Distributionally-Hard Languages

L ance Fortnow* A. Pavan' Alan L. Selman?

October 17, 2000

Abstract

Cai and Selman [CS99] defined a modification of Levin's notion of average poly-
nomial time and proved, for every P-bi-immune language L and every polynomial-time
computable distribution p with infinite support, that L isnot recognizablein polynomial
time on the p-average. We call such languages distributionally-hard. Pavan and Sel-
man [PSO0] proved that there exist distributionally-hard sets that are not P-bi-immune
if and only P contains P-printable-immune sets. We extend this characterizion to in-
clude assertions about severa traditional questions about immunity, about finding wit-
nesses for NP-machines, and about existence of one-way functions. Similarly, we ad-
dress the question of whether NP contains sets that are distributionally hard. Several
of our results are implications for which we cannot prove whether or not their converse
holds. In nearly all such cases we provide oracles relative to which the converse fails.
We use the techniques of Kolmogorov complexity to describe our oracles and to sim-
plify the technical arguments.

1 Introduction

Levin [Lev86] was the first to advocate the general study of average-case complexity and
he provided the central notions for its study. More recently, Cai and Selman [CS99] ob-
served that Levin's definition of Average-P has limitations when applied to distributional
problems with unreasonable distributions and when applied to exponential time-bounds.
For example, for every language L in the complexity classE, (L, ) isin Average-P, where
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W istheflat distribution defined by ' (x) = 41X, However, E contains sets that are almost-
everywhere complex. That is, E contains sets that require more than polynomial time to
recognize for al but finitely many inputs. It isunnatural to consider such a set to have av-
erage polynomial-time complexity for any distribution with infinite support, and certainly
not for any flat distribution. Cai and Selman modified Levin's definition to remove these
limitations. In particular, letting AV P denote the class of all distributional problemsthat are
polynomial on the p-average according to the definition of Cai and Selman, if alanguage L
is amost-everywhere complex, then (L, 1) does not belong to AV P for any distribution p.
(Wewill provideal formal definitionsin the next section.) Nevertheless, the difference be-
tween AVP and Average-Pismodest: Define adistributionto be reasonableif thereexistsa
constant s > O such that p({x | |x| > n}) = Q(%). Thereason of courseisthat distributions
that decrease too quickly give too much weight to small instances, and for this reason are
unreasonable. All distributions of natural problemsin the literature, including the distribu-
tionsof all known DistNP-complete problems, are reasonable. TheclassAVP C Average-P,
and Cai and Selman showed that, for al reasonabledistributionsy, (L, 1) € AVPif and only
if (L,n) € Average-P.

It is well-known that a set L is almost-everywhere complex if and only if it is P-bi-
immune [BS85]. Thus, if L is P-bi-immune, then there is no distribution p with infinite
support such that (L, ) belongs to AVP. We say that such languages are distributionally-
hard.

In this paper we raise and address questions about distributionally-hard sets. For ex-
ample, we extensively characterize the question of whether there exist distributionally-hard
sets that are not P-bi-immune. Pavan and Selman [PS00] proved that such sets exist if and
only if P contains setsthat are P-printable-bi-immune. We provide several other equivaent
characterizations. Theseinclude assertions about the inability to compute witnessesfor sets
in NP and an assertion about the existence of one-way functions that are hard to invert al-
most everywhere.

It is easy to see that every distributionally-hard set is P-printable-bi-immune. We will
show that if there exist (1) P-printable-bi-immune sets that are not distributionally-hard,
then (2) therearedistributionally-hard setsthat are not P-bi-immune. The question of whether
there exist such setsmay not be forthcoming. To wit, we obtain oraclesrelative to which the
polynomial hierarchy isinfinite and sets satisfying (2) exist, and we obtain oraclesrelative
to which the polynomial hierarchy isinfinite and such sets do not exist. We obtain oracles
relative to which sets satisfying (1) hold, and relative to which (1) does not hold. We obtain
an oracle relative to which there exist sets that satisfy (2), but there do not exist sets that
satisfy (1).

Now consider the question of whether NP contains distributionally-hard sets, for, if so,
then DistNP (the classof al distributional problems(L, ), whereL € NP, and pispolynomial-
time computable) and AVP are distinct. Suppose that NP contains a P-bi-immune set L.
Then, Lisadistributionally-hard set in NP. Wewill show that LN 0* € NPisP-immune, from
which it followsthat P contains P-printable-immune sets, and therefore that there exist sets
that are distributionally-hard but not P-bi-immune. Indeed, if NP containsaP-immunetally



set, then NP contains a P-immune set, which implies that P contains P-printable-immune
sets. (These are straightforward observations.)

Relative to a random oracle, Lutz's hypothesis that the p-measure of NP is not zero is
true[KM96]. Thus, relativeto arandom oracle, NP contains P-bi-immune, distributionally-
hard sets [LM96]. We will see from our results that relative to an oracle constructed by
Impagliazzo and Tardos [IT89], P contains P-printable-immune sets but NP does not con-
tain P-immune tally sets. Hemaspaandra and Jha [HJ95] constructed an oracle relative to
which NP contains P-immune sets but no P-immune tally sets. Here, we will construct an
oracle relative to which P contains a P-printable-immune set but NP does not contain any
P-immune set. Thus, relative to this oracle, there exist distributionally-hard sets that are
not P-bi-immune, nevertheless, NP does not contain distributionally-hard sets. Relative to
these oracles, the converses of theimplications set forward in the previous paragraph do not
hold.

We will use Kolmogorov complexity to describe the oracles that we construct. Because
of this, both the ideas and the technical details of our proofs will be much easier than they
would be otherwise.

2 Prdiminaries

Weassumethat all languagesare subsetsof >* = {0, 1}* and weassumethat X* isordered by
standard lexicographic ordering. We use standard notation for complexity theoretic notions.
In particular, E = Uz o DTIME(2°") and NE = oo g NTIME(2%"). Wewill use complexity
class names to abbreviate descriptions of Turing machines. For example, an E-machineis
adeterministic 2°", ¢ > 0, time-bounded Turing machine.

A transducer isa Turing machine with aread-only input tape, awrite-only output tape,
and accepting statesin the usual manner. A transducer computesavaluey on aninput string
x if there is an accepting computation on x for which y is the final contents of the output
tape. In general, such transducers compute partial, multivalued functions. PF isthe set all
partial functions that are computed by deterministic polynomial time-bounded transducers.
A function f € PF is honest if there is a polynomial q such that for every y in range(f),
thereexistsxindom( f) suchthat f(x) =yand |y| < q(|x|). A one-way functionisan honest
partial functionin PF that cannot beinverted in polynomial time. Such functionsexistif and
only if P# NP [Sel92]. Define an honest partial function f in PF to be almost-always one-
way if no polynomial-time Turing machine inverts f correctly on more than a finite subset
of range(f).

A distributionfunctionp: {0,1}* — [0, 1] isanondecreasing function from stringsto the
closed interval [0, 1] that convergesto one. The corresponding density function ' isdefined
by W'(0) = pu(0) and W' (x) = p(x) — p(x—1). Clearly, u(x) = yy<xH'(y). For any subset
of strings S, we will denote by p(S) = YysH (X), the probability of the event S Define
un=M({x]| |x =n}). Foreachn, let p,(x) bethe conditional probability of xin {x| |x| = n}.
That is, hp(X) = W' (X) /un, if up > 0, and py,(x) = 0for x € {x | [x| = n}, if u = 0.



A function p from 2* to [0, 1] iscomputablein polynomial time[KF82] if thereisapoly-
nomial time-bounded transducer M such that for every string x and every positive integer
n, [M(x) —M(x,1")| < 2—1n Consistent with Levin’s hypothesis that natural distributions are
computable in polynomial time, we restrict our attention entirely to such distributions. If p
iscomputablein polynomial time, then the density function p’ is computablein polynomial
time. (The converseisfase unless P= NP [Gur9l].) All distributions are to have infinite
support—we explicitly exclude from consideration distributions p for which p’(x) = 0 for
all but afinite number of strings x. Consideration of such distributions would alow every
problem to be an essentially finite problem.

Levin [Lev86] defines afunction f from Z* to nonnegative reals to be polynomial on
p-averageif thereis an integer k > O such that

1/k
> p’(x)M < o, «y

Average-P is the class of distributional problems (L, 1), where L isalanguage and p isa
polynomial-time computabl e distribution, such that L can be decided by some Turing ma-
chine M whose running time Ty, is polynomial on p-average.

For any time-constructible function T that is monotonically increasing, and hence in-
vertible, Cai and Selman [CS99] define T on the p-average as follows!: Let p be a distri-
bution on >*, and let Wy, = p({x: |x| > n}). A function f is T on the p-average if for all
n>1,

<Wh. 2
IX|>n
Then, AVTIME(T(n)) denotes the class of distributional problems (L, u), where L isalan-
guage and [ is a polynomial-time computabl e distribution, such that L can be decided by
some Turing machine M whose running time Ty, is T on the p-average.
Define AVP = Jy>1 AVTIM E(nX). Clearly, AVP C Average-P.
A distribution p isreasonableif thereexistss > O suchthat Wh = Q (). Wewill require
the following results of Cai and Selman [CS99] and Gurevich [Gur91].

Proposition1 1. If pisareasonabledistribution, then (L, 1) belongsto Average-P (Levin's
definition) if and only if (L, ) belongsto AVP (Cai and Selman’s definition).

2. If p satisfiesthe stronger condition that there existss > 0 such that u, = Q (%), then
all of the following are equivalent:

(i) (L,p) belongsto Average-P,
(i) (L,n) belongsto AVP,

LCai and Selmanrestricted their attention to functionsthat belong to Hardy’s[Har24] class of |ogarithmico-
exponential functions. We do not need to concern ourselves with thisfor the purpose of this paper.



(iii) Thereisa Turing machine M that accepts L and an integer k > 0 such that for
aln>1, P
Tm(x))L
“/ (X) ( M(|X))

Xj=n

< Un. 3

Given any reducibility <, adistributiona problem (L, ) is <,-complete for DistNP if
(L,u) € DistNP (i.e., L € NP and p is computable in polynomial time) and every distribu-
tional problem that belongsto DistNPis <; reducibleto (L, ).

Here we have given only the definitions and properties that we need for this paper; we
refer the reader to the recent expositions by Impagliazzo [Imp95] and Wang [Wan97] for
deeper understanding of average-case complexity.

2.1 Immunity

A language L is immune to a complexity class C, or C-immune, if L isinfinite and no in-
finite subset of L belongsto C. A language L is bi-immune to a complexity class C, or C-
bi-immune, if L isinfinite, L isinfinite, no infinite subset of L belongsto ¢, and no infinite
subset of L belongsto C. A language is DTIME(T (n))-complex if L does not belong to
DTIME(T (n)) amost everywhere; that is, every Turing machine M that accepts L runsin
time greater than T(|x|), for al but finitely many words x. Balcazar and Schoning [BS85]
proved that for every time-constructiblefunction T, LisDTIME(T (n))-complex if and only
if L isbi-immuneto DTIME(T (n)).

Recall that set L is P-printable if there exists k > 1 such that all the elements of L up
to size n can be printed by a deterministic Turing machine in time n + k [HY 84, HIS85].
Every P-printable setis sparseand belongsto P. A set AisP-printable-immuneif Aisinfinite
and no infinite subset of A is P-printable.

2.2 Resource-bounded Measure

We refer the reader to the papersof Lutz [Lut92, Lut97] and Ambos-Spiesand Mayordomo
[ASM97] for ageneral introduction to resource-bounded measure theory. Measures are de-
fined intermsof capital-preserving betting strategies called martingales. Informally, amar-
tingale succeeds on a language L if the betting strategy succeeds in winning infinite cap-
ital on L. We will not define martingales here, because we will not be constructing any.
Resource-bounded measures are defined in terms of resource-bounded martingales. The
following definitions are based on these notions:

Let the classes p; = p and py, both consisting of functions f : Z* — Z* be the classes
of functions computablein polynomial-time, quasi-polynomial time (i.e., n'®d ot ), respec-
tively. A class of languages X has p;-measure O (i = 1,2) if there isa p;-computable martin-
gale that succeeds on every languagein X.

If the p-measure of aclass X is0, then the p,-measure of X is0. Itisknown that NP has
p-measure O if and only if NP has p,-measure 0 [JL95, ASTZ97]. Lutz has hypothesized
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that NP does not have p-measure 0, and from this strong hypothesis he and others have de-
rived consequences that do not seem to follow from weaker hypotheses [LM96, May94].
The p-measure of P is 0, and we expect that NP is quantitatively different from P. Thus,
results of theform “If A, then the p;-measure of NP is0” provides evidence that A isfalse.

Mayordomo [May94] proved that the p-measure of the class of DTIME(2")-bi-immune
setsis 1, and therefore, if the p-measure of NP isnot 0, then NP containsa DTIME(2")-bi-
immuneset. Cai and Selman [CS99] proved, for al P-bi-immunesetsL and for all polynomial-
time computable distributions p, that (L, ) ¢ AVP. Thus, if NP does not have p-measure
0, then there is a language L such that for every polynomial-time computable distribution
M, the distributional problem (L, ) belongs to DistNP but does not belong to AVP. (Inde-
pendently, Schuler and Yamakami [SY 95] obtained a similar result.)

We definealanguageL to bedistributionally-hardif for all polynomial-timecomputable
distributionsy, (L, 1) ¢ AVP. Aswenoted, every P-bi-immunelanguageisdistributionally-
hard.

2.3 Kolmogorov Complexity

Wewill need severa definitions and resultsfrom Kolmogorov complexity. See the book by
Li and Vitanyi [LV97] for an in-depth look at Kolmogorov complexity including proofs of
the propositions mentioned here.

Definition 1 Fixauniversal TuringMachine®. For anystringxin {0, 1}*, the Kolmogorov
complexity of x is defined as

K(x) =Min{|p| : ®(p) = x}.

We sometimes consider relative Kolmogorov complexity. K(x|y) is the Kolmogorov
complexity of x relative to a string y where we replace @(p) with ®(p,y) in Definition 1.
K(x|B) isthe Kolmogorov complexity of x relative to a set B where we replace ®(p) with
®B(p) in Definition 1.

We also consider time-bounded Kolmogorov complexity, K'(x). For this definition we
require that ®(p) use at most t(|x|) steps.

Proposition 2 For every n, thereisa string x of length n such that K(x) > n.

Proposition 3 For every A C {0,1}* with |A] = m, thereisa string x € A such that K(x) >
logm.

In fact, the following more general statement also holds.

Proposition 4 For any positive integer c and any A C {0,1}* with |A| = m, the number of
stringsx € Awith K(x) > logm—cisat least m(1—2"°).



Propositions 2, 3 and 4 hold even for time-bounded and/or relative to afixed string y or
set B.
We also have the following result on upper bounds of Kolmogorov complexity.

Proposition 5 Let AC {0,1}* x {0,1}* be arecursively enumerable set, and define Xy =
{xe {0,1}*|(x,y) € A} for somey € {0, 1}*. If Xy isfinite, then for every x € Xy, K(xly) <
log|Xy| + ca for a constant ca depending only on A.

3 Distributional Hardness

This section contains our results. Here we address our principal questions. whether there
exist distributionally-hard setsthat are not P-bi-immune (Section 3.1), whether NP contains
distributionally-hard sets (Section 3.3), and whether there are P-printable-bi-immune sets
that are not distributionally-hard (Section 3.2).

3.1 Iseverydistributionally-hard set P-bi-immune?

The following theorem is central to this paper. It completely characterizes the question of
whether there exist languagesthat are distributionally-hard other than the P-bi-immune sets.
Thistheorem showsthat our question isequivalent to several previously studied conjectures
about immunity, about computing witnesses of nondeterministic machines, and about exis-
tence of strong one-way functions. Several of these assertions have arisen naturally and
independently in various investigations. To illustrate this point, let us consider the asser-
tion, Theorem 1, item 4, that P contains a P-printable immune set. Since every non-sparse
set is not P-printable, in order to understand the structure of non-P-printable setsit is nat-
ural to ask whether each such set has an infinite P-printable subset. Allender and Rubin-
stein [AR88] answered this question by showing that for every non-P-printable set S and
time-bound T (n) that majorizes every polynomial, thereisasubset A of SinDTIME(T(n))
that has afinite intersection with every P-printable set. Thisimpliesthat A is P-printable
immune. It is natural to ask, especially in the case that Sbelongs to P, whether S has a P-
printable-immune subset A that belongsto P. Item 4 expresses the weaker conjecture that P
contains a P-printable-immune set.

Theorem 1 The following assertions are equivalent.
1. There existsa distributionally-hard set that is not P-bi-immune.
2. There exists a P-printable-bi-immune set that is not P-bi-immune.

3. Thereexistsa set that is P-printable-bi-immune, not P-bi-immune, but whose comple-
ment is P-immune.

4. P contains a P-printable-immune set.



5. NP contains a P-printable-immune set.

6. Thereis an infinite set Sin NE and an NE-machine M that accepts S such that no
E-machine correctly computes infinitely many accepting computations of M.

7. Thereisaninfinitetally language L in NP and an NP-machine M that accepts L such
that no P-machine correctly computes infinitely many accepting computations of M.

8. There is an infinite set Sin NP and an NP-machine M that accepts S such that no
P-machine correctly computes infinitely many accepting computations of M.

9. Almost-always one-way functions exist.

Pavan and Selman [PS00] obtained the equivaence of items 1 and 4. The equivalence
of items 4 and 5 is due to Russo [AR88]. Also, Theorem 1 strengthens a result of Hemas-
paandra, Rothe, and Wechsung [HRW97], whichisthat item 8 impliesitem 4.

Recall that every language in the class E (NE) isidentifiable with atally language in P
(NP), respectively [Boo74]. This observation yields the fact that items 6 and 7 are equiv-
alent. Smilarly, NP contains a P-immune tally language if and only if NE contains an E-
immune set. One does not expect existence of aP-immune set in NP to imply existence of a
P-immunetally languagein NP, because in general such downward separations do not hold.
Hemaspaandra and Jha [HJ95] support this contention with an oracle relative to which NP
contains a P-immune set but no P-immune tally language. Thus, the equivalence of items
7 and 8 is surprising and demonstrates that search problems and decision problems have
different properties. The following completes the proof.

Proof. Aswe just noted, items 1, 4, and 5 are equivalent, and items 6 and 7 are equiva-
lent. Items 8 and 9 are equivaent by standard techniques [Sel92].
We will prove the following cycles:

i) @=0=0=04.
(i) 4 =0=0=04.

Sinceitem 4 appearsin each cycle, thiswill complete our proof. Thefollowing lemmas
accomplish our task.

Lemmal (4) = (7) = (8) = (4).

Proof. Let A e PbeP-printable-immune. DefineL = {1" | 3x[|x| = nand x € A]}. Then,
L isaninfinitetally language in NP. Consider the NP-machine M that on input 1", guesses
a string x of length n and accepts if x € A. If some P-machine computes infinitely many
accepting computations of M, then A is not P-printable immune. Thus, item 4 impliesitem
7. Item 7 impliesitem 8 trivially.



Now, for sake of completeness, we show that item 8 impliesitem 4. Let Sbe an infi-
nite set in NP and let M be an NP-machine that accepts S such that no P-machine correctly
computes infinitely many accepting computations of M, Define

C={(x,y) | yisan accepting computation of M onx }.

Then, C € P. Let p(n) be apolynomial such that for every (x,y) inC, |(x,y)| < p(|x]). IfC
has an infinite P-printable subset A, then the following procedure computes accepting com-
putations for infinitely many inputs of M.

input Xx;
if for somey, (x,y) is printed then output the first such y else reject.

Thus, item 8 impliesitem 4 i
Lemma2 4 = 3) = (2) = (4.

Proof. First we show that item 4 impliesitem 3. Let L € P be P-printable immune. Let
X be any set that is P-bi-immune. Define A= XUL. Since L isan infinite subset of A that
belongsto P, Aisnot P-bi-immune. Let B be an infinite setin P. Noting that A C X, Bisnot
asubset of A, because X is P-bi-immune. Thus, A is P-immune.

Now we show that A is P-printable-bi-immune. Note that we need only to prove that
A includes no infinite P-printable set. Let B denote an infinite P-printable set and suppose
that B isasubset of A. B does not have afinite intersection with L because if so, then BNL
isan infinite subset of X that belongsto P. Thus, BN L isan infinite set. However, BNL is
P-printable, which is a contradiction because L is P-printable-immune.

Item 3 impliesitem 2 trivially. We need only to show that (2) implies (4). Let A be P-
printable-bi-immune but not P-bi-immune. Let L be an infinite set in P so that either L C A
or L C A. If L has an infinite P-printable subset, then so does either A or A. Thus, L is P-
printable-immune. |

Theorem 1 followsimmediately from Lemmas 1 and 2. i

Theorem 2 There exist oracles A and B relative to which the polynomial hierarchy is infi-
nite; relative to A the propertieslisted in Theorem 1 are true, and relative to B these prop-
ertiesarefalse.

For the proof of Theorem 2, to construct A, begin with an oracle L relative to which
the polynomial hierarchy isinfinite [Yao85, Has89], and then apply techniques of Fortnow
[For99], noting that the assertions of Theorem 1 are true relative to L and arandom oracle.
To construct B, inasimilar manner, apply resultsof Balcazar, Book, and Schoning [BBS86]
to L and a sparse oracle relative to which ENP = E.



3.2 Isevery P-printable-bi-immune set distributionally-hard?

Theequivalence of items 1 and 2 of Theorem 1 leads usto ask whether distributionally-hard
and P-printable-bi-immune are equivalent. First, we note the following proposition.

Proposition 6 Every distributionally-hard set is P-printable-bi-immune.

The proof is clear: If either L or L has an infinite P-printable subset S, then define a
polynomial-time computable distribution p such that p(S) = 1. Then, it iseasy to see that
(L,u) € AVP.

Now, for any set L, we have the following implications:

L isP-bi-immune

= (4)
L isdistributionally-hard
= )

L is P-printable-bi-immune.
Consider the following hypothesis:
Hypothesis 1 There exists a P-printable-bi-immune-set that is not distributionally hard.

Item 1 of Theorem 1 asserts that the implication 4 does not collapse. Hypothesis 1 as-
serts that the implication 5 does not collapse. Hypothesis 1 impliesitem 2 of Theorem 1.
Thus, by Theorem 1, if 4 collapses, then 5 collapses. Next we show that there is an oracle
relative to which Hypothesis 1 istrue, and there is an oracle relative to which the assertions
in Theorem 1 hold but Hypothesis 1 isfalse.

Theorem 3 There exists an oracle relative to which Hypothesis 1 istrue.

Proof. We let p be the standard uniform distribution, i.e., /' (x) = W Fixaset C

in DTIME(n'®") that is P-printable-bi-immune by the usual diagonalization argument. We
will create A such that C is still PA-printable-bi-immuneyet (C,p) isin AVPA,
We define R" inductively by RO = 0 and, for n > 1, R" isthe set of stringsx in X" such
that
KZ(x | RURU---UR™ ) > n/2.

Let R be the union of the R,. We define A asfollows:
A={(x,0) | xe R—C}U{(x,1) | xe RNC}
Consider the following algorithm PA for C on input x:

1. If (x,0) isin A then reject.
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2. If (x,1) isin A then accept.

3. Otherwise simulate the unrelativized DTIME(n'®9") algorithm for C.

Clearly from the construction the agorithm P” accepts the language C. Since p is a
reasonabl e distribution, by Proposition 1 we need only show that (C, u) isin Average-P~.

By Proposition 4 there are at most 2"/2 strings with K(x) < n/2 so |2" — R < 2"/2,
Consider

Z H/(X) (TP(X)):L/Z _ 1 Tp(X)l/z
51 X nzlxgn 2" n
1
= Y 5 ¥ (02
ngl n32" xezn
1
= D ol Tr(x) Y2+ To(x)Y/2)
n>1 XeR" X2 RN
1
< —( n1/2+ (nlogn)l/Z)
nZl n32n x;” XEXM—RN
1
< Z W(Znnl/2+2n/2(nlogn)1/2)
n>1
1
< il
n; n?
= O(1)

Now we want to show that C is PA-printable-bi-immune. Supposethat D is an arbitrary
PA-printable set. We will show that D is aso P-printable. Thus since C is P-printable-bi-
immune, it will also be PA-printable-bi-immune.

Let MA be amachinethat on input 1" outputs the strings of length n of D in time n¥,

Inductively compute R, RL, ... ., RI%I09n by simulating all of the small programs. This
takes time polynomial in n. We can aso compute C on all strings of length up to 10klogn
in time polynomial in n.

Simulate MA on input 1" without using the oracle A asfollows: If M asksaquery (y, 0),
then answer “yes’ if |y| < 10klogn andy € R— C, and otherwise answer “no.” If M asks
aquery (y,1), then answer “yes’ if |y| < 10klogn andy € RNC, and, as before, otherwise
answer “no.”

Thissimulation of MA will produce the correct answer unlessMA(1") queriessome (y, i)
for |y| > 10klogn andy in R. We will show this cannot happen for large n. Suppose it does
and consider the first such y queried. Let m= |y| > 10klogn.

Note that

K (y| RURtU---UR™ 1) < (k+0O(1))logn
since 2™ > nk and we can give a description of y by the index of the query made by MA
since the answers to all previous queries can be found in RRURU--- UR™ L. Since (k+
O(1))logn < m/2 (for large n) we have a contradiction. i
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Theorem 4 There exists an oracle relative to which the assertions in Theorem 1 hold but
Hypothesis 1 isfalse.

Proof. We construct an oracle B so that P? has a PB-printable-immune set (assertion 4
of Theorem 1) and Hypothesis 1 isfalse.

Assume P = PSPA CE. We can remove thisassumption by first relativizing to TQBF. Let
t; be the double towers defined asfollows: tp = 1and tj, 1 = 221 for every i > 0. For eachi
pick a Kolmogorov random string z of length tj. We define the oracle

logtj . . .
B={z]|i 20}U{<1tiogt,j) | the jth bit of z isone }

to consist of the Zs and an encoding of the Zs.

LetC={z | i > 0}. Clearly Cisin PB. Suppose thereis a PB-printable infinite subset
of C. Thereis some nk-time machine MB that for infinitely many i on input 1% will print z.
Without loss of generality, assume that MB queries z beforeit printsit.

Consider such i such that logt; >> k. For thesei’s, MB will be unable to read the en-
coding of z at length tilogt‘. We can describe z by i, the index of the first query MB makes
to z and the z;’s for j < i. Thiswhole description is O(logt;) bits which contradicts the
randomness of z for largei. Thus, C is PB-printable-immune.

Next, let E be aset that isnot distributionally hard relative to B. We will show that E is
not P-printable-bi-immune.

By definition of distributionally hard, there must be an oracle Turing machine M® that
accepts E relative to B, a distribution p of infinite support that is polynomial-time com-
putable relative to B, and a constant k such that for all n,

(Te ()X
X

W' (x)

X[>n

< Wh. (6)

For ease of notation, since the oracle B is fixed, we will sometimeswrite M and Ty, instead
of MB and Tye, respectively.

Observe that if there is an infinite PB-printable set D such that M8 runs in polynomial
time on the elements of D, then either E or E contains an infinite PE-printable subset and
thus E is not PB-printable bi-immune.

We call alength n an easy length if for somei, t°% < n® < t;,1. Suppose that M8
runs in time n® for infinitely many strings of easy lengths. For these easy lengths we can
in polynomial-time relative to B construct all the strings of B that MB can see by querying
the encodings of the z; for j <i. We can then use the P = PSPACE assumption to print an
infinite set D of the lexicographically first strings of easy lengths on which MB runsin time
n>X. Thus, as we just observed, in this case E is not PB-printable bi-immune.

For the rest of the proof we assume MB runs in time greater than n° for al but finitely
strings of easy length n.

Fix anoneasy length n, that is, for somei, t; < n® < /9%, Let S, be the set of strings x
of length n such that MB(x) queries z within n steps.

12



Lemma3 Theweight of S, issmall; i.e, u(S,) < un/2.

Proof. First somenotation. Consider NB, the polynomial -timemachinethat computes .
L et B<Y represent the stringsof B of lengthlessthant;. Notethat thesestri ngscan bequeried
in time polynomial in n. Let p* represent the function computed by NB™" and u% be the
function computed by NB“"U{W} | Note that for strings x of length n we have p(x) = p (X).

Also notethat for all x of length n, p* (x) < p*(x+ 1). Otherwise, pick the smallest such
counterexample and we have a short description of z since p4 (x) < p4 (x+1).

Define Ty, asthe set of strings x of length n such that either

1. M(x) queriesw within n° steps, or
2. u*(Xx) queriesw or
3. u*(x—1) queriesw.

Notethat §, C T.
Consider the sum of al of the p*(Ty).

2 W (Tw) = W;nx; (W (x+1) = (x))

= % ZT (“* (X+ 1) _ u* (X)) < r]O(l) % (IJ*(X+ 1) B IJ* (X)) _ no(l)Un'

Thelast equality holds since p* (0") and p* (0"1) cannot query z or we would have ashort
description of z, and

Un = (0™ —p(0") = (0™ —pr(0") = ;(u* (X+1) = (x).

Now supposep? (Sn) > un/2. Wethenhavep? (T, ) > un/2. Weclaimp? (T;) = u* (T):
Consider amaxima interval | = {x,x+1,...,x+q} in T,. Note that p*(x— 1) does not
query z or x—1isinT,. Also p*(x+ () does not query z or x+q+1isinT,. So p4(l) =
P4 (X+q) — 4 (Xx—1) = p*(x+q) — p*(x—1) = p*(l). Since T, can be partitioned into a
set of maximal intervals, we have that pu*(T;) = p%(T3). (Notethat O" and 1" are not in T,
or we would have a short description for z.)

There are only apolynomial number of w such that u*(Ty) > un/2; if z wasone of these
we could give a short description of z. i

Now we will show that if E is PB-printable-bi-immune, then for all but finitely many n,
either u,=0or
(Tm(x) /¥

X

o' (x) > Un. (7

Xj=n

Thisimmediately contradicts Equation (6) for all but finitely many n.

13



For sufficiently large easy n, we have already shown that Ty (x) > n>¢ for al x of length
n. Equation (7) followsfor these lengths.

Let D' be the set of x of noneasy length n such that MB(x) halts in less than n° steps
without querying z for the appropriatei. Let D be the set of lexicographically first strings
x of each noneasy length such that MB—{%}(x) haltsin n> steps. Note, by the P=PSPACE
assumption, that D is PB-printable. Also notethat D C D’ (at least for large n) or we have a
short description of z. Finally note that D’ infinite implies D infinite.

If D" isinfinite, then E is not PB-printable-bi-immune. Suppose that D’ is finite. Con-
sider a noneasy n such that D’ has no strings of length n. If x is an input such that MB(x)
uses at most n° steps, then MB(x) must query z, soxisin S,.

We then have
Tur (X)) /K Tu (X)) /K
uI(X)( M(X)) > ZZ H/(X)( M(X))
Ix|=n ‘ | xe2M—§, ‘ |
n5k)1/k
> W (x
XEZZ
> 24 (x
s
= (="~ S)
= 2(un— U(S))
Equation (7) now follows from Lemma 3. i

3.3 Does NP contain distributionally-hard sets?

Now we turn to the question of whether NP contains distributionally-hard sets. The follow-
ing for the most part are easy to prove and essentially known [PS00].

Theorem 5 For any language L in NP,

L is P-bi-immune

= (8)
L isdistributionally-hard
= 9)
LN O* isP-immune
o (10)
LN 0* isP-printable-immune
= (1)

The assertions of Theorem 1 all hold.
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The equivaence (10) holds because atally language is P-immuneif and only if it is P-
printable immune. Then, it isimmediate that item 5 of Theorem 1 holds, which proves that
(12) holds.

It follows immediately from Theorem 5 that NP has distributionally-hard sets relative
to a random oracle (because NP has P-bi-immune sets), and that, relative to an oracle for
which the conditions of Theorem 1 fail, NP does not have distributionally-hard sets.

If NP contains P-bi-immune sets, then NP contains sets having various combinations of
immunity properties. For example, we have the following result.

Theorem 6 If NP contains a P-bi-immune set, then NP contains sets that are P-printable-
bi-immune and not P-immune.

Proof. Let X be a P-bi-immune set in NP. Using Theorem 5 together with Theorem 1,
P contains a P-printable-immune set L. Define A= XUL. Clearly, A€ NP and is not P-
immune. The rest of the proof proceeds as in the proof of Lemma 2. i

If the p-measure of NPisnot O, then NP contains a P-bi-immune set. The obviouscorol-
laries hold, of which, the following are the most interesting.

Corollary 1 If the p-measure of NP is not O, then NP contains sets that are
1. distributionally-hard and not P-bi-immune, and

2. P-printable-bi-immune and not P-immune.

Part (ii) is obvious. Part (i) does not follow directly from Theorem 1. Using the proof
of Theorem 1, Pavan and Selman [PS00] proved that Part (i) follows from the hypothesis
that the p,-measure of NP isnot 0. Our claim follows because the p,-measure of NP is not
0if and only if the the p-measure of NPisnot 0 [JL95, ASTZ97].

In light of these results, it isinteresting to ask the following question: If NP contains a
P-printable-immune set, does NP contain a P-immune set? Let us consider this questionin
the context of the following obvious implications:

NP has a P-immunetally set (12
=
NP has a P-immune set (13)
=
NP has a P-printable-immune set. (14

Item (14) is one of the equivalent assertionsin Theorem 1. Item 6 of Theorem 1 was
studied by Impagliazzo and Tardos [1T89], who obtained an oracle relative to which NE =
E and this assertion holds. Thus, there is an oracle relative to which (14) holds and (12)
does not hold.? Hemaspaandra and Jha [HJ95] constructed an oracle relative to which (13)

2Actually, the property studied by Impagliazzo and Tardos is somewhat weaker. Nevertheless, our claim
iscorrect, asisour attribution.
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holds and (12) fails. However, it remains an open question as to whether there is an oracle
relative to which (13) holdsand NE = E. Thefollowing result completes our study of these
assertions.

Theorem 7 Thereisan oracle relative to which NP has a P-printable-immune set but NP
has no P-immune set.

Proof. The proof builds on techniques of Hemaspaandra and Jha[HJ95]. Let t; be the
towers defined inductively by to = 1 and t;,; = 24, for every i > 0. For each i, pick aKol-
mogorov random string y; of lengtht;. Let B betheset of al pairs (0,y;). Let {M;}i>1 bean
efective enumeration of polynomial time-bounded nondeterministic oracle Turing machines
such that M; runsin time at most n'.

We define the oracle A by the following procedure:

A=:B;
i=:0;
For each i do
begin
Unmark all of the j;
Repeat
Pick apair (x, j) that minimizes (1, j,x, 1X")| such that M{\(x) accepts
witht; < [(1, j,x, 1¥"Y| < ti+1 and an unmarked j < i;
Mark j and put (1, j,x,1%') in A;
until no such (x, j) exists;
end.

Consider any M; such that L(M#) isinfinite. Theset {x | (1, j,x,1X") € A} isaninfinite
subset of L(M?) in PA. The set Bisin P*. Suppose f is a polynomial-time computable
function such that A4(1%) = (0,y;). This gives us a short description of y; since A only has
O(i?) strings of length at most polynomial int;. Thus f only could have this property for
finitely many y; and B is PA-printable immune.

In particular, neither the assertionslisted in Theorem 1 (14) nor the existence of P-immune
setsin NP (13) appear to be strong enough to ensure that NP contains distributionally-hard
sets. Weleave asopen the questionsof whether (12) impliesthat NP containsdistributionally-
hard sets, and whether existence of distributionally-hard setsin NPimpliesthat NP contains
P-bi-immune sets.
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