP, we get NEXP# is in P4 /poly implies NEXP4 = EXPA4.

If Ais YP-complete for some k (for example A = SAT) we get that if NEXP4 is in P4 /poly
then NEXP“{C = MA4 = EXP where the final EXP is unrelativized. As a corollary we get that
NEXP®% is in PZ% /poly for at most one k.

We combine techniques from derandomization, average-case complexity, interactive proof sys-
tems, diagonalization and the structure of the polynomial-time and exponential-time hierarchies to
prove our results.

2 Preliminaries

We assume a standard background in basic computational complexity.

We let ¥ = {0,1} and A™ represent A N X". For strings x and y of the same length n we let
x -y be the dot product of z and y, viewing x and y as n-dimensional vectors over GF[2].

A tally set is a subset of 0*.

We define the classes E = DTIME(20™), EXP = DTIME(2"°") and EE = DTIME(22°").
The classes NE, NEXP and NEE are the nondeterministic versions of E, EXP and EE respectively.

A language A is in SIZE(s(n)) if there is a constant ¢ such that for every n there is a circuit of
size ¢ s(n) that computes A™.

A language A is in io—|C] for some class C if there is a language B in C such that for an infinite
number of n, A" = B".

The class Ez represents the kth-level of the polynomial-time hierarchy with ¥ = NP. The
classes ZEXP represent the kth-level of the exponential-time hierarchy. For k£ > 1, EEXP =
NEXP¥¥-1,

A theorem relativizes if for all A, the theorem holds if all machines involved have access to A.
Most theorems in computational complexity relativize.

Let C be any complexity class. A language L belongs to C/poly if there exists a polynomial-
bounded function f: N — ¥* and a language L’ in C such that x € L < (z, f(|z|)) € L.

A function G = {G}, }n, Gy : X! — X" is an efficient pseudorandom generator if | = O(logn), G



is computable in O(n) time, and for any circuit circuit C' of size n

| Be,[C@) = 1] = Pr[C(Gn(y) =1] <
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2.1 Average-Case Complexity

In this section we give some necessary definitions from average-case complexity. We recommend
the survey of Wang [Wan97] for a full background on average-case complexity.

Even if P # NP, we still could have that NP is easy for all practical purposes, i.e. given any
reasonable distribution, NP is easy on average on that distribution.

To formalize this problem, Levin [Lev86] developed a notion of average-polynomial time. A
distributional problem is a pair (L,u) where L is a language and p is a distribution over ¥*. A
distributional problem (L, u) is in Average-P, or L is in average polynomial-time with respect to
u, if there exists a Turing machine M computing L and an € > 0 such that
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Here p(z) represents the probability that a chosen string is lexicographically at most z, p/(x) =
w(x) — p(x — 1) is the probability that the chosen string is 2 and Th/(x) is the running time of
machine M on input z. We denote the set of such (L, 1) by Average-P.

Blass and Gurevich [BG93] extended Levin’s definition to randomized average-polynomial time.
We use a slightly different and simpler definition for our purposes. We say L is in randomized
average-polynomial time with respect to u, or (L, i) is in random average-polynomial time if here
exists a probabilistic Turing machine M that decides L and an € > 0 such that
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where R, is the set of random strings that M uses on =x.

Levin defines the class DistNP which contains pairs of (L,u) where L is in NP and g is
polynomial-time computable. We say NP is easy on average if DistNP is in Average-P. It re-
mains open, even in relativized worlds, whether this conjecture is truly different than P = NP or if
this conjecture implies the collapse of the polynomial-time hierarchy.

2.2 Arthur-Merlin Games

Babai [Bab85, BM88] developed Arthur-Merlin games. In this model an arbitrarily powerful Merlin
is trying to convince an untrusting probabilistic polynomial-time Arthur that a string z is in some
language L. For x in L Merlin should succeed in causing Arthur to accept with high probability.
For z not in L, no variation of Merlin should be able to convince Arthur to accept with more than
some small probability.

The class MA consists of languages with protocols where Merlin sends a message followed by
Arthur’s probabilistic computation. The class AM consists of protocols where Arthur first sends
random coins to Merlin who responds with a message that Arthur now deterministically decides
whether to accept. Babai shows that MA is contained in AM and this result relativizes.

The classes MAEXP and AMEXP are the same as MA and AM except we allow Arthur to run
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2.3 If EXP has Small Circuits

Informally a probabilistically checkable proof system is a proof for an accepting nondeterministic
computation that can be verified with high confidence using only a few probabilistically-chosen
queries to the proof. Probabilistically checkable proof systems were developed by Fortnow, Rompel
and Sipser [FRS94] and given their name by Arora and Safra [AS98].

Babai, Fortnow and Lund [BFL91] show the following result for EXP.

Theorem 2.1 (BFL) FEvery language in EXP has an (exponentially-large) probabilistically check-
able proof system whose answers are computable in EXP. The probabilistic checking algorithm runs
in polynomial time with random access to the proof.

Nisan observed that one can use this formulation to get a consequence of EXP having small circuits.
Theorem 2.2 (BFL-Nisan) If EXP is in P/poly then EXP = MA.
Theorems 2.1 and 2.2 do not relativize though we can get a limited relativization for Theorem 2.2.
Theorem 2.3 For any A, if EXP is in PA/poly then EXP C MA4.

Proof: Let L be in EXP and z be in L. Merlin gives Arthur the circuit C' such that C4
computes the probabilistic checkable proof for x in L. Arthur then uses C' making queries to A
as necessary to verify that x is in L. If © € L then every proof will make Arthur reject with high
probability and hence also the proof described by the C4 circuit. [

3 Average-Case Complexity and Derandomization

In this section we will show that the assumption that NP is easy on average gives us derandom-
ization. It is known that if NP is easy on average, then BPP = ZPP [Imp95]. Our theorem is an
improvement of this result.

Theorem 3.1 If NP is easy on average then pseudorandom generators exist and P = BPP.

We need several results from the areas of derandomization and average-case complexity. First
Impagliazzo and Wigderson [IW97] show that for full derandomization it suffices if E requires large
circuits.

Theorem 3.2 (Impagliazzo-Wigderson) Suppose there exists a language L in E such that for
some € > 0 and all but a finite number of n, computing L on strings of length n cannot be done by
circuits of size 2. We then have that efficient pseudorandom generators exist and P = BPP.

Suppose the assumption needed for Theorem 3.2 fails, i.e. for every € > 0, E has circuits of size
2", We would like some weak version of Theorem 2.2 but Theorem 2.1 is too weak to apply to this
case. We instead use the following result due to Babai, Fortnow, Levin and Szegedy [BFLS91] and
Polishchuk and Spielman [PS94].

Theorem 3.3 (BFLS-PS) For anye, 0 < e <1, and given the computational path of a nondeter-
ministic machine using time t(n), there exists a probabilistically checkable proof of this computation
computable in time t'T¢(n) and probabilistically verifiable in time log®™/) t(n).

From Theorem 3.3 we can get the following lemma.



Lemma 3.4 Suppose that for all € and A in E and for infinitely many lengths n, A™ has circuits
of size 2. For every € > 0 and A in E, there exists a Merlin-Arthur protocol where Arthur uses
time 2" and for infinitely many n, if |x| = n then

o Ifx isin A then Arthur will accept with probability at least 2/3.

o If x is not in A, no matter what is Merlin’s message, A will accept with probability at most
1/3.

Proof: Fix an input z. If z is in A then there is a computation path for this of length 20(™ . By
Theorem 3.3 there is a probabilistically checkable proof of this computation computable in time
20(") " By assumption, for € > 0 and infinitely many n, this proof can be described by a circuit of
size 2¢". Merlin just sends over this circuit and Arthur probabilistically verifies this proof in time
polynomial in n with random access to the proof which he can simulate by evaluating the circuit
in time 2", [J

We also need some results on average-case complexity due to Ben-David, Chor, Goldreich and
Luby [BCGL92] and Kobler and Schuler [KS98].

Theorem 3.5 (BCGL) If NP is easy on average then E = NE

The idea of the proof uses a p’ that puts enough measure on the tally strings such that any algorithm
that is polynomial on p average should take polynomial-time on all the tally strings. Hence the
tally sets in NP are in P which implies that E = NE.

Theorem 3.6 (Ko6bler-Schuler) If NP is easy on average then MA = NP.

Combining Lemma 3.4 and the techniques of Theorem 3.6 we can show the following.

Lemma 3.7 Assume NP is easy on average. If for all € > 0, E infinitely often has circuits of size
2" then for all A in E and € > 0 there is a language L in NTIME(2") such that for infinitely
many n, A" = L™,

Proof: Consider the following set in CoNP. Let € be a fixed constant between 0 and 1.

A = {x | x is the truth table of a boolean f : {0,1}6™ — {0,1} of > en circuit complexity}.

Most functions f have circuit complexity at least en. Hence, there is a constant ¢ such that at least
1/c fraction of strings of length n are in A. Now consider the uniform distribution that is clearly
polynomial-time computable, i.e, u/(z) = H—IQQ%, |z| = n. Since NP is easy on average, there exists
a machine M that decides A and the running time of M is polynomial on p-average. From this
it follows that there exists a constant k such that for every n, M runs in less than n* time on at
least (1 — 1/n?) fraction of strings of length n. Thus for every n, there exists at least one string =
of length n such that z belongs to A and M runs in n* time on z.

Let A be any language in E. Since E infinitely often has circuits of size 2¢”, by Lemma 3.4,
there exists a MA protocol P where Arthur uses 2" time and the language accepted by the protocol
coincides with A for infinitely many lengths n. We show that we can replace this MA protocol with
a nondeterministic machine that runs in time 2". Consider a nondeterministic machine N that on
an input z of length n behaves as follows: N guesses a string f of length n and runs M on f for n*
steps. If either M does not halt within n* steps or M rejects f, then this path terminates without
accepting. By the previous arguments there exists at least one guess f such that M accepts f



within n* steps. Consider this path, f is a boolean function with circuit complexity at least en.
By Theorem 3.2, the truth table of a function with circuit complexity en can be used construct
an efficient pseudorandom generator that stretches logn bits to n bits. Given such pseudorandom
generator, computation of a M A protocol where Arthur runs in time ¢(n) can be derandomized to
obtain a nondeterministic machine that runs in time ¢(n). Now NV, using f, converts the protocol P
to a nondeterministic computation. Recall that for infinitely many n, the language of the protocol
‘P coincides with A. Thus for infinitely many n, the language L accepted by N is same as A. [J

We are now ready to prove the main theorem of this section.

Proof of Theorem 3.1: Suppose that there exists a language A in E and an e such that
for almost every n, A" has circuit complexity at least 2", then by Theorem 3.2 we have that
pseudorandom generators exist and we are done. We will show that indeed there exists such a hard
language in E. By contradiction assume that for every ¢ > 0 and set A € E there exist infinitely
many n such that A™ has circuits of size 2¢". For some d to be chosen later, let A be a set in
DTIME(2") such that for every Turing machine M using time bounded by 2(d=1n and for all but
a finite number of n, M fails to compute A correctly on some input of length n. One can construct
such an A by simple diagonalization.

By Lemma 3.7, we have that there is a language B in NTIME(2") such that B" = A" for
infinitely many n. Since NP is easy on average, by Theorem 3.5, E = NFE. Impagliazzo, Kabanets,
and Wigderson [IKWO02] showed that if E = NE, then there exists a fixed constant e such that
NTIME(2") C DTIME(2°"). Thus B is in DTIME(2¢"). Choosing d = e + 1 gives a contradiction
with the construction of A. [J

Now we show some interesting applications of the previous theorem.

Theorem 3.8 Let T be a tally set accepted by an NP machine M. If NP is easy on average
then there exists a polynomial time algorithm such that for every 0" € T outputs an accepting
computation of M(0™).

Proof: The idea is to first use the assumption that NP is easy on average to show a probabilistic
algorithm that with high probability outputs an accepting computation of M (0™) for 0™ in T.
Theorem 3.1 shows that we can derandomize that algorithm.

Suppose M has computation paths encoded as strings of length n*. Let R,, be a n?* bit string.
We view R, as concatenation of n” strings each of length n*, i.e., R,, = riro---r,» Consider the
NP language L consisting of tuples (0",1,, R,,) such that there exists a computation path p of M
such that

1. pis an accepting computation path of M (0"),
2.p-rj=1forall j,1<j<[and
3. The ith bit of p is one.

Consider the polynomial-time computable distribution g with

. 1
W (0™, 1,4, Ry)) = 2t 2kt

for 1 <i<nFand0<I<nk.
Since NP is easy on average, L is easy with distribution . Thus there exists a machine M that
decides L and a constant r > 1 such that

W (x) < oo, (1)



where x is of the form (0",1,7, Ry,).

Claim 3.9 For all but finitely many n, for every | < n¥*, and for every i < n* there exist at most
o*k /n2k+3 R s such that Tay((0™, 1,4, Ry)) > n(6k+7r,
Proof: Suppose not. Then for infinitely many n there exist [ and i such that T/ ((0", [, Ry, 4)) >

n2
nO )7 for more than # R,’s. Observe that (0,1, R,,,i) can be encoded as a string of length
2k+1
n )
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This contradicts Equation 1. [
This implies that for all but finitely many n, there exists a set S, of R,’s, with cardinality at
k .
least (1 — n—lg,)Q"2 such that for every R,, € S, for every i < n¥, for every | < n*,

Tar((0", 1,3, R)) < n(O+77,

Valiant and Vazirani [VV86] show that if 0" € T, then for a random choice of | and R,, there
exists unique accepting path p such that 71.p = --- = r;.p = 1 with probability at least 1/n?.
Thus for a random choice of R, and [, with probability at least 1/2n?, M runs in Ok time
on (0™, 1,4, R,) for every i. Moreover, there exists an unique accepting computation p such that
r.p=---=7r.p=1

Thus the following probabilistic algorithm computes an accepting computation of M on 0™:
Randomly pick R, and [ and construct p by running M on (0",1,i, R,,) for nO )7 steps. If either
the simulation is not over in the prescribed time or p is not a valid accepting path output L, else
output p.

It is clear that if 0" € T', then the above algorithm outputs an accepting path p with probability
with probability at least 1/2n?, and if 0" ¢ T, then it always outputs L. O

Theorem 3.8 now yields an extension to Theorem 3.5.

Corollary 3.10 If NP is easy on average then for every NE predicate one can find a witness in
time 20(m).

This is indeed a strengthening of Theorem 3.5 since Impagliazzo and Tardos [IT89] constructed a
relativized world where E = NE but there exists an NE predicate for which no witnesses can be
found in time 20"

We can generalize theorem 3.8 by allowing the inputs to also be chosen according to some
distribution giving the following result.

Theorem 3.11 If NP is easy on average then for any NP machine N and any polynomial-time
computable distribution p there is a function f computable in average polynomial-time according to
W such that f(x) is an accepting path of N if N(z) accepts.



Proof: Let N be a NP machine and p be any polynomial-time computable distribution. If
N accepts x, then there is an accepting path p along which N accepts x. Let f be the following
partial function.
Fz) = { p if p is an accepting path of N on =
il else

Note that f is actually a multi-valued function. Our goal is to show that for each x, we can compute
a value of f(x) in average polynomial time.

Without loss of generality, We assume that |p| = |z|. In the following assume R = rirg-- -7y
where |r;| = n. As before, consider the NP language L consisting of tuples (x,l, R,i) such that
there exists an accepting path pof Nonz, p-ri =p-ro =---p-r; =1, and the ith bit of p is one.
Let v be

(G R)) = ()

Again, by the result of Valiant and Vazirani, if N accepts z, then for a random choice of R and
[ there exists a unique accepting path p such that 1 -v = ---r; - v = 1 with probability at least
1/n?. Thus we can compute a value of f(z) by randomly choosing a string R and deciding the
membership of (x,l, R,i), 1 < i < n,in L. This means computing f is random truth-table reducible
to (L,v). By our assumption (L, v) is in Average-P. This implies f can be computed in random
average-polynomial time [BCGL92]. Let M be the machine that computes f in random average
polynomial-time. Now our goal is to show that the computation of M can be made deterministic.

We can easily modify M such that on input x, M either outputs f(z) or outputs “?”, i.e., M
never errs. Thus there exists ¢ > 0

1/c
Z t (va)'u/(l,)2—|R\ < o0,

where t is the running time of M. Note that M outputs a value of f(x) with probability at least
1/n2.

Blass and Gurevich [BG93] showed how to amplify the success probability of random average-
polynomial time machine that never errs. They showed such an algorithm can be converted to an
algorithm whose running time is average on polynomial such that the new algorithm always outputs
the correct answer, i.e., the success probability of the new machine is one. For our purposes we
need the following amplification.

Lemma 3.12 There exists a randomized machine M’ whose running time is polynomial on average
with respect to p. Moreover the success probability of M' is one, the number of random bits used
by M’ is bounded by a polynomial, and M’ always halts within 2" steps.

The proof is essentially same as the proof of Blass and Gurevich. For the sake of completeness
we give a proof. However we first finish the proof of the theorem assuming above lemma. We defer
the proof of Lemma 3.12 until later.

By the above lemma, there exists a constant k such that

1/k y
T X, R IR
Z M’(‘)M/(x)g IR ~ 5o
@r) "
We now show how to derandomize the computation of M’. From now, we denote the random
strings of M’ with R. Given z, let s; be the set of R’s such that n2 ' < Ty (z,R) < n?, and let



fi = |sil/2B! . Since the running time of M’ is at most 2", this partitions the set of R’s into at
most logn sets. Thus there exists i such that f; > 1/logn. Denote such i with m,. We will first

show that the expectation of % is finite.
1/k
T (z,R
o > 3 Bl

_ ZN’| Z 1/k R)2" IR|
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Since DistNP C Average-P, by Theorem 3.1, there exists a family of PRGs G,, : n — 2", and
each G,, can be computed in 2" time. Since G, is pseudo-random generator, for every circuit C' of
size 2", the probability that C' can distinguish the output of G,, from uniform distribution is less
than 1/2". Consider the following deterministic simulation of M.

input z;

for i =1 to logn
Simulate M’ on x using the output of Gyit10g, as random bits for n?" steps.
If any of the simulations halt and produce correct answer then STOP

We claim that for each x, the m,th iteration of the for loop produces the correct answer. In
the following we drop the subscript of m,. Consider the behavior of M’ on z. M’ halts in n?"
time on 1 / logn fraction of R’s when R is chosen randomly. We claim that the mth iteration halts
within n?" steps on at least 1/logn — 1/n?" (> 0) fraction of the output strings of Gam+11ogy-
Consider the following c1rcu1t C; in which z and m are hardwired. C, on input R simulates the
mth iteration of M’ for n?" steps and accepts if the computation halts. Since n?" steps of M’
can be simulated by a circuit of size O(n?"2™), size of C, is less than O(n?" 2™ + |z| + |m|) which
is at most """, If R is chosen randomly, C, accepts R with probability at least 1/logn. Since
any circuit of size n?™"" can distinguish the output of Ggm+14gy from uniform distribution with
negligible probability, C, should accept at least 1/logn —1/n2" (> 0) fraction of the output strings
of Ggm+110gy,- Thus there exists at least one output of Gom+11g,,, 7, such that M’ halts within n?"
steps when r is used as random seed. Since M’ produces correct answer on every random seed,
the correctness is clear. The running time of the simulation can be bounded as follows: the ith
iteration of the for loop takes at most n2"? time. Hence the total time taken is bounded by mn2" "
which is less than nn2""” (since m < logn). The following inequalities show that the running time
of the simulation is polynomial on y average.

L/2k
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Thus we can compute a witness of z in average polynomial time. [J

We now prove Lemma 3.12.

Proof of Lemma 3.12:

Since NP is easy on average, there exists a machine N’ that runs in average polynomial time
with respect to p, and N’ on input x decides whether N accepts x. Given z, M’ first checks whether
N accepts x, by running N’. This step does not need any randomness. If N accepts x, then M’
randomly picks n® strings Ry, Ra, - - R,3 and simulates M (z, R;), for each 4, in parallel for 2" steps.
M’ halts when one of the computations M (z, R;) halts and produces correct answer. If none of
the computations produce correct answer, then M’ deterministically computes an accepting path
in 2" time. It is clear that for every x, M’ correctly computes f(x) on every random choice, and
M’ always halts in 2" steps. The running time of M’ can be estimated as follows.

Call a string R is good if M produces correct answer on (z, R). Assume that M uses n! random
bits, i.e., |R| = n!. There are at least on' /n? good Rs. Let g1, g2, - - - gi. be the good strings. Observe
that M’ uses n't3 random bits. Let S’ denote the set of strings of length n!™3. Divide S’ into k + 1
sets Sp, S1,--- S}, as follows Given a string R’ of length n'™3, we view R’ as concatenation of n3
substrings each of length n!. A string R’ belongs to Sj if none of the g;’s is a substring of R'. R’
belongs to S/(1 <i < k) if R’ has g; as substring.

If we randomly chose a string of length n!, it is good with probability at least 1/n2. Thus if we
randomly choose n? strings the probability that none of them is good is at most (1—1/ n2)”3 <27
This implies that |S{| is at most 2n'"* /9n  The cardinality of S (1 <i<k)is at most pon' i,
Note that S” = |J; S/. Finally, observe that for each R in S} (¢ > 0), the running time of M’ is
bounded by n3t(x, g;). Consider the following inequalities.

Ty / , / ,
Z Mul(x)Q—\Rl — W () ZTM'(@‘,R/)?_W'
(iE,R/) |x’ ’[]j I
< Y EOS S 1y
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L0 DD SIS
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/
z P!
= M( ) St(x, gi) |12~ 1]
— Iu 4t 1‘ gi)2_nl]
< constant—i—zzu t(x, g:)27"
4
t(x,R
< constant + Z 1 (x) n't(z, R)

|R|
(z,R),R is good |$| 2
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Recall that

0.
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Since
p () n't(z, R) ( (x) t(z, R)
D e e T :
|z| 2IR| || 2| R
(z,R),R good z,R)
it follows that there exists a constant k£ > 5¢ such that
1/k y
T (z, R ey
> D gz 1 < o,

(z,R")

O

Impagliazzo and Levin [IL90] showed that for every NP search problem (R,u) with a p-
sampleable distribution, there exists a search problem (R’, ), where v is the uniform distribution,
such that (R, p) is randomly reducible to (R',v). Building on this, Schuler and Watanabe [SW95]
showed that if NP is easy on average, then for every language L in NP and for every p-sampleable
distribution pu, the distributional problem (L, u) can be solved in randomized average-polynomial
time. Moreover, the machine that solves (L, u) never errs. We obtain the following improvement.

Theorem 3.13 If NP is easy on average, then every distributional NP problem with a p-sampleable
distribution can be solved in average-polynomial time.

Proof: The proof of this theorem is exactly the same as the previous theorem. Assume NP
is easy on average. Let L be any language in NP and p be a p-sampleable distribution. By the
result of Schuler and Watanabe [SW95] there exists a machine M that decided L randomized
average-polynomial time with respect to p. The last step of the previous theorem shows that the
computation of a machine that runs in average polynomial-time can be derandomized. Thus L can
be solved in average-polynomial time. .

4 NEXP and Polynomial-Size Circuits

Impagliazzo, Kabanets and Wigderson [IKW02] use derandomization techniques to prove the fol-
lowing consequence of NEXP having small circuits.

Theorem 4.1 (IKW) If NEXP is in P/poly then NEXP = EXP = MA.

Van Melkebeek (see [IKWO02]) shows that the converse also holds.

Theorem 4.1 does not relativize: Buhrman, Fortnow and Thierauf [BFT98] exhibit an oracle
relative to which MAEXP is in P/poly. If Theorem 4.1 applied in this relativized world then we
would have by padding that NEE is in MAEXP but by Kannan [Kan82] even EE does not have
polynomial-size circuits in any relativized world.

We show in this section that one can get some weak relativizations of Theorem 4.1.

Theorem 4.2 For any A in EXP, if NEXP4 is in P4 /poly then NEXP4 = EXPA.

We can do better if A is complete for some level of the polynomial-time hierarchy.

11



Theorem 4.3 Let A be complete for Zg for any k > 0. If NEXP4 is in PA/poly then NEXP4 =
MA# = EXP.

Theorem 4.3 has the following interesting corollary.

Corollary 4.4 There is at most one k such that NEXP>\ is in PE /poly.

Proof: Suppose that we had a j < k such that the statement in Corollary 4.4 holds for both j

P 1%
and k. By Theorem 4.3 we have that NEXP™% = EXP = NEXP> in P/ /poly. Kannan [Kan82]
gives a relativizable proof that ¥5%¥ is not in P/poly. Relativizing this to E? shows that Z;Efg’ is

not in P/ /poly. But NEXP™ = £FXP contains X} contradicting the fact that NEXP™ is in
P /poly. O

To prove Theorem 4.3 we first observe that the techniques of Impagliazzo, Kabanets and Wigder-
son do relativize to show

Lemma 4.5 For all A, if NEXP4 is in P4 /poly and EXPA4 is in AM? then NEXP4 = EXPA.

Theorem 4.1 follows immediately from Lemma 4.5 and Theorem 2.2.
Buhrman and Homer [BH92| give a relativizing proof of the following result.

Theorem 4.6 (Buhrman-Homer) If EXPNY is in EXP/poly then EXPNY = EXP.
We show the following generalization.
Theorem 4.7 For any k > 0, if EXP™t is in EXP /poly then EXPZ = EXP.

Proof: By induction in k. The case k = 0 is trivial. For k& > 0, we have X} = NP> k-1,
Relativizing Theorem 4.6 to X}, gives

EXP™ C EXP™-1 /poly = EXP™ = EXP¥-1., (2)

If EXP™t is in EXP/poly then EXP>*1 is in EXP/poly so by induction EXP™*-1 = EXP.
Plugging this into Equation (2) gives us Theorem 4.7. [J

Proof of Theorem 4.3: Suppose NEXP: is in Pzi/poly. Since P¥% is in EXP and
EXP>i C NEXP>k, by Theorem 4.7 we have EXP¥t = EXP. We also have EXP in P /poly
so by Theorem 2.3 we have EXP in MAZF and thus EXPZ% in MA>r. By Lemma 4.5 with A a
complete language for X, we have NEXP™k = EXP™ and thus NEXP™ = EXP = MA™. [

To prove Theorem 4.2 we need the following relativizable results due to Impagliazzo, Kabanets
and Wigderson [IKWO02].

Theorem 4.8 (IKW, Theorem 6) If NEXP ## EXP then for every e > 0,
AM C io—[NTIME(2"™) /n€].

Theorem 4.9 (IKW, Claim 11) If NEXP is in P/poly then there is a universal constant dy
such that
NTIME(2")/n C SIZE(n%)

for all sufficiently large n.

12



Proof of Theorem 4.2: Suppose we have an A in EXP such that NEXP4 is in P4 /poly and
NEXP# £ EXP4. Since Theorem 4.8 relativizes we have that

AMA C io—[NTIMEA(2") /nf].
We also have EXP in P4 /poly so by Theorem 2.3 we have EXP in MA# which is contained in

AM# and thus io—[NTIMEA(2™) /n¢].
Since Theorem 4.9 relativizes we have

NTIME#(2")/n C SIZEA(n®)

for some fixed dy and sufficiently large n.
Combining we get
EXP C io—[SIZE* (n)]. (3)

Since A is a fixed language in EXP, a straightforward diagonalization argument shows that Equa-
tion (3) is false. O

5 Further Research

Perhaps one can use Theorem 3.1 to get other consequences from NP being easy on average with
the ultimate goal to show that this assumption is equivalent to P = NP.

It would be nice to unify the results in Section 4 to show that for any A in EXP if NEXP is
in P4 /poly then NEXP4 = MA“4 = EXP.

Also one should look for other ways to bring in various theoretical techniques to prove other
new and interesting results on derandomization.
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