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1 IntroductionMost theories of learning (e.g., [Gol67, Val84]) have dealt with learning afunction f by observing the behavior of f . This roughly models learningfrom data. In the last few years theories have been developed that allowthe learner to ask questions about the function (e.g., [Ang88, GS92]). Thisroughly models learning from a helpful teacher.In this paper we consider the scenario where the learner can ask a fellowstudent questions. Note that the other student does not know anything moreabout the function f than the learner; however, she might still be helpful.Less whimsically, we wish to investigate how information, not necessarilyrelated to the function being learned, may still help in the learning of thatfunction.We will consider several recursion-theoretic models of learning. In thesemodels the learner, while trying to infer a recursive function f , is able to bothobserve increasing portions of the graph of f and query an oracle A. Thepower of the learner, measured as its ability to learn collections of functions,depends on both the learning model and the oracle A.In this paper we examine extremes: Which oracles add no power to thelearner? Which oracles allow the learner to infer the set of all recursivefunctions? Kummer and Stephan [KS93b] have investigated structural issues.For several models they show exactly when oracle A is weaker (in terms oflearning sets of recursive functions) than oracle B.Some of the results in this paper were announced in [GP89] and [CDF+92].2 De�nitions and Notation2.1 Standard De�nitionsNotation 2.1 We denote the natural numbers by N = f0; 1; 2; : : :g. Wedenote subsets of N by capital letters (usually A or B) and elements of Nby small letters (usually n;m).Notation 2.2 Throughout this paperM0;M1; : : : is a standard list of all Tur-ing machines, M ()0 ;M ()1 ; : : : is a standard list of all oracle Turing machines,'0; '1; : : : is the acceptable programming system, obtained by letting 'e be thepartial recursive function computed by Me. The domain of 'e is denoted We.2



Notation 2.3 Let Me;s be the machine that, on input x, runs Me(x) fors steps, outputs Me(x) if the computation has halted within s steps, anddiverges otherwise. Let 'e;s be the partial function computed by Me;s. LetWe;s = f0; : : : ; sg\dom('e;s). Let �0;�1; : : : be the Blum complexity measurede�ned by the number of steps the Turing machine takes. (Using Turingmachine steps as a measure of complexity is not crucial. We could have usedany acceptable programming system and any Blum measure. We use Turingmachines and runtimes so we can speak of `running a machine for s steps'.)Our de�nition of high and low di�er slightly from that in [Soa87], so westate our de�nition.Notation 2.4 A0 is the halting problem relative to A, that is, fe :MAe (e) halts g.A is high if ;00 �T A0. A is high2 if ;000 �T A00. A is low if A0 �T K.Notation 2.5 Let �; � be strings over an alphabet �. j�j denotes the lengthof �. � � � means that � is a pre�x of � . We think of � as being a mapfrom f0; 1; : : : ; j�j � 1g to �. If a 2 N then we use �a! to denote the totalfunction whose characteristic string has initial segment � and then consistsof all a's.Notation 2.6 Let � 2 f0; 1g� and M () be an oracle Turing machine. M�is the Turing machine that attempts to simulate M () by answering questionsas though � were an initial segment of the oracle. If ever a query is madethat is bigger than j�j � 1, then the computation diverges. Any divergentcomputation that results from running M�(x) is denoted by M�(x) ".Notation 2.7 A � x denotes A \ f0; 1; : : : ; xg. If A is r.e. then As denotethe �rst s elements in some �xed recursive enumeration.Notation 2.8 (19x) means `for an in�nite number of x.' (18x) means `forall but a �nite number of x;' equivalently, `for almost all x.'Notation 2.9 If f and g are two functions then f =� g means that (18x)[f(x) = g(x)]. If a is a constant then �x[a] denotes the constant functionthat always outputs a. The expression f =� �x[a] means that (18x)[f(x) = a].Remaining recursion-theoretic notation is from [Soa87].3



2.2 De�nitions from Inductive InferenceWe consider the learnability of collections of recursive functions. We areespecially interested in situations that render the entire collection of recursivefunctions learnable by a single machine.Notation 2.10 We denote the set of all recursive functions by REC.The following de�nitions are from [CS83].De�nition 2.11 An inductive inference machine (IIM)M is a total Turingmachine. We interpret M to be trying to learn a recursive function f byviewing M as taking as input the values f(0); f(1); : : : (one value at a time)and producing output (from time to time) in the form of a program intendedto compute f . If almost all the programs are the same, and compute f , thenwe say thatM EX-identi�es f . If almost all the programs compute f , but arenot necessarily the same, then M BC-identi�es f . Formally, M computesa total function from N� (�nite sequences of natural numbers) to N. Theinput is an initial segment of the function to be inferred, and the output isthe current guess as to the index of that function. The indices output byIIMs are relative to the acceptable programming system f'ig1i=0 speci�ed inNotation 2.2.Convention 2.12 If the output of an IIM is 0 then we interpret this asmeaning `no guess at this time'. Formally an IIMM takes as input elementsof the form h�1; : : : ; �ni or hf(0); : : : ; f(n)i, but we denote M(h�1; : : : ; �ni)by M(�1; : : : ; �n), and M(hf(0); : : : ; f(n)i) by M(f(0); : : : ; f(n)).De�nition 2.13 Let S � REC. Then S 2 EX (BC) if there exists an IIMM such that for all f 2 S, M EX-identi�es f (BC-identi�es f).Note 2.14 If we did not require IIMs to be total, then the class EX wouldnot change. If M is a (not necessarily total) Turing machine that we wantto use as an IIM then we de�ne M 0 to simulate M as follows. To computeM 0(f(0); : : : ; f(n)) �nd the largest i � n (if it exists) such thatM(f(0); : : : ; f(i))halts within n2 steps, and output the answer produced; if no such i exists thenoutput 0. Clearly M 0 EX-identi�es all the functions that M did. These re-marks also apply to BC. (The choice of time bound is not important.)4



Example 2.15 Let S1 = ff : 'f(17) = fg and S2 = ff : f =� �x[0]g. Notethat S1 2 EX and S2 2 EX. Techniques of the Blums [BB75], or Case andSmith [CS83], can be used to show that S1 [ S2 =2 EX. Hence, REC =2 EX.We consider using (categorical) oracle Turing machines instead of (total)Turing machines.De�nition 2.16 An oracle Turing machine M () is categorically total if, forevery X, MX is total. Note that if M () is categorical then, given � and x,one can test if M�(x) " recursively.De�nition 2.17 An oracle inductive inference machine (OIIM) M () is acategorically total Turing machine. We interpret MA to be trying to learn arecursive function f similar to our interpretation of an IIMM trying to learna recursive function f . We de�ne MA EX[A]-identi�es f (BC[A]-identi�esf) similar to our de�nition of M EX-identi�es f (BC-identi�es f).De�nition 2.18 Let S be a set of recursive functions. S 2 EX[A] (BC[A])is de�ned similar to S 2 EX (BC).Note 2.19 If we did not require OIIMs to be categorically total, then theclasses EX[A] would not change. If M () is a (not necessarily categorical)Turing machine that we want to use as an OIIM then we de�ne M 0A tosimulate MA as follows. To compute M 0A(f(0); : : : ; f(n)), �nd the largesti � n (if it exists) such that MA(f(0); : : : ; f(i)) halts within n2 steps, andoutput the answer produced; if no such i exists then output 0. Clearly M 0AEX[A]-identi�es all the functions that MA did. These remarks also apply toBC[A]. (The choice of time bound is not important.)Note that in the de�nition of EX[A] (and the other classes) we are infer-ring indices for recursive functions, not indices for recursive-in-A functions.Example 2.20 REC 2 EX[K] via the following well-known inference pro-cedure (introduced in [Gol67]). Upon seeing initial segment �, output theleast e such that for every x 2 dom(�)['e(x) #= �(x)]. Note that even af-ter the correct index is found in�nitely many queries to K are made to keepverifying that the index is correct. 5



Note 2.21 Using REC 2 EX[K] we can give an easy proof of a theoremof Harrington. De�ne BC� as follows: S 2 BC� if there exists an IIM Msuch that, for all f 2 S, when f is fed into M almost all the programs outputcompute functions that are equal to f almost everywhere. Harrington showed(see [CS83]) that REC 2 BC�. We give an alternate proof. Let M () be theOIIM such that MK infers REC. Let N be the IIM that operates as follows:'N(�)(s) = 'MKs(�)(s). It is easy to show that N BC�-infers REC.Example 2.22 LetS = ff : f(0) 2 A0 ^ 'f(1) = fg [ ff : f(0) =2 A0 ^ f =� �x[0]g:Note that S 2 EX[A] by using an A-approximation to A0, which exists bythe Limit Lemma (see [Soa87, p. 57]).De�nition 2.23 Let S be a set of recursive functions. S 2 EX[A�] if thereexists an OIIM M () such that (1) S is EX[A]-identi�ed by MA, and (2) forevery f 2 S, during the inference of f by MA, only �nitely many queries toA are made. BC[A�] is de�ned similarly.Example 2.24 Note that REC 2 EX[TOT�] by asking if a machine is to-tal before considering it. Also note that the proof of REC 2 EX[K] uses anOIIM MK that makes in�nitely many queries to K; we later show (Theo-rem 5.7) that REC =2 EX[K�].De�nition 2.25 Let S be a set of recursive functions. S 2 EX[A[m]] ifthere exists an OIIM M () such that (1) S is EX[A]-identi�ed by MA, and(2) for every f 2 S, during the inference of f by MA, at most m queries toA are made. BC[A[m]] is de�ned similarly.Example 2.26 LetT1 = ff : (9i � 63)[(f(0); : : : ; f(i) 2 A)^(f(i+1); : : : ; f(63) =2 A)^('f(i) = f)g:6



It is easy to see that T1 2 EX[A[64]]. Using binary search one can obtainT1 2 EX[A[6]]. (Actually T1 2 EX since jT1j is �nite.)LetT2 = ff : (9i)[(f(0); f(1); : : : ; f(i) 2 A) ^ (f(i+ 1) =2 A) ^ ('f(i) = f)g:It is easy to see that T2 2 EX[A�].LetT3 = ff : f(0) 2 A ^ 'f(1) = fg [ ff : f(0) =2 A ^ f =� �x[0]g:It is easy to see that T3 2 EX[A[1]].De�nition 2.27 A �i B if EX[A] � EX[B] (the `i' stands for `inference').A �i B if EX[A] = EX[B]. An EX-degree is an equivalence class under�i. A ��i B if EX[A�] � EX[B�]. A ��i B if EX[A�] = EX[B�]. AnEX�-degree is an equivalence class under ��i . The BC-degrees and BC�-degrees are de�ned similarly. More generally, these de�nitions would makesense for any of the classes usually studied in inductive inference. Thesedegree structures are spoken of informally as the degrees of inferability.De�nition 2.28 An EX-degree is trivial if for every A in that degree,EX[A] = EX. An EX-degree is omniscient if for every A in that de-gree REC 2 EX[A]. The notions trivial and omniscient can be de�ned forother types of degrees of inferability.Notation 2.29 Let � 2 N�, A � N, f be a function, and M () be an OIIM.� � f means that � is an initial segment of f . MA(�) is a guess for anindex for f ; note that MA(�) does not have access to f(j�j). We will oftentry to diagonalize by looking at 'MA(�)(j�j).We will need the notion of team inference while investigating EX andBC degrees of inferability. We will study degrees of inferability relative toteam inference itself in Section 6.1 7



De�nition 2.30 Let a; b be such that 1 � a � b. A set of recursive functionsS is in [a; b]EX (concept from [Smi82], notation from [PS88]) if there existb IIMs M1,M2,: : :, Mb such that, for every f 2 S, there exist i1; : : : ; ia,1 � i1 < � � � < ia � b, such that Mi1 ; : : : ;Mia all EX-infer f . If a = 1then in the literature this is referred to as inferring S by a team of b IIMs.[a; b]BC is de�ned similarly.Convention 2.31 In this paper when the notation [a; b]EX is used it isassumed that 1 � a � b.We will need the following construct.De�nition 2.32 If I is a �nite set of indices for Turing machines then thepartial recursive function AM(I) is computed as follows: on input x run,for every e 2 I, 'e(x) (dovetail over all e 2 I). Whichever one halts �rst(if any), output its answer. The `AM ' stands for amalgamation. We writeAM(i1; : : : ; in) instead of the (formally correct) AM(fi1; : : : ; ing).3 Technical SummaryWe examine when a degree of inferability can be trivial, and when it can beomniscient. We then extend these questions to other notions of inferability.This paper, together with [AB91, JS, KS93b], describes all that is known forthese questions. All results listed are in this paper unless otherwise noted.A more comprehensive summary is in Section 7.Notation 3.1 G(A) stands for the condition that either A is recursive, orA �T K and is in a 1-generic Turing degree.1) When are EX-degrees (and variations) trivial?a) If EX[A] = EX then A is low.b) EX[A] = EX i� G(A). (The backwards direction is in this paper.The forward direction was �rst shown in [SS91] and is quite di�-cult. An easier proof appears in [KS93b]. ) This supersedes itema), but a) has an easy proof.8



c) EX[A�] = EX i� A �T K.d) (8m)[EX[A[m]] = EX i� A �T K].2) When are BC-degrees (and variations) trivial?a) If BC[A] = BC then A is low.b) BC[A] = BC i� G(A). (The backwards direction is in this paper.The forward direction can be obtained by a modi�cation of theproof of a similar result for EX which is in [SS91], or directly in[KS93b].) This supersedes item a), but a) has an easy proof.c) BC[A�] = BC i� A �T K.d) (8m)[BC[A[m]] = BC i� A �T K].3) When are EX-degrees (and variations) omniscient?a) REC 2 EX[A] i� A is high (proven in [AB91]). Also see [KS93b]).b) REC 2 EX[A�] i� ;00 �T A�K.c) (8m)(8A)[REC =2 EX[A[m]]].4) When are BC-degrees (and variations) omniscient?a) If A is r.e. then REC 2 BC[A] i� A is high.b) There exists a low set A such that REC 2 BC[A].c) For all X there exists A such that X �T A00 and REC =2 BC[A].d) REC 2 BC[A�] i� ;00 �T A�K.e) (8m)(8A)[REC =2 BC[A[m]]].5) Other notions of inference. For most other degrees of inference, thosethat are variations on EX[A] (EX[A�], BC[A],BC[A�]) act very muchlike EX[A] (EX[A�], BC[A], BC[A�]). There are two notable ex-ceptions. (1) PEX is the set of all S � REC such that S can beinferred by a machine that outputs only indices for total functions.The PEX-degrees and PEX�-degrees seem to behave in a mannerquite di�erent from the EX-degrees and EX�-degrees. (2) If the num-ber of mindchanges that an OIIM can make is bounded, the resulting9



inference-degrees behave exactly like the Turing-degrees, which is notat all similar to the EX-degrees. See Section 6 for de�nitions of othernotions of inference, and the table in Section 7 for a summary of results.It is open to determine when REC 2 BC[A]. Our results suggest thatthere is no nice characterization of such A.The sections of this paper are organized as follows.1. Introduction2. De�nitions and Notation2.1. Standard De�nitions2.2. De�nitions from Inductive Inference3. Technical Summary4. When are Degrees Trivial?4.1 EX[A[m]], BC[A[m]], EX[A�], and BC[A�]4.2 EX[A] and BC[A]5. When are Degrees Omniscient?5.1 EX[A[m]] and BC[A[m]]5.2 EX[A�] and BC[A�]5.3 EX[A] and BC[A]5.3.1 The r.e. case5.3.2 A Low A such that REC 2 BC[A]5.3.3 Arbitrary High Double Jump is Not Enough6. Other Notions of Inference6.1 [a; b]EX{ Teams of Machines6.1.1 �-Triviality6.1.2 Triviality6.1.3 �-Omniscience6.1.4 Omniscience for [a; b]EX6.1.5 Omniscience for [a; b]BC6.2 EXn, EX�, BCn, BC�{ Allowing Errors6.3 EXn{ Bounding Mind Changes6.4 PEX{ Guesses are total6.5 Combinations7. Conclusions and Open Problems8. Acknowledgments 10



4 When are Degrees Trivial?Slaman and Solovay proved the following theorem (see [KS93b] for an easierproof). We state it here so we can refer to it.Theorem 4.1 ([SS91]) If EX = EX[A] then G(A).We will need the following concepts from the theory of bounded queries.They were introduced in [BGGO93]. We use them in Sections 4.1 and 6.3.De�nition 4.2 FAk is the function with domain Nk and range f0; 1gk de�nedby FAk (x1; : : : ; xk) = �A(x1) � � ��A(xk):We will need to code the output of FAk as a natural number.De�nition 4.3 Let NUM denote the function from f0; 1g� to N that maps� to the number it represents in binary (formally � maps to P�(i)=1 2j� j�i�1).Note that NUM(�1) = 2NUM(� ) + 1 and NUM(�0) = 2NUM(� ).Clearly FAk can be computed with k queries to A. In [BGGO93] it wasshown that for all k;A;X; Y the following holds: if FA2k can be computedwith k queries to X and arbitrary queries to Y then A �T Y . The followingproposition is equivalent to this statement. (The proof of the proposition,and the equivalence, are in [BGGO93].)Convention 4.4 Throughout this section we take W0;W1; : : : to be an enu-meration of all r.e. subsets of f0; 1g�, instead of r.e. subsets of N.De�nition 4.5 A function f is m-enumerable-in-Y if there exists a recur-sive function h such that for all x, jWh(x)j � m and f(x) 2 Wh(x).Proposition 4.6 If FAm(x1; : : : ; xm) is m-enumerable-in-Y then A �T Y .Note 4.7 Much more is known about bounded queries. We state two results,one of which we will refer to in later notes.11



i. Kummer[Kum92] showed that Proposition 4.6 hold if FAm(x1; : : : ; xm) isreplaced by the function #Am(x1; : : : ; xm) = jfi : xi 2 Agj.ii. Kummer and Stephan [KS93a] have shown that for any nonrecursiveset A there is a function TREEAk that can be computed with k queriesto A that cannot be computed with k�1 queries to any set. This will beused in two places (Notes 4.16 and 6.35) to slightly improve our results.4.1 EX [A[m]], BC[A[m]], EX [A�], and BC[A�]Kinber [Kin90] showed that there exists a setA such that, for all i, EX[A[i]] �EX[A[i+1]]. It was later shown (see [GJPS91]) that, for all i, EX[FIN [i]]�EX[FIN [i+ 1]].We show that EX[A�] = EX i� A �T K. Hence when A �T K wehave EX = EX[A[1]] = EX[A[2]] = � � � = EX[A�]. The question arisesas to when and how query hierarchies can collapse. The following theoremanswers virtually all questions that could be asked.Theorem 4.8 The following are equivalent.i. A �T K.ii. (9n)[EX[A[n]] = EX[A[n+ 1]]].iii. (8n)[EX[A[n]] = EX[A[n+ 1]]].iv. EX = EX[A�].v. (9n)[BC[A[n]] = BC[A[n+ 1]]].vi. (8n)[BC[A[n]] = BC[A[n+ 1]]].vii. BC = BC[A�].We prove this after establishing several lemmas.Lemma 4.9 If A �T K, then EX[A�] = EX and BC[A�] = BC.12



Proof:Let A �T K and let S be EX[A�]-identi�ed via MA. We show S 2 EX.Since A �T K, by the Limit Lemma (see [Soa87, p. 57]), there existsa recursive function h(x; s) such that A(x) = lims!1 h(x; s). Let As =f0; : : : ; sg \ fx : h(x; s) = 1g.We de�ne an IIM M 0 that infers S. On input �, M 0 outputs MAj�j (�).We show that if f 2 S then M 0 infers f . Let f 2 S. Let x0; : : : ; xm bethe set of all queries that MA makes while inferring f . Let n be the leastnumber such that (8i � m)(8s � n)[xi 2 A i� xi 2 As]. It is easy to see that(8� � f)[j�j � n)M 0(�) =MA(�)]. Hence M 0 infers f .The proof for BC is similar.Note 4.10 The proof of Lemma 4.9 can be easily modi�ed to show that, forall B, EX[(B�K)�] = EX[B�] and BC[(B�K)�] = BC[B�]. We will usethis later in Lemma 5.6 to help prove Theorem 5.8. It can be further modi�edto show that [a; b]EX[(B �K)�] = [a; b]EX[B�] and [a; b]BC[(B�K)�] =[a; b]BC[B�]. We will use this later in Lemma 6.5 to help prove Theorem 6.6The next lemmawe prove about EX[A[m]] (and BC[A[m]]) gives anotherway of dealing with these classes. It will be useful in proving Lemma 4.13.We will also use it later to prove Theorem 5.2.Lemma 4.11 For all m;A, EX[A[m]]� [1; 2m]EX and BC[A[m]]� [1; 2m]BC.Proof:We show EX[A[m]]� [1; 2m]EX. Let S 2 EX[A[m]] viaMA. We de�ne2m IIMs as follows: for every string � 2 f0; 1gm, letM(�;�) be the IIM thatsimulatesMA by answering the ith query with the ith bit of �. If more than mqueries are made, thenM(�;�) outputs 0 thereafter. For every f 2 S, thereexists a � 2 f0; 1g�, j� j � m, such that � contains all the correct answers toqueries asked by MA while inferring f . Let � be such that j�j = m and � isa pre�x of �. It is easy to see that f is inferred by M(�;�).The proof for BC[A[m]]� [1; 2m]BC is similar.De�nition 4.12 Let SAm be the set of recursive functions f such that thefollowing holds. 13



i. There exist a; b; x1; : : : ; xm; d such that f(0) = ha; b; x1; : : : ; xmi andd = a+ (b�NUM(FAm(x1; : : : ; xm))).ii. There exists e such that(a) if d is as in part i then for almost all k, f(hd; ki) = e, and(b) for all x � 1, f(x) = 'e(x).If f 2 SAm then f codes an index for a function that is identical to fexcept at 0. However, knowledge of A is needed to know where in f to lookfor this index.Lemma 4.13 The following are true for all A;m; n.i. SAm 2 EX[A[m]].ii. SAm 2 EX[A[n]]) SAm+1 2 EX[A[n+ 1]].iii. (9m0)[SAm0 =2 EX[A[m]]]) (EX[A[m]]� EX[A[m+ 1]]).iv. EX[A[m]] = EX[A[m+ 1]]) (8m0)[SAm0 2 EX[A[m]] � [1; 2m]EX].v. BC[A[m]] = BC[A[m+ 1]]) (8m0)[SAm0 2 BC[A[m]]� [1; 2m]BC].Proof:i. We infer SAm as follows. Upon seeing f(0) = ha; b; x1; : : : ; xmi we ask the mqueries `xi 2 A?' (1 � i � m) and compute d = a+(b�NUM(FAm(x1; : : : ; xm))).Henceforth, whenever f(hd; ki) = e is observed output s(e) where s is thetotal recursive function de�ned by's(e)(x) = � f(0) if x = 0;'e(x) otherwise.By the de�nition of SAm almost all guesses will be the same and will be indicesfor f .ii. Assume SAm 2 EX[A[n]] via MA. We infer SAm+1 with n + 1 queries toA as follows. Upon seeing f(0) = ha; b; x1; : : : ; xm+1i query `xm+1 2 A?' IfYES then feed the graph of the following function into MA.h(x) = � ha+ b; 2b; x1; : : : ; xmi if x = 0;f(x) otherwise.14



Note that h 2 SAm (this uses part ii.b of the de�nition of SAm, and NUM(�1) =2NUM(� ) + 1). Hence MA will correctly infer h and make only n queries.Whenever MA outputs index e we output s(e) where s is the total recursivefunction de�ned by 's(e)(x) = � f(0) if x = 0;'e(x) otherwise.Since MA correctly infers h our process correctly infers f . Since the onlyqueries made are `xm+1 2 A?' and the � n queries in the inference of h byMA, a total of � n+ 1 queries to A are made.If the answer to `xm+1 2 A?' had been NO then use the functionh(x) = � ha; 2b; x1; : : : ; xmi if x = 0;f(x) otherwiseand proceed as above.iii. Assume there exists m0 such that SAm0 =2 EX[A[m]]. By i, SAm 2EX[A[m]]. Hence there exists m00 such that SAm00 2 EX[A[m]] but SAm00+1 =2EX[A[m]]. By ii, SAm00+1 2 EX[A[m+ 1]]. Hence SAm00+1 2 EX[A[m+ 1]]�EX[A[m]] so EX[A[m]] � EX[A[m+ 1]].iv. If EX[A[m]] = EX[A[m+ 1]] then, by iii, for all m0, SAm0 2 EX[A[m]].By Lemma 4.11, EX[A[m]] � [1; 2m]EX. Hence, for allm0, SAm0 2 [1; 2m]EX.v. The proofs of i, ii, iii, iv hold for BC by replacing EX by BC.Lemma 4.14 If SAm 2 [1;m]BC then A �T K.Proof:Throughout this proof `infer' means `BC-infer'.Assume SAm 2 [1;m]BC via M1; : : : ;Mm. We use M1; : : : ;Mm to showthat FAm is m-enumerable-in-K. By Proposition 4.6 this will imply A �T K.On input x1; : : : ; xm we try to construct recursive functions ff�g�2f0;1gm(which depend on x1; : : : ; xm) such that, for all � , f� is not inferred by anyof M1; : : : ;Mm. We will fail|one of the f� will be partial. This failurewill yield information about A. Using oracle K we will �nd � such thatf� is partial. We will then enumerate � as a possibility for FAm(x1; : : : ; xm).Using information about f� we will construct a new set of functions that may15



yield another possibility for FAm(x1; : : : ; xm). This process may be repeated;however, at most m possibilities will be enumerated.ENUMERATIONi. P := f0; 1gm, J := f1; : : : ;mg, and g := f(0; h0; 1; x1; : : : ; xmi)g.(P stands for possibilities for FAm(x1; : : : ; xm).) We construct ff�g�2Pto diagonalize against all IIMs in fMjgj2J . The function g will be asubfunction of every f� . In the future this will guarantee that f� is notinferred by any IIM in fMjgj2f1;:::;mg�J .)ii. Compute indices for the functions in ff�g�2P described below.CONSTRUCTION OF f�(a) Stage 0: Let e be an index for f� (obtained via the recursiontheorem). Letf0� = g [ f(hNUM(� ); ki; e) : hNUM(� ); ki =2 dom(g)g:(This step needs an index for dom(g). During the �rst executionof step ii this is trivial. In later executions the index will comefrom the last execution of step iii.c.)(b) Stage s+ 1: If there is no j 2 J such that j � s (mod m) thengo to stage s + 2. If there is such a j then look for � 2 N�; t 2N; b 2 f0; 1g such that � is consistent with f s� , j�j =2 dom(f s� ), and'Mj(�)(j�j) #6= b. If such are found then setf s+1� := f s� [ f(x; �(x)) : x 2 dom(�)g [ f(j�j; b)g:END OF CONSTRUCTIONiii. Using oracle K search for � 2 P , j 2 J , such that f� is partial andduring the stage where f� could not be extended the construction wasworking with machine Mj. (This search will terminate the �rst timestep iii is executed but need not terminate in a later execution.) If such�; j are found then do the following.(a) Enumerate � (� is a possibility for FAm(x1; : : : ; xm)).16



(b) P := P�f�g, J := J�fjg, g := f� . (Note that all total extensionsof g are not inferred by Mj . Inductively, all total extensions of gare not inferred by any IIM in fMjgj2f1;:::;mg�J , and g is unde�nedon almost all elements in fhNUM(� ); ki : � 2 P; k 2 Ng.(c) Using oracle K �nd the index for a machine that decides dom(g).This is easy since g is the union of a �nite function with the currentf� . (This index is needed in the next execution of step ii.)(d) If J = ; then halt, else go to step ii.END OF ENUMERATIONInitially jJ j = m. Whenever a possibility is enumerated, an element istaken from J ; hence at most m possibilities are enumerated. We show thatFAm(x1; : : : ; xm) is one of them.Assume, by way of contradiction, that �0 = FAm(x1; : : : ; xm) is never enu-merated. Hence throughout the enumeration �0 2 P . There are two cases.Case 1: Fewer than m possibilities are enumerated. Hence there is someiteration where step iii begins but never terminates. Let P; J; g; ff�g�2Pdenote the values of these variables during this iteration. Since step iii neverterminates the functions ff�g�2P are total. Since �0 2 P , f�0 is constructedand is total. Since FAm(x1; : : : ; xm) = �0, by stage 0 of the constructionf�0 2 SAm. Since g is a subfunction of f�0 none of the IIMs in fMjgj2f1;:::;mg�Jinfers f�0. By the construction none of the IIMs in fMjgj2J infers f�0. Hencenone of M1; : : : ;Mm infers f�0. This contradicts that SAm 2 [1;m]BC viaM1; : : : ;Mm.Case 2: Exactly m possibilities are enumerated. Hence the enumerationhalts with �0 2 P . The value of g at the end of the enumeration is suchthat any extension of g is not inferred by any of M1; : : : ;Mm. Since �0 2 P ,g is unde�ned on almost all elements of fhNUM(�0); ki : k 2 Ng. By therecursion theorem there exists e such that the following function has indexe. g0(x) = 8<: g(x) if x 2 dom(g);e if x =2 dom(g) and x = hNUM(�0); ki;0 otherwise.Since g0(0) = h0; 1; x1; : : : ; xmi, FAm(x1; : : : ; xm) = NUM(�0), and for almostall k, g0(hNUM(�0); ki) = e, which is an index for g0, g0 2 SAm. Since g0 is17



an extension of g, g0 is not inferred by any of M1; : : : ;Mm. This contradictsthat SAm 2 [1;m]BC via M1; : : : ;Mm.Proof: (of Theorem 4.8.)By Lemma 4.9 i ) iv and i ) vii. Clearly iv ) iii ) ii, and vii )vi) v. We need only show ii) i and v) i.ii) i: Assume (9n)[EX[A[n]] = EX[A[n+ 1]]. By Lemma 4.13.iv, forall m0, SAm0 2 [1; 2n]EX. In particular SA2n 2 [1; 2n]EX � [1; 2n]BC. ByLemma 4.14 with m = 2n we obtain A �T K.The proof for v) i is similar but uses Lemma 4.13.v.>From Lemma 4.14 we can obtain a result of Smith [Smi82]. This is nota new proof since we used his techniques.Corollary 4.15 REC =2 [1;m]BC.Proof:Let A be such that A 6�T K. By Lemma 4.14 SA1 =2 [1;m]BC. HenceREC =2 [1;m]BC.Note 4.16 Part of Theorem 4.8 can be restated as A 6�T K ) EX[A[n]] �EX[A[n+1]]. Using Note 4.7.ii, and using TREEAn instead of FAn , the proofof Theorem 4.8 can be modi�ed to obtain A 6�T K ) (8B)[EX[A[n+ 1]] 6�EX[B[n]]].4.2 EX [A] and BC[A]We show (1) if EX[A] = EX or BC[A] = BC then A is low, and (2) ifA �T K and A �T G where G is 1-generic then EX[A] = EX and BC[A] =BC. Slaman and Solovay [SS91] (see also [KS93b]) have shown (3) EX[A] =EX ) G(A) (see Notation 3.1 for what G(A) means). A modi�cation oftheir proof (or a direct proof from [KS93b] ) yields (4) BC[A] = BC ) G(A).Although (1) is superseded by (3),(4) we include the proof of (1) since it ismuch simpler than the proof of (3),(4).Theorem 4.17 If EX = EX[A] or BC = BC[A], then A is low.18



Proof:Assume EX = EX[A]. Consider the set SA01 from De�nition 4.12. Notethat SA01 2 EX[A] (use the Limit Lemma [Soa87, p. 57] to approximate A0).Since EX[A] = EX we have SA01 2 EX � BC. By Lemma 4.14 A0 �T K.The proof for BC = BC[A] is similar.We now show that there exist nonrecursive sets A such that EX[A] =EX. By Lemma 4.9 if A �T K then EX[A�] = EX and BC[A�] = BC.Hence, we seek a set A �T K such that EX[A] = EX[A�]. It turns outthat 1-generic sets su�ce. This is not surprising since 1-generic sets forcestatements to be true with only �nite information.We include a de�nition of genericity for completeness. For more informa-tion on genericity see [Joc80].De�nition 4.18 A set G is i-generic if for every �i set W (of elements off0; 1g�) either(9� � G)[� 2 W ], in which case we say that G meets W , or(9� � G)[(8� � �)[� =2 W ]], in which case we say G strongly avoids W .Lemma 4.19 If A �T G where G is 1-generic, then EX[A�] = EX[A].Proof:Let S 2 EX[A]. Since A �T G, S 2 EX[G]. Assume S 2 EX[G] viaMG. We describe an EX[G�] inference procedure for S. We describe it as amachine that requests values of f (rather than receiving them) and outputsan in�nite stream of guesses for indices. This is clearly equivalent to theusual de�nition of an OIIM.INFERENCE-ALGORITHMTo infer f 2 S, we do the following. Initialize i to 0.1) Compute e = MG(f(0); : : : ; f(i)). Let � denote the shortest initialsegment of G of length greater than i which contains all the bits usedin the computation.2) Dovetail the following two procedures.a) Search for j � i and � 2 f0; 1g� such thatM�� (f(0); : : : ; f(j)) #6=e: If such a j; � are found then set i to i+ 1 and go to step 119



b) Continue to output e as the guess for an index for f .END of INFERENCE-ALGORITHMEach pass through steps 1,2 with a new value of i is called an iteration.We �rst show that if an iteration never terminates then the index e outputin step 2:b is an index for f . Since step 2:a never �nds a j; � , and every� is tried (including those that are initial segments of G), we must have(8j � i)[MG(f(0); : : : ; f(j)) = e]. Hence, e must be an index for f .We now show that there is an iteration that never terminates. Let e0; i0 2N, � 2 f0; 1g�, and W � f0; 1g� be such that the following hold.� (8j � i0)[MG(f(0); : : : ; f(j)) = e0].� � is the initial segment ofG used in the computation ofMG(f(0); : : : ; f(i0)).� W = f�� 2 f0; 1g� : (9j � i0)[M�� (f(0); : : : ; f(j)) 6= e0]g.SinceMG infers f , the values of e0; i0; and � exist. Since f is recursive,Wis r.e. Assume, by way of contradiction, that every iteration of the inferenceprocedure above terminates. Then every initial segment ofG can be extendedto meetW (use that the length of � is chosen greater than i during iterationi). Hence,G cannot strongly avoidW . Since G is 1-generic, G must meetW ;hence, there is an initial segment of G in W . This contradicts the de�nitionof e0; i0.Hence we have that S 2 EX[G�]. Since A �T G, S 2 EX[A�].We now prove a similar lemma for BC.Lemma 4.20 If A �T G where G is a 1-generic set, then BC[A] = BC[A�].Proof:Let S 2 BC[A]. Since A �T G, S 2 BC[G]. Assume S 2 BC[G] viaMG. We describe a BC[G�] inference procedure for S. We use the sameconvention for describing OIIMs as in Lemma 4.19.INFERENCE-ALGORITHMTo infer f 2 S, we do the following. Initialize i to 0.20



1) Compute e = MG(f(0); : : : ; f(i)). Let � � G be the shortest initialsegment of G of length greater than i that contains answers to allqueries made. Let I be the singleton set just containing e.2) Dovetail the following two procedures.a) Search for j � i, � 2 f0; 1g�, e0; s; x 2 N such that we havee0 = M�� (f(0); f(1); : : : ; f(j)) and 'e0;s(x) #6= f(x). If such aj; �; e0; s; x are found then set i to i+ 1 and go to step 1.b) Let �0; �1; �2; : : : be the set of all strings that extend �. Letm0;m1;m2; : : : be the set of all numbers � i.For k := 0 to 1 let k = hi; ji and do the following:i) Compute ei;j =M �i(f(0); : : : ; f(mj)) (if a number that is notin dom(�i) is queried then set ei;j to an index for the emptyfunction).ii) Let I be I [ fei;jg. Output AM(I) as a conjecture for whatf does. (See De�nition 2.32 for the de�nition of AM .)END of INFERENCE-ALGORITHMEvery pass through steps 1,2 with a new value of i is called an iteration.We �rst show that if an iteration never terminates then the algorithmBC-infers f . Assume that some iteration never terminates. SinceMG infersf , sometime during the non-terminating iteration, an ei;j is produced thatis the correct index for f . We claim that once that index enters I, AM(I)will always compute f correctly. If it does not then some other index in Iis converging and disagreeing with f . But if this happens then the iterationwill terminate by part 2a.We now show that there is an iteration that never terminates. Let i0 2 N,� 2 f0; 1g� be such that the following hold:� (8j � i0)['MG(f(0);:::;f(j)) = f ].� � is the initial segment ofG used in the computation ofMG(f(0); : : : ; f(i0)).� W = f�� 2 f0; 1g� : (9j � i0)(9s; x)['M��(f(0);:::;f(j));s(x) #6= f(x)]g.>From this point on the proof is similar to that of Lemma 4.19.21



Theorem 4.21 If G(A) then EX[A] = EX and BC[A] = BC.Proof:If A is recursive then clearly EX[A] = EX and BC[A] = BC. Otherwise,by G(A), there exists a 1-generic set G such that A �T G �T K.By Lemmas 4.19 and 4.20, EX[A�] = EX[A] and BC[A�] = BC[A].Since A �T K, by Lemma 4.9, EX[A�] = EX and BC[A�] = BC. Hence,EX[A] = EX[A�] = EX and BC[A] = BC[A�] = BC.5 When are Degrees Omniscient?Adleman and Blum completely characterized the EX-omniscient sets (seealso [KS93b]). We state their result so we can refer to it later.Theorem 5.1 (Theorem 7 of [AB91]) REC 2 EX[A] i� A is high.5.1 EX [A[m]] and BC[A[m]]Theorem 5.2 For all m;A, REC =2 BC[A[m]] and REC =2 EX[A[m]].Proof:By Lemma 4.11, for any oracle A, BC[A[m]] � [1; 2m]BC. By Corol-lary 4.15 (or [Smi82]) REC =2 [1; 2m]BC. Hence, REC =2 BC[A[m]]. SinceEX[A[m]] � BC[A[m]], REC =2 EX[A[m]].5.2 EX [A�] and BC[A�]In this subsection we solve the problem of exactly when REC 2 EX[A�] andexactly when REC 2 BC[A�].We use the following lemmas. The �rst was proven by Jockusch, thesecond is the (relativized) Friedberg Completeness Criterion, and the thirdis an easy relativization of Lemma 4.9.Lemma 5.3 ([Joc72], Theorem 9) For any A the following are equiva-lent.i. There exists h �T A such that REC = f'h(i)gi2N.22



ii. ;00 �T A�K.Lemma 5.4 (See [Soa87], p. 97) The following are true.i. If K �T Z then there exists G such that G0 �T Z. Moreover, G can betaken to be 1-generic (and in particular G0 �T G�K �T Z).ii. Let j � 1. If ;(j) �T Z then there exists G such that ;(j�1) �T G andG0 �T Z. Moreover, G can be taken to be j-generic (and in particularG0 �T G � ;(j) �T Z).Lemma 5.5 If A �T B0, then EX[A�] � EX[B] and BC[A�]� BC[B].Lemma 5.6 For any A there is a 1-generic G such that BC[G�] = BC[G] =BC[A�] and G0 �T G�K �T A�K.Proof:By applying Lemma 5.4.i to Z = A � K we obtain a 1-generic set Gsuch that G0 �T G �K �T A �K. Since G is 1-generic, by Lemma 4.20,BC[G�] = BC[G]. Since A �T G0, by Lemma 5.5, BC[A�] � BC[G] =BC[G�]. Since G �T A�K, BC[G�] � BC[(A�K)�] � BC[A�] (the lastinclusion is obtained by Note 4.10). Hence BC[G�] = BC[G] = BC[A�] asdesired.Theorem 5.7 REC 2 EX[A�] i� ;00 �T A�K.Proof:()): Assume REC 2 EX[A�]. By Lemma 5.4, applied to A � K,there is a set B such that B 0 �T A � K. Since A �T B0, by Lemma 5.5EX[A�] � EX[B], so REC 2 EX[B]. By Theorem 5.1 B is high, hence;00 �T B0 �T A�K.((): Assume ;00 �T A � K. By Lemma 5.3 there exists h �T A suchthat REC = f'h(i)gi2N. We de�ne an OIIM (that uses oracle A) as follows:Upon receiving the �rst s input values of f , output h(i) for the smallest isuch that 'h(i) agrees with f on the given values. Clearly, for any inputf 2 REC the machine computes h only on �nitely many arguments, whichrequires only �nitely many queries to A. Thus REC 2 EX[A�].23



Theorem 5.8 REC 2 BC[A�] i� ;00 �T A�K.Proof:By Theorem 5.7 ;00 �T A�K impliesREC 2 EX[A�] � BC[A�]. Hencewe need only prove the other direction.Assume REC 2 BC[A�]. Then by Lemma 5.6, there is a 1-generic setG such that G0 �T G � K �T A � K and BC[G�] = BC[A�]. SinceREC 2 BC[A�], REC 2 BC[G�]. Let REC 2 BC[G�] via MG.We will show that G is high by constructing a G-recursive function g thatdominates all recursive functions. After we show that G is high we will have;00 �T G0 �T G �K �T A�K, as desired. (We will not be using the factthat G is 1-generic.)First we de�ne two functions independent of G. Second we use thesefunctions to construct a G-recursive function g. Third we prove that g dom-inates all recursive functions. We split it up this way so that we can use thefunctions constructed in the �rst part in both the second and third parts.First part: We de�ne recursive functions  and T where  maps �� �N to��, and T maps �� �N to Pfin(N) (the set of �nite subsets of N). We willhave � =  (�; 0) �  (�; 1) � � � �fD : D � f0; : : : ; j�jgg = T (�; 0) � T (�; 1) � � � �The idea is that we are (at �rst) looking for an extension � of � and asubsetD of f0; 1; : : : ; j�jg such that 'MD(�) is wrong on j� j (or asks a question> j�j). The second parameter bounds how long we can search for such anextension.  will be larger and larger extensions of �; T will be a shrinkingcollection of possible �nite oracles. We try to make more and more of theoracles in T yield incorrect guesses.Let � denote the concatenation of strings. We de�ne  and T inductively.For the base case we de�ne (�; 0) = �;T (�; 0) = fD : D � f0; : : : ; j�jgg:Assume  (�; t) and T (�; t) have been de�ned. If there exists some D 2T (�; t), some string � with j� j < t and some b 2 f0; 1g such that'MD( (�;t)��)(j (�; t) � � j) #6= b within t stepsor MD( (�; t) � � ) queries some x > j�j24



then take the �rst such (D; �; b) and let (�; t+ 1) =  (�; t) � � � b;T (�; t+ 1) = T (�; t)� fDgelse  ; T remain unchanged ( (�; t+ 1) =  (�; t); T (�; t+ 1) = T (�; t)).Note 5.9 There are at most 2j�j+1 + 1 distinct values of  (�; t). This isbecause every time  (�; t) changes a set is removed from T (�; t), and thereare 2j�j+1 elements in T (�; 0).Second part: There is a G-recursive function g given by:ĝ(�) = (�t > j�j) [ G � j�j =2 T (�; t)]g(n) = maxj�j�nfĝ(�)gNote 5.10 The intuition behind ĝ(�) is that, given �, and noting that  (�; 0) � (�; 1) � � �, we are looking for the least t such that the extension  (�; t) mightfool MG. In particular note that either MG( (�; ĝ(�)) makes a query largerthan j�j or 'MG( (�;ĝ(�))) is a function that does not have initial segment (�; ĝ(�)).We show that ĝ is total (given this, clearly g is total and g �T G). Lett1 be the least number > j�j such that(8s � t1)[ (�; t1) =  (�; s) and T (�; t1) = T (�; s)]:We claim G � j�j =2 T (�; t1), so ĝ(�) � t1 and exists. Assume, by way ofcontradiction, that G � j�j 2 T (�; t1). Let t2 be the minimum number suchthat t1 � t2 and there exists t3 < t2 such that one of the following occurs.i. The MG( (�; t2) � 0t3) computation never makes a query > j�j and'MG( (�;t2)�0t3)(j (�; t2) � 0t3 j) #6= 1 within t2 steps.ii. MG( (�; t2) � 0t3) queries some x > j�j.25



Such t2 exists since MG infers  (�; t2) � 0!. The triple (G � j�j; 0t3; 1) will benoted as a candidate for (D; �; b) when de�ning  (�; t2+1). Hence  (�; t2+1) 6=  (�; t1). But this contradicts the choice of t1.Third part: Assume, by way of contradiction, that g does not dominate allrecursive functions. Then there exists a recursive increasing h such that(19n)[g(n) < h(n)]. For given �, leth0(�) = (�t � j�j) [ (�; t) =  (�; h(t)) ^ t > j (�; t)j ]:h0 is total by Note 5.9. Clearly h0 is recursive. We de�ne a sequence of stringsinductively. Let �0 = 0, and let �n+1 =  (�n; h0(�n)) � 0. Let f be de�ned asthe limit of the sequences. Note that f is recursive.Note 5.11 The intuition behind f is as follows. f is the limit of the sequence�0 � �1 � � �. We are hoping to fool MG each time we extend �i to �i+1. Thatis, we are hoping that, for each i, either MG(�i) makes queries larger thanj�ij or 'MG(�i) is a function that does not have initial segment �i. If we coulduse g instead of h this hope would be a reality; however, by using h, we areat least guaranteed to fool MG in�nitely often.Since f is recursive, f is BC[G�]-inferred by MG. Therefore there is anumber m such that for all �, �m � � � f :i. 'MG(�) = f .ii. MG(�) queries no element greater than j�mj.Since (19n)[g(n) < h(n)], there is some n > j�m+1j such that g(n) < h(n).Let k be the greatest number such that j�kj � n. We havej�mj < j�kj � n < j�k+1j:Let t = h0(�k). By the de�nition of h0 we have  (�k; t) =  (�k; h(t)) andt > j (�k; t)j. By the de�nition of �k+1 we have �k+1 =  (�k; t) � 0, hencen < j�k+1j = j (�k; t)j + 1 � t. Since h is increasing we know that h(n) �h(t). We now have (�k; ĝ(�k)) �  (�k; g(n)) �  (�k; h(n)) �  (�k; h(t)) =  (�k; t) � �k+1:By the construction of ĝ, G � j�kj =2 T (�k; ĝ(�k)). Thus there is some string�, �k � � � �k+1, such that one of the following occurs.26



� The MG(�) computation makes no query > j�kj and 'MG(�)(j�j) #6=f(j�j), which contradicts condition i.� MG(�) queries some x > j�kj > j�mj, which contradicts condition ii.5.3 EX [A] and BC[A]Adleman and Blum [AB91] showed that REC 2 EX[A] i� A is high. It isan open question as to when REC 2 BC[A]. The rest of this subsection willprovide evidence that the question of when REC 2 BC[A] does not have anice answer. We show (1) for A r.e., REC 2 BC[A] i� A is high, (2) thereexists a low set A such that REC 2 BC[A], and (3) the statement `if Ais high2 then REC 2 BC[A]' is false in a strong way: there are sets A ofarbitrarily high double jumps such that REC =2 BC[A].5.3.1 The r.e. caseNotation 5.12 u(A; e; x; s) is the maximum element of the oracle thatMAe;s(x)queries. u is referred to as the use function. We will be dealing with a �xedcategorically total oracle Turing machine M (), so we leave out the index eand the time s. The resulting notation is u(A;�).Note 5.13 If A is r.e. and As � x = A � x then for all t � s At � x = A � x.In particular if As � u(A;�) = A � u(A;�) then for all t � s the computationMAt(�) is identical to that of MA(�).De�nition 5.14 Let �; � 2 f0; 1g�. Then � < � means that either j�j < j� j,or j�j = j� j and � is lexicographically less than � .Theorem 5.15 Let A be r.e. REC 2 BC[A] i� A is high.27



Proof:The reverse direction is easy: A high) REC 2 EX[A] (by Theorem 5.1)and EX[A] � BC[A] trivially.For the forward direction, assume, by way of contradiction, that A is nothigh (i.e., ;00 6�T A0) and REC 2 BC[A] via MA. Since ;00 6�T A0, for allg �T A, there exists a recursive h such that 19x[g(x) < h(x)] (see [Soa87,p. 208]). We will de�ne a particular g �T A and use the corresponding h tobuild an f 2 REC such that MA does not BC-infer f .We try to imitate the standard construction of a recursive function thatis not BC-identi�ed by a (non oracle) IIM. Since we have an OIIM, a directimitation is impossible. We can use an approximation to A, but we need thatthe approximation is valid in�nitely often. To help achieve this we de�ne anauxiliary function ĝ �T A from f0; 1g� to N. Intuitively ĝ(�) tells us howgood an approximation to A we need to look at to �nd an extension �0 � �such that 'MA(�0)(j�0j) #. This is useful in trying to build a function f notinferred byMA since, as in the standard construction of a recursive functionnot BC-identi�ed, a convergence is a chance to diagonalize.ALGORITHM for ĝ1) Input(�).2) Look for a �0; s0 such that � � �0 and 'MA(�0);s0(j�0j) #.3) Let s00 = �s[(8�00 � �0)[As � u(A;�00) = A � u(A;�00)]]: (By Note 5.13(8s � s00)[As � u(A;�00) = A � u(A;�00)].)4) Output maxfs0; s00; j�0jg.END OF ALGORITHMWe show that ĝ is total by showing that, during step 2 of the executionof the algorithm on input �, an appropriate �0 and s0 are found. Since MABC-identi�es REC, MA BC-identi�es the function �0!. Let �/ be suchthat � � �/ � �0! and MA(�/) is an index for the function �0!. Since'MA(�/)(j�/j) #, there exists s/ such that 'MA(�/);s/(j�/j) #. Since �/; s/satisfy the conditions for �0; s0, some �0; s0 will always be found.Let g be de�ned by g(n) = maxj�j=n ĝ(�). It is easy to see that g �T Aand g is total. Let h be a recursive function such that (19n)[g(n) < h(n)].We can take h to be increasing. 28



At the end of stage n of the construction we will have �n, an initialsegment of the function f . During stage n + 1 we will want to extend �nto some �+, in the hope of making 'MA(�+)(j�+j) 6= f(j�+j). In the searchfor such an extension we can only use an approximation to A. If we areconsidering using �+ for our extension, we will use the approximationAh(j�+j).In the construction below the term `least' when applied to strings is rel-ative to the ordering of De�nition 5.14.CONSTRUCTIONStage 0: �0 = � (the empty string).Stage n+1: Look for the least �+ such that there exist b; t with �n � �+,j�+j � t, b 2 f0; 1g, and 'MAt(�+);t(j�+j) #6= b, where t = h(j�+j). Let�n+1 = �+b.END OF CONSTRUCTIONWe show that every stage terminates, hence for all n, �n exists. Thusthe function f = Sn �n is total recursive. We then show that MA does notBC-infer f .1) Every stage terminates. We need to show that the search in stagen + 1 terminates. Let l be minimal such that l � j�nj and g(l) < h(l).Let � = �n0l�j�n j. By the de�nition of g, there are �0; s0 such that � � �0,'MA(�0);s0(j�0j) #, and Ag(l) � u(A;�0) = A � u(A;�0). As h(j�0j) � h(l) > g(l)it follows that �+ := �0 and b := 1 : 'MA(�0);s0(j�0j) satisfy the condition instage n+ 1. By Note 5.13, Ah(j�0j) � u(A;�0) = A � u(A;�0).2)MA does not infer f : Suppose that l; n and �+ satisfy the following con-ditions: j�nj � l < j�n+1j, �n+1 = �+b, g(l) < h(l). Then 'MA(�+)(j�+j) 6=f(j�+j), as we will now show: Let � denote the initial segment of �+ oflength l, and let �0 be the string found in step 2 of the computation of ĝ(�).Note that ĝ(�) � g(l) < h(l) � h(j�+j). Since �+ is chosen to be the leastextension that works, �+ � �0. By Note 5.13, (8t � ĝ(�))[At � u(A;�+) =A � u(A;�+)]. It follows that 'MA(�+)(j�+j) 6= b = f(j�+j).As there are in�nitely many l as above, we get thatMA does not BC-inferf .Corollary 5.16 The following statement is false: if A is high2 then REC 2BC[A]. 29



Proof:Let A be r.e. and high2 but not high (such an A exists| see [Soa87,p. 140]). By Theorem 5.15 REC =2 BC[A].5.3.2 A Low A such that REC 2 BC[A]In this section we show that there is a low set A such that REC 2 BC[A].De�nition 5.17 Let f and g be partial functions. f is compatible with g i�(8x 2 dom(f) \ dom(g))[f(x) = g(x)]. f is incompatible with g otherwise.f extends g (g � f), i� f is compatible with g and dom(g) � dom(f).Theorem 5.18 There is a low set A such that REC 2 BC[A].Proof:We will obtain a low set A and present an A-recursive algorithm thatBC[A]-infers REC. The idea behind the algorithm is that, at stage s,we will amalgamate some subset of (modi�ed versions of) the functionsf'c(s); 'c(s)+1; : : : ; 'sg. We control c(s). We think of 'c(s) as being correct(or at least not in contradiction to f) and hence we only use partial recursivefunctions that seem to be compatible with it. We may also change our valueof c(s) if either a guess made a while back based on this value is seen tocontradict f , or if some function 'j that is seen to be extended by f seemsto not be extended by 'c(s). Both of these conditions are seen as evidencethat the current value of c(s) leads to guesses that are incorrect. In eithercase we increment c(s) by one.The problem is how to get information about what seems to be an exten-sion. In order to make it possible to know that two functions are compatiblewe deal with functions that are modi�ed. Let u(j; a) be the total recursivefunction such that'u(j;a)(x) = �'j(x) if (9s)['j;s(x) # and a =2 Ks+x];" otherwise.If a =2 K then 'u(j;a) = 'j. If a 2 K and s is the least number suchthat a 2 Ks then dom('u(j;a)) � f0; : : : ; s� 1g, 'u(j;a) � 'j;s, and 'u(j;a) canbe completely determined; hence in this case testing whether (say) 'i is anextension of 'u(j;a) is an r.e. procedure.30



De�nition 5.19 Let a; i; j 2 N. If there exist x; s such that 'i;s(x) #6='u(j;a);s(x) # then 'i is seen to be incompatible with 'u(j;a). If there exist s; tsuch that a 2 Ks and 'i;t is an extension of 'u(j;a) (which can be completelydetermined) then 'i is seen to be an extension of 'u(j;a). Note that it is notpossible for both of these to occur, though it is possible for neither to occur.We now present a partial recursive function whose intention (not alwaysachieved) is to tell whether 'i is an extension of 'u(j;a) or if 'i is incompatiblewith 'u(j;a).
(i; j; a) = 8<:EXT if 'i is seen to be an extension of 'u(j;a);INCOMP if 'i is seen to be incompatible with 'u(j;a);" otherwise.Note that the following hold.i. 
(i; j; a) = INCOMP i� 'i is incompatible with 'u(j;a).ii. 
(i; j; a) = EXT implies 'i is compatible with 'u(j;a).iii. If a 2 K and 
(i; j; a) 6= EXT then 'i does not extend 'u(j;a).By the Low Basis Theorem (see [Soa87, p. 109]) there is a low set Asuch that 
 can be extended to an A-recursive total function g with rangefEXT; INCOMPg. We relabel the outputs so that they are now fCOMP; INCOMPg(Fact 5.20 will make clear why we relabel it as such). This is the desired setA. We will use A as an oracle to compute g, which will yield informationabout functions being compatible.We will use the following easily veri�ed facts about g. They all clarify inwhat ways we can use g to test whether 'i is compatible with 'u(j;a).Fact 5.20 The following hold.i. If g(i; j; a) = INCOMP then 
(i; j; a) 6= EXT , which does not yieldany information. If in addition a 2 K then 'i does not extend 'u(j;a).ii. If g(i; j; a) = COMP then 
(i; j; a) 6= INCOMP hence 'u(j;a) and 'iare compatible. 31



iii. Let i; j1; : : : ; jn; a1; : : : ; an 2 N. Assume that g(i; j1; a1) = g(i; j2; a2) =� � � = g(i; jn; an) = COMP . Then 'AM(u(j1;a1);:::;u(jn;an)) is compatiblewith 'i. In particular, if 'i is total, then 'AM(u(j1;a1);:::;u(jn ;an)) � 'i.iv. Let i; j1; : : : ; jn; a; a1; : : : ; an 2 N. Assume 'i is total and a =2 K. Then'AM(u(i;a);u(j1;a1);:::;u(jn;an)) is total.INFERENCE-ALGORITHM MTo infer f 2 REC, initialize c(0) = 0. For all stages s and input fs =(f(0); : : : ; f(s)) do the following three steps:1) Let I(s) befu(j; a) : c(s) � j � s and a � s and g(c(s); j; a) = COMPg:2) Output M(fs) := AM(I(s)). Note that by Fact 5.20.iii 'M(fs) is com-patible with 'c(s).3) If one of the following conditions holds, then let c(s+1) = c(s)+1 elsec(s+ 1) = c(s).(a) (9s0 < s)[c(s0) = c(s) and 'M(fs0);s is incompatible with fs]. Notethat if 'c(s) is total then, by Fact 5.20.iii, 'M(fs0) � 'c(s); andsince 'M(fs0) is incompatible with f , 'c(s) is incompatible with f .(b) (9j; a; t � s)[a 2 Kt and 'u(j;a);t � fs^g(c(s); j; a) = INCOMP ]:By Fact 5.20.i 'c(s) is not an extension of 'u(j;a), hence 'c(s) is notan extension of fs.END of INFERENCE-ALGORITHMFor a given recursive f there is a least index i such that 'i = f .Claim 1 (8s)[c(s) � i].Assume there is a stage s0 such that c(s0) = i. By steps 1 and 2 of theinference-algorithm, for all s � s0 such that c(s) = i, 'M(fs) is compatiblewith 'i = f . We show that for all s � s0 conditions (a) and (b) of step 3are not satis�ed at stage s. If (a) is satis�ed then f is incompatible with'i = f , a contradiction. If (b) is satis�ed then 'i is not an extension of fs;since 'i = f this is a contradiction. 32



Therefore, c(s) converges to some limit k � i. Say, c(s) = k for all s � s0.Claim 2 'M(fs) = f for almost all stages s.Since c(s + 1) = c(s) for all stages s > s0, conditions (a) and (b) arenever satis�ed. Hence for almost all stages 'M(fs) is compatible with f . Itsu�ces to show that (18s)['M(fs) is total]. We achieve this by showing that(9a =2 K)(18 s)[u(i; a) 2 I(s)] and use that 'i is total, and Fact 5.20.iv.Assume, by way of contradiction, that no such a exists. Note this impliesthe following.i. (8a =2 K)[g(k; i; a) = INCOMP ] (else (9a =2 K)(18s)[u(i; a) 2 I(s)]).ii. (8a 2 K)[g(k; i; a) = COMP ] (else condition (b) would occur and c(s)would change).Together these items yield K �T A, which contradicts A being low. Hencesuch an a exists.Corollary 5.21 There is a low !-r.e. set A such that REC 2 BC[A]. (Fora de�nition of !-r.e. see [EHK81].)Proof:A careful examination of the proof of the low basis theorem reveals thatthe low set produced is !-r.e. Hence the low set constructed in Theorem 5.18is !-r.e.Corollary 5.22 There is a set A of hyperimmune-free degree such that REC 2BC[A]. (For a de�nition of hyperimmune-free see [Soa87].)Proof:Every in�nite recursive tree has a hyperimmune-free branch (see [Soa87,p. 109, 5.15]). If this is used instead of the Low Basis Theorem in theproof of Theorem 5.18 then one obtains a hyperimmune-free set A such thatREC 2 BC[A]. 33



5.3.3 Arbitrary High Double Jump is not EnoughThe following theorem was originally proven directly in [CDF+92]. Wepresent a simpler proof based on Theorem 5.8.Theorem 5.23 For any X there exists a G such that X �T G00 and REC =2BC[G].Proof:By Lemma 5.4.ii there exists a set Y such that K �T Y and X � ;00 �TY 0 �T Y � ;00. By Lemma 5.4.i there is a 1-generic set G such that G0 �TG �K �T Y . So X �T X � ;00 �T G00. Assume now that REC 2 BC[G].Then by Lemma 4.20 REC 2 BC[G�]. This implies, by Theorem 5.8, that;00 �T G � K and Y �T G�K �T Y � ;00 �T Y 0, a contradiction. ThusREC =2 BC[G].6 Other Notions of inferenceIn this section we explore other notions of inference. In each subsectionwe de�ne a notion of inference (e.g. EXn); the corresponding notions ofinference-with-an-oracle (e.g. EXn[A]) are obtained in a manner similar tothe de�nition of EX[A], and hence are omitted.6.1 [a; b]EX and [a; b]BC{ Teams of MachinesThe reader is referred to De�nition 2.30 for a de�nition of [a; b]EX and[a; b]BC. As an example, the set S1 [ S2 from Example 2.15 is in [1; 2]EX.We show the following.a) [a; b]EX[A�] = [a; b]EX i� [a; b]BC[A�] = [a; b]BC i� A �T K.b) [a; b]EX[A] = [a; b]EX i� [a; b]BC[A] = [a; b]BC i� G(A).c) REC 2 [a; b]EX[A�] i� REC 2 [a; b]BC[A�] i� ;00 �T A�K.d) REC 2 [a; b]EX[A] i� ;00 �T A0.e) The question of when REC 2 [a; b]BC[A] seems similar to that of whenREC 2 BC[A]. 34



Note 6.1 Pitt and Smith [PS88] showed that [a; b]EX = [1; d bae]EX and[a; b]BC = [1; d bae]BC. Their proofs relativize. We state and proof our resultsin terms of [a; b]EX[A] ([a; b]BC[A], etc.). The proofs in this paper wouldbe no easier if done for [1; c]EX[A] ([1; c]BC[A], etc.).6.1.1 �-TrivialityTheorem 6.2 [a; b]EX[A�] = [a; b]EX i� [a; b]BC[A�] = [a; b]BC i� A �T K.Proof:Assume A �T K. Let S 2 [a; b]EX[A�] ([a; b]BC[A�]) via MA1 ; : : : ;MAb .By Lemma 4.8, for each MAi there exists an IIM Ni that EX-infers (BC-infers) the same set that MAi did. It is easy to see that S 2 [a; b]EX (S 2[a; b]BC) via N1; : : : ; Nb.Assume [a; b]BC[A�] = [a; b]BC. Let SAb be from De�nition 4.12 withm = b. Note that SAb 2 [a; b]BC[A�] = [a; b]BC � [1; b]BC. By Lemma 4.14A �T K. The same proof works for [a; b]EX[A�].6.1.2 TrivialityTheorem 6.3 [a; b]EX[A] = [a; b]EX i� [a; b]BC[A] = [a; b]BC i� G(A).Proof:Assume G(A). Let S 2 [a; b]EX[A] ([a; b]BC[A]) via MA1 ; : : : ;MAb . ByTheorem 4.21, for each MAi , there exists an IIM Ni that EX-infers (BC-infers) the same set of functions as MAi . Clearly S 2 [a; b]EX BC) viaN1; : : : ; Nb.A modi�cation of the proof of Theorem 4.1 (or see [KS93b]) yields[a; b]EX[A] = [a; b]EX ) G(A); and[a; b]BC[A] = [a; b]BC ) G(A)
35



6.1.3 �-OmniscienceIn this section we show that REC 2 [a; b]EX[A�] i� REC 2 [a; b]BC[A�]i� ;00 �T A � K. We will need to use results from Section 6.1.4; howeverthose results do not depend on these. The proof for EX is an easy corol-lary of Corollary 6.21. The proof for BC is a modi�cation of the proof ofTheorem 5.8.Theorem 6.4 REC 2 [a; b]EX[A�] i� ;00 �T A�K.Proof:Assume REC 2 [a; b]EX[A�]. By Lemma 5.4 applied to A�K there isa set B such that B 0 �T A�K; and by Lemma 5.5 REC 2 [a; b]EX[B]. ByCorollary 6.21 B is high and therefore ;00 �T A � K. The other directionfollows from Theorem 5.7.Lemma 6.5 For any A there is a 1-generic G such that [a; b]BC[G�] =[a; b]BC[G] = [a; b]BC[A�] and G0 �T G�K �T A�K.Proof:By applying Lemma 5.4.i to Z = A�K we obtain a 1-generic set G suchthat G0 �T G�K �T A�K. Since G is 1-generic, by an easy modi�cationof the proof of Lemma 4.20, [a; b]BC[G�] = [a; b]BC[G]. Since A �T G0, byan easy modi�cation of the proof of Lemma 5.5,[a; b]BC[A�]� [a; b]BC[G] = [a; b]BC[G�]:Since G �T A�K,[a; b]BC[G�]� [a; b]BC[(A�K)�] � [a; b]BC[A�](the last inclusion is obtained by Note 4.10). Hence[a; b]BC[G�] = [a; b]BC[G] = [a; b]BC[A�]as desired.Theorem 6.6 REC 2 [1; n]BC[A�] i� ;00 �T A�K.36



Proof:Clearly ;00 �T A�K implies REC 2 EX[A�] � [1; n]BC[A�].We prove the converse by induction on n. For n = 1 this is Theorem 5.8.Assume the inductive hypothesis to be true for n� 1.Assume REC 2 [1; n]BC[A�]. By Lemma 6.5, there is a 1-generic set Gsuch that G0 �T G � K �T A � K and [1; n]BC[G�] = [1; n]BC[A�] (wewill not be using the fact that it is 1-generic). Since REC 2 [1; n]BC[A�],REC 2 [1; n]BC[G�]. Let REC 2 [1; n]BC[G�] via MG1 ; : : : ;MGn .There are two cases. In the �rst one we obtain REC 2 [1; n� 1]BC[G�];we can then use the induction hypothesis and the nature of G to obtain;00 �T G �K �T A�K. In the second one we show that G is high by con-structing a G-recursive function g that dominates all recursive functions.Once G is high we have ;00 �T G0 �T G�K �T A�K, as desired. This caseis similar to the proof of Theorem 5.8. (This case does not use the inductionhypothesis.)Case 1: Assume there exist i; � such that some MGi does not BC-convergeon any recursive function f with � � f . Then REC 2 [1; n � 1]BC[G�] byreducing this problem to the task of inferring all recursive functions whichbegin with �. By the induction hypothesis and the nature of G we have;00 �T G �K �T A�K.Case 2: Assume the negation, namely that for all i; � there exists a recursivefunction f such that � � f and MGi infers f . In particular, for every i; �,there is some �0 � � such that MGi (�0) is the index of a total function. Wesketch a modi�cation of the proof of Theorem 5.8 to show that ;00 �T G�K.We describe how to modify the �rst, second, and third parts of the proof ofTheorem 5.8 to meet our needs.In the �rst part the index of the machine is added to the de�nition of  ,which is intended to diagonalize all machines. For the base case we de�ne (�; 0) = �;T (�; 0) = f(D; i) : D � f0; : : : ; j�jg ^ i 2 f1; : : : ; ngg:Assume  (�; t) and T (�; t) have been de�ned. If there exists some (D; i) 2T (�; t), some string � with j� j < t and some b 2 f0; 1g such that'MDi ( (�;t)��)(j (�; t) � � j) #6= b within t stepsor MDi ( (�; t) � � ) queries some x > j�j37



then take the �rst such (D; i; �; b) and let (�; t+ 1) =  (�; t) � � � b;T (�; t+ 1) = T (�; t)� f(D; i)gelse  ; T remain unchanged.The second part is adapted such that g is de�ned to wait until all machinesare diagonalized:̂g(�) = (�t > j�j)[8i [ (G � j�j; i) =2 T (�; t)]]g(n) = maxj�j�nfĝ(�)gThe proof that g is total recursive in G is similar to that in Theorem 5.8.In the third part, we show that g dominates all recursive functions. Thisproof is similar to that in Theorem 5.8: we assume that g does not dominateall recursive functions and, using this, construct a recursive f that is not in-ferred by anyMGi , a contradiction to REC 2 [1; n]BC[G�] viaMG1 ; : : : ;MGn .Corollary 6.7 REC 2 [a; b]BC[A�] i� ;00 �T A�K.6.1.4 Omniscience For [a; b]EX[A]In this section we show that REC 2 [a; b]EX[A] i� ;00 �T A0 (by Theo-rem 5.18 this is false for [a; b]BC[A]). The proof involves looking carefullyat how Adleman and Blum [AB91] proved that if REC 2 EX[A] then A ishigh.De�nition 6.8 REC0;1 denotes the recursive 0-1 valued functions. Thefunctions of �nite support are the functions in REC0;1 which are almost ev-erywhere 0. We denote the set of all such functions by FS.De�nition 6.9 Let h 2 REC. A total recursive function f is h-hard if, forall 'i that compute f , (18x)[�i(x) > h(x)]. (Any function that computes ftakes more time than h(x) almost always.)38



De�nition 6.10 Let h 2 REC and g 2 REC0;1. g is h-sparse if for all x,if g(x) = 1 then g(x + 1) = � � � = g(x + 1 + h(x)) = 0. The function gpairis de�ned by gpair(x) = (g(2x); g(2x + 1)). gpair is h-sparse if for all x, ifgpair(x) 6= (0; 0) then gpair(x+ 1) = � � � = gpair(x+ h(x)) = (0; 0).Notation 6.11 Let S � REC0;1. The following conditions will be referredto as C1; C2; C3 and C4.C1) FS � S.C2) (8h 2 REC)(9g 2 S)[g is h-sparse and h-hard].C3) (8h 2 REC)(9g 2 S)[gpair is h-sparse and h-hard].C4) (8g 2 REC0;1 � FS)(9ĝ 2 S)[g(x) = 0 ) ĝpair(x) = (0; 0); andg(x) = 1 ) ĝpair(x) 2 f(0; 1); (1; 0)g]:The following facts are easily veri�ed.Fact 6.12 Let h be an increasing recursive function. Let g 2 REC0;1.i. If gpair is h(x)-sparse then g is 2h(bx2c)-sparse.ii. If gpair is h(x)-hard then, if 'i = g, (18x)[�i(2x) + �i(2x+ 1) � h(x)].Lemma 6.13 Let S � REC0;1.i. If S satis�es C1 and C3 then (S 2 EX[A]) A is high).ii. If S satis�es C4 then S satis�es C3.iii. If S satis�es C1 and C4 then (S 2 EX[A]) A is high).39



Proof:i) The proof of Theorem 5.1 shows that if S satis�es C1 and C2 then (S 2EX[A] ) A is high). Our result can be obtained by modifying their proof:replace \�i(x)" by \�i(2x) + �i(2x+ 1)" and use Fact 6.12 (both parts).ii) Let h 2 REC. We can assume h is strictly increasing. By Lemma 2 of[AB91] REC0;1 satis�es C2; hence there exists a function g 2 REC0;1 thatis h-sparse and h-hard. We can assume g =2 FS. (This assumption is validfor the step-counting complexity measure but is not valid for some othercomplexity measures.) Use this g and C4 to obtain ĝ 2 S. It is easy to seethat ĝpair is h-sparse and h-hard.iii) This follows from i and ii.De�nition 6.14 Given some string �, let TABLE(�) be an index of therecursive function which outputs �(x) for x < j�j and 0 otherwise. Thecoding should be such that if � = �0m then TABLE(�) = TABLE(� ).Lemma 6.15 If M () is an OIIM such that MA infers S, then there is anOIIM N () such that NA infers S and converges on all functions in FS (butNA does not necessarily infer FS).Proof:The algorithm of MA is translated into that of NA as follows:Input �, let � be the �rst j�j � 1 bits of �.Calculate MA(�), MA(� ) and NA(� ). There are four cases:a) NA(� ) = TABLE(� 0) for some � 0 � � and � = � 00j�j�j� 0jThen NA(�) = TABLE(� 0).b) NA(� ) = TABLE(� 0) for some � 0 � � and � 6= � 00j�j�j� 0jThen NA(�) =MA(�).c) NA(� ) 6= TABLE(� 0) for all � 0 � � and MA(� ) =MA(�)Then NA(�) =MA(�).d) NA(� ) 6= TABLE(� 0) for all � 0 � � and MA(� ) 6=MA(�)Then NA(�) = TABLE(�). 40



The informal idea of the algorithm is as follows. Whenever MA is about tochange its mind, rather than output that new guess, we output a functionof the form TABLE(�). As soon as NA outputs a function of the formTABLE(�), in the next few stages it will continue to output this as long asthe function continues to look like �0!. When the function stops looking likethis we output what MA would output.If f is inferred byMA then eventuallyMA stops changing its mind on f ,so NA infers f . If f 2 FS then NA has at most two mindchanges after thelast nonzero value of f ; therefore NA converges on any input from FS.Note 6.16 We may assume 'NA(�) does not contradict � within j�j stepssince in this case the planned output can be replaced by TABLE(�). So inthe case of convergence to some index i, the function 'i coincides with theinferred function f on its domain Wi.Lemma 6.17 Assume REC0;1 2 [1; n]EX[A] via MA1 ; : : : ;MAn . Assumethat there exists i such that the set of functions inferred by MAi does notful�ll condition C4. Then REC0;1 2 [1; n� 1]EX[A].Proof:Assume the set of functions inferred by MA1 does not ful�ll condition C4because of g 2 REC0;1 � FS. Let S be the set of all recursive functions ĝsuch that g(x) = 0 ) ĝpair(x) = (0; 0); andg(x) = 1 ) ĝpair(x) 2 f(0; 1); (1; 0)g:None of the functions in S are inferred byMA1 ; hence S 2 [1; n�1]EX[A]via MA2 ; : : : ;MAn . We show that S 2 [1; n � 1]EX[A] implies that REC 2[1; n� 1]EX[A]; we will then use the induction hypothesis.Let x0; x1; : : : be the set of numbers where g takes value 1. Let f 2REC0;1. We de�ne a function f+ such that f+ 2 S and f+ contains infor-mation about f . Letf+(x) = 8<: f(m) if x = 2xm1� f(m) if x = 2xm + 10 otherwise.41



One can verify that f+ 2 S. There is a total recursive function s satisfying's(i)(m) = 'i(2xm) and the operator + transforming f to f+ is recursive.Let NAi (f) = s(MAi (f+)). Clearly REC0;1 is [1; n� 1]EX[A]-identi�ed viaNA2 ; : : : ; NAn .The following lemma is easy, hence the proof is omitted.Lemma 6.18 For all A, REC 2 EX[A] i� REC0;1 2 EX[A].Theorem 6.19 REC 2 [1; n]EX[A] i� A is high.Proof:If A is high then by Theorem 5.1 REC 2 EX[A]. Hence REC 2[1; n]EX[A].We prove that if REC0;1 2 [1; n]EX[A] then A is high, and then useLemma 6.18. We prove this by induction on n. If n = 1 then this is Theo-rem 5.1. Assume that n � 2 and that the theorem is true for n � 1.Let REC0;1 2 [1; n]EX[A] via MA1 ; : : : ;MAn . By Lemma 6.15 we canassume that eachMAi converges on all elements of FS. By Note 6.16 we canalso assume that 'MAi (�) does not contradict � when run for � j�j steps. Bypadding we can assume that (8i 6= j)[range(MAi ) \ range(MAj ) = ;].We de�ne new machines N ()1 ; : : : ; N ()n such that REC0;1 2 [1; n]EX[A]via NA1 ; : : : ; NAn . The idea is that if, on input f 2 REC0;1, exactly i of theMA1 ; : : : ;MAn converge to programs that do not contradict f , then NAi infersf . We need the following de�nition.De�nition 6.20 Let � = �1 � � ��k where �i 2 f0; 1g. If MA(�) = e then thecon�dence MA(�) has in e is the largest number m such thatMA(�1 � � ��k�m) =MA(�1 � � ��k�m+1) = � � � =MA(�1 � � ��k):ALGORITHM FOR NAi .i. Input(�). Let s = j�j.ii. (8j)[1 � j � n] compute ej =MAj (�). Let I = fej : (8x < j�j)['ej;s(x) #)'ej;s(x) = �(x)]g. If jIj < i then output 0 and halt.42



iii. For all ej 2 I compute cj , the con�dence MAj (�) has in ej.iv. Find cj1 ; : : : ; cji , the i largest values of cj (if there is a tie then break itarbitrarily).v. OutputAM(ej1; : : : ; eji). (See De�nition 2.32 for the de�nition ofAM .)END OF ALGORITHMIt is easy to see that, for all f 2 REC0;1, if on input f exactly i ofMA1 ; : : : ;MAn converge to a program that does not contradict f , then NAiinfers f (we need that all the machines have disjoint ranges). HenceREC0;1 2[1; n]EX[A] via NA1 ; : : : ; NAi . Since all the MAi converge on all f 2 FS wehave that NAn infers FS.Let S be the set of functions in REC0;1 which are inferred by NAn . Ssatis�es C1. If S satis�es C4 then by Lemma 6.13.iii, since S 2 EX[A]via NAn , A is high. If S does not satisfy C4 then by Lemma 6.17 REC0;1 2[1; n� 1]EX[A]; therefore, by the induction hypothesis A is high.Corollary 6.21 REC 2 [a; b]EX[A] i� A is high.6.1.5 Omniscience For [a; b]BC[A]The question of when REC 2 [a; b]BC[A], much like the question of whenREC 2 BC[A], does not appear to have a clean answer.Theorem 6.22 The following are true.i. For all high sets A, REC 2 [a; b]BC[A].ii. There exists a low set A such that REC 2 [a; b]BC[A]iii. For any X such that ;00 �T X there exists a set G such that X �T G00and REC =2 [a; b]BC[G].iv. If A is r.e. then REC 2 [a; b]BC[A] i� ;00 �T A0.43



Proof:i) If A is high then, by Theorem 5.1, REC 2 EX[A] � [a; b]BC[A].ii) Let A be the low set constructed in Theorem 5.18. For this A, REC 2BC[A] � [a; b]BC[A].iii) By Lemma 5.4.ii there is a set Y such that K �T Y and X�;00 �T Y 0 �TY �;00. By Lemma 5.4.i there is a 1-generic set G such that G0 �T G�K �TY . So X �T X � ;00 � G00. Assume now that REC 2 [a; b]BC[G]. Thenby an easy modi�cation of the proof of Corollary 4.20 REC 2 [a; b]BC[G�].This implies, by Corollary 6.7, that ;00 �T G � K and Y �T G � K �TY � ;00 �T Y 0, a contradiction. Thus REC =2 [a; b]BC[G].iv) This was proven by Kummer and Stephan [KS93b].6.2 EXn, EX�, BCn, and BC�{ Allowing errorsDe�nition 6.23 S 2 EXn (S 2 EX�) if there exists an IIM M such thatfor all f 2 S, when M is run on initial segments of f , almost all the programsoutput are the same, and the function computed by that program di�ers fromf on at most n numbers (on some �nite set of numbers).The de�nitions of BCn and BC� look similar to those of EXn and EX� butare actually quite di�erent.De�nition 6.24 S 2 BCn (S 2 BC�) if there exists an IIM M such thatfor all f 2 S, when M is run on initial segments of f , almost all the programsoutput compute functions that di�er from f on at most n numbers (on some�nite set of numbers).Note 6.25 Assume S 2 BCn via M and f 2 S. If f is fed into M then theprograms output in the limit may compute di�erent functions, di�ering fromf at di�erent sets of n numbers. For S 2 BC� the situation is worse | theprograms output in the limit may be computing di�erent functions, di�eringfrom f at di�erent �nite sets, perhaps even larger and larger �nite sets. Infact, BC�-inference is so powerful that REC 2 BC� (see Note 2.21 or seeHarrington's proof in [CS83]). 44



Note 6.26 Assume S 2 EX� via IIM M . We can adjust the IIM M sothat if 'e is the program output in the limit and x is a number such that'e(x) 6= f(x) then 'e(x) ". First, let u be the total recursive function de�nedby 'u(e;ha0;:::;asi)(x) = � ai if x = i � s;'e(x) otherwise.We adjust M as follows. If M(hf(0); : : : ; f(s)i) = e, then compute, forall x � s, the value 'e;s(x). If none of them converge and di�er fromf then output e. If any of them converge and di�er from f then outputu(e; hf(0); : : : ; f(a)i) where a = maxfi : i � s and f(i) 6= 'e;s(i) #g.De�nition 6.27 If f is a function then the cylindri�cation of f is the func-tion ~f(hx; yi) = f(x). Let S � REC. The the cylindri�cation of S is~S = f ~f : f 2 Sg.Fact 6.28 The following hold for all n;A.i. If ~S 2 BCn[A] then S 2 BC[A].ii. If ~S 2 BCn[A�] then S 2 BC[A�].iii. If ~S 2 EX�[A] then S 2 EX[A].iv. If ~S 2 EX�[A�] then S 2 EX[A�].v. For I 2 fEX[A]; EX[A�]; BC[A];BC[A�]g , and for any S � REC,S 2 I ) ~S 2 I. (This is obvious so its proof is omitted.)vi. For any notion of inference I discussed in this paper, if REC 2 I thengREC 2 I. (This follows from gREC � REC.)Proof:i) LetMA be a machine that BCn[A]-infers ~S. We BC[A]-infer S as follows.Upon seeing initial segment � of g 2 S we construct an initial segment � ofthe corresponding f 2 ~S that is as long (and contiguous) as possible given �.ComputeMA(� ) = e. Output the index of a function that does the following:On input x compute 'e(hx; ii) for i = 0; 1; : : : until n + 1 of them convergeand agree, and then output that value.45



ii) The proof of i also works for BCn[A�].iii) Let MA be a machine that EX�[A]-infers ~S. By Note 6.26 we canassume that for all f 2 ~S, when MA tries to infer f it produces (in thelimit) a program that only di�ers from f by diverging. We EX[A]-infer Sas follows. Upon seeing initial segment � of g 2 S we construct an initialsegment � of the corresponding f 2 ~S that is as long (and contiguous) aspossible given �. Compute MA(� ) = e. Output the index of a function thatdoes the following: On input x compute 'e(hx; ii) for i = 0; 1; : : : until oneof them converges, and then output that value.iv) The proof of iii also works for EX�[A�].Recall that G(A) means that either A is recursive or A �T K and is in a1-generic degree.Theorem 6.29 The following hold for all n;A.i. EXn[A] = EXn i� EX�[A] = EX� i� G(A).ii. EXn[A�] = EXn i� EX�[A�] = EX� i� BCn[A�] = BCn i� A �T K.iii. REC 2 EXn[A] i� REC 2 EX�[A] i� ;00 �T A0.iv. REC 2 EXn[A�] i� REC 2 EX�[A�] i� REC 2 BCn[A�] i� ;00 �T A�K.v. REC 2 BC[A] i� REC 2 BCn[A].vi. For all A, REC 2 BC�[A] = BC�[A�] = BC�.Proof:The results about when EXn[A] and EX�[A] are trivial and �-trivial, andwhen BCn[A] is �-trivial, are obtained as follows. By a simple modi�cationof the proof of Lemmas 4.19 and 4.9 we have the following.G(A) ) (EXn[A] = EXn and EX�[A] = EX�):A �T K ) (EXn[A�] = EXn and EX�[A�] = EX� and BCn[A�] = BCn):We show that:G(A) ) (EXn[A] 6= EXn and EX�[A] 6= EX�):A 6�T K ) (EXn[A�] 6= EXn and EX�[A�] 6= EX� and BCn[A�] 6= BCn):46



If G(A) does not hold then by Theorem 4.1 there exists S 2 EX[A]� EX.By Fact 6.28 (parts iii and v) ~S 2 EX[A] � EX�. Hence EX�[A] 6= EX�and EXn[A] 6= EXn. The proof for A 6�T K is similar.The results about omniscience and �-omniscience (except those for BC�)are obtained as follows. By Theorems 5.1,5.7, and EX�[A] � BC[A] �BCn[A] we have the following.;00 �T A0 ) REC 2 EX[A] � EXn[A] � EX�[A]:;00 �T A�K ) REC 2 EX[A�] � EXn[A�] � EX�[A�] � BCn[A�]:REC 2 BC[A] ) REC 2 BCn[A]:By Fact 6.28 (parts i; ii; iii; iv; and vi) we have the following.REC 2 EX�[A�]) gREC 2 EX�[A�]) REC 2 EX[A�]) ;00 �T A�K:REC 2 EX�[A]) gREC 2 EX�[A]) REC 2 EX[A]) ;00 �T A0:REC 2 BCn[A�]) gREC 2 BCn[A�]) REC 2 BC[A�]) ;00 �T A�K:REC 2 BCn[A]) gREC 2 BCn[A]) REC 2 BC[A]:By Note 2.21 (or see Harrington's proof in [CS83]) REC 2 BC�. Hence,for all A, REC 2 BC� = BC�[A�] = BC�[A].It is open to determine, for which A, BCn[A] = BCn. By a modi�cationof the proof of Theorem 4.1 (or see [KS93b]) one can show that BCn[A] =BCn ) G(A). The di�culty in establishing the converse is that the proof ofLemma 4.20 does not seem to apply to BCn.6.3 EXn{ Bounding Mind ChangesDe�nition 6.30 S 2 EXn if there exists an IIM M such that for all f 2 S,M EX-identi�es f , and changes its guess about the function at most n times.(Formally, we allow an IIM to guess 0 which means `no guess at this time'and do not count the �rst real guess as a mindchange.)Note 6.31 Let T1; T2 be the sets from Example 2.26. Clearly T1 2 EX0[A[64]].Using binary search T1 2 EX0[A[6]]. (Actually T1 2 EX0 since jT1j is �nite.)Clearly T2 2 EX0[A�]. 47



We show that, for n 2 N, both the EXn-degrees and the EXn�-degreesare identical to the Turing degrees. As corollaries we obtain that, for allA, (1)EXn[A] = EXn i� A is recursive, (2) REC =2 EXn[A], (3) EXn[A�] = EXni� A is recursive, and (4) REC =2 EXn[A�].We prove a lemma about when a certain set of functions can be in[a; b]EX�m[B]. As a corollary we obtain information about how EXk andEXm[B] compare. We will use the full strength of this lemma in Section 6.5.Lemma 6.32 Let Sk = f0�1� � � � (p � 1)�p! : p � kg.i. If a(k + 1) � b(m+ 1) then Sk 2 [a; b]EXmii. If Sk 2 [a; b]EX�[B] viaMB1 ; : : : ;MBb and (8i 6= j)(8�; � )[MBi (�) 6=MBj (� )](the machines can easily be modi�ed to make this true) then there exists� 2 0�1� � � � k� such that the total number of guesses made by the teamwhile being fed � is at least a(k + 1).iii. If Sk 2 [a; b]EX�m[B] then a(k + 1) � b(m+ 1).Proof: We will assume throughout the proof that a divides b. The mod-i�cations needed for the case where a does not divide b are easy.i) Assume that a(k + 1) � b(m+ 1), so k � bam+ ba � 1. For 1 � i � ba letTi = f0�1� � � � (p� 1)�p! : (i� 1)m+ i� 1 � p � im+ i� 1g:Clearly each Ti is in EXm and Sk � Sb=ai=1 Ti. Hence Sk 2 [a; b]EXm by ateam of b machines which consist of ba groups of a machines each where theith group of machines are all EXm machines for Ti.ii) LetW (�) = fi : (9� � �)(9J � f1; : : : ; bg; jJ j = a)(8j 2 J)['MBj (�) =� �x[i]]g:We construct a sequence of strings as follows. Let ��1 be the empty string.Let s � k � 1. Inductively assume �s 2 0�1� � � � s�. Letis+1 = �i[s+ 1 2 W (�s � (s+ 1)i)] (such i exists since �s(s+ 1)! 2 Sk)�s+1 = �s � (s+ 1)is+1 48



Let � = �k. When MB1 ; : : : ;MBb are fed � we obtain a di�erent indices forfunctions that are =� �x[p] for every p, 0 � p � k. Hence we obtain at leasta(k + 1) di�erent indices.iii) Assume Sk 2 [a; b]EX�m via MB1 ; : : : ;MBb . We may assume that, for all�; i, when MBi is fed � it makes � m+ 1 guesses; hence the total number ofguesses made by the team while inferring any function is at most b(m+ 1).Let � be obtained by applying part ii toMB1 ; : : : ;MBb . The function f = �k!is in Sk. WhenMB1 ; : : : ;MBb tries to infer f there are at least a(k+1) guessesgenerated. Hence a(k + 1) � b(m+ 1).Corollary 6.33 If EXk � EXm[B] then k � m.Proof:By Lemma 6.32.i, with a = b = 1 and m = k, Sk 2 EXk. By thehypothesis Sk 2 EXm[B]. By Lemma 6.32.iii we obtain k � m.The next lemma deals with the Turing degrees. It uses the material onbounded queries discussed in De�nitions 4.2, 4.3, and Propositions 4.6.Lemma 6.34 If EX0[A[n+ 1]] � EXn[B] then A �T B.Proof:Let S befhx1; : : : ; xn+1i�i! : i = NUM(FAn+1(x1; : : : ; xn+1)) and � 2 (N� fig)�g:Clearly S 2 EX0[A[n+1]]. Assume S 2 EXn[B] via MB. We show thatFAn+1 is (n + 1)-enumerable-in-B. By Proposition 4.6 this shows A �T B.The enumeration is achieved by trying to construct a function not inferredby MB. While constructing it we �nd information about A that leads topossibilities for FAn+1(x1; : : : ; xn+1).Given x1; : : : ; xn+1 we enumerate possibilities as follows.ENUMERATIONStage 0: Let � be such that �(0) = hx1; : : : ; xn+1i and (8i > 0)[�(i) isunde�ned]. We assume MB(�) = 0 (not a real guess). Set P := f0; 1gn+1.49



(P stands for Possibilities for FAn+1(x1; : : : ; xn+1).) Set CG = 0 (CG standsfor Current Guess).Stage s+1: Search for � 2 P , N 2 N, t 2 N, b 2 N such that the followinghold. (In what follows � � NUM(� )N denotes the concatenation of � and(NUM(� ))N .)i. b =2 range(�) and b > 2n+1,ii. MB(� �NUM(� )N ) 6= CG, andiii. 'MB(��NUM(�)N);t(j� �NUM(� )N j) #6= b.(We will later show that during stage s = 1 this search must terminate. Forstages s > 1 this search need not terminate.)If such �;N; t; b are found then do the following.i. Set CG =MB(� �NUM(� )N ).ii. Set � := � �NUM(� )N � b.iii. Enumerate � .iv. P := P � f�gv. If s+ 1 = n+ 1 then halt, else go to stage s+ 2.END OF ENUMERATIONIf stage s � 1 terminates, then when it does so we enumerate the sthpossibility, force the (s�1)th mindchange, and make the sth guess incorrect.Since we never allow the stage number to be n+2, at most n+1 possibilitiesare enumerated. We show that one of them is � = FAn+1(x1; : : : ; xn+1).Assume, by way of contradiction, that � is not enumerated. Let hx1; : : : ; xn+1i�be the �nite function produced at the end of the enumeration. (Note thatwhether or not stage n + 1 is reached a �nite � is constructed.) Let f =hx1; : : : ; xn+1i� � (NUM(� ))! and let i = NUM(� ). We show that f 2 S.Note that f(0) = hx1; : : : ; xn+1i and f =� �x[i]. The elements in the range of� are either numbers b > 2n or numbers of the form NUM(� 0) where � 0 6= � .Hence � does not have i in its range. Therefore f 2 S. Hence f is inferredby MB. We obtain a contradiction by showing that MB does not infer f .There are two cases. 50



Case 1: There exists a stage s that does not terminate. Let CG be as atthe beginning of stage s. By the actions taken at stage s� 1 either CG = 0or (9x)['CG(x) 6= �(x)]. In either case CG is not the index of any functionthat has initial segment �. Since stage s does not terminate and � 2 P ,for every N 2 N either MB(� � NUM(� )N ) = CG or 'MB(��NUM(�)N) is nottotal. Hence MB does not infer f .Case 2: Stage n + 1 is reached and terminates. If MB tries to infer anyfunction that begins with � then before MB has seen all of �, MB hasalready made n mindchanges. Let CG be as at the end of stage n+ 1. Notethat CG is the �nal guess that MB makes and that (9x)['CG(x) 6= �(x)].Hence MB cannot infer any function that begins with �. In particular MBcannot infer f .Note 6.35 Using Note 4.7.ii Lemma 6.34 can be strengthened to show thatif EX0[A[n]] � EX2n�2[B] then A �T B. The result is optimal since thereexist nonrecursive sets A such that EX0[A[n]] � EX2n�1 (any nonrecursiver.e. set A will su�ce).Theorem 6.36 EXm[A] � EXn[B] i� EXm[A�] � EXn[B�] i� m � n andA �T B.Proof:If EXm[A] � EXn[B] or EXm[A�] � EXn[B�], then EXm � EXn[B]and EX0[A[n+ 1]] � EXn[B]. By Lemma 6.33 m � n, and by Lemma 6.34A �T B.Clearly if m � n and A �T B then EXm[A] � EXn[B] and EXm[A�] �EXn[B�].Corollary 6.37 For all n;A the following hold.i. EXn = EXn[A] i� A is recursive.ii. EXn = EXn[A�] i� A is recursive.iii. REC =2 EXn[A].iv. REC =2 EXn[A�]. 51



6.4 PEX{ Guesses are totalDe�nition 6.38 S 2 PEX if S 2 EX via an IIM that, on any input,outputs an index to a total function. S 2 PEX[A] if S 2 EX[A] viaMA suchthat, on any input, MA outputs a total function. Note that if S 2 PEX[A]via MA then (8� 2 N�)['MA(�) is total], but if A 6= B then there could exista � such that 'MB(�) is not total.Lemma 6.39 The following hold for all A.i. PEX[A] = PEX[A�].ii. S 2 PEX[A] i� there exists h �T A such thatS � f'h(i) : i 2 Ng � REC:Proof:i) Let S 2 PEX[A]. Adjust the machine so that it never changes its mindunless it sees a mistake (this is possible since all guesses are total). Such amachine will only need to query the oracle a �nite number of times.ii) Let S 2 PEX[A] via MA. Let code be a recursive bijection from N toN�. Let h(i) =MA(code(i)). ClearlyS � f'h(i) : i 2 Ng � REC:Let S � f'h(i) : i 2 Ng � REC where h �T A. S 2 PEX[A] by amachine which outputs h(i) where i is the smallest number such that 'h(i) isconsistent with the input. Consistency can be checked since all the 'h(i) aretotal recursive.Not much is known about when PEX[A] = PEX. The next theoremshows that there are nonrecursive sets for which this occurs.Theorem 6.40 If A �T K or A is in a hyperimmune-free degree thenPEX[A] = PEX. 52



Proof:We show that PEX[K] = PEX: use an approximation to K and incor-porate the approximation being used into the index so that if an answer isever discovered to be wrong then the function becomes a function that is al-most always zero (we need to do this to make sure that the function output istotal). Since PEX[K] = PEX we have, for any A �T K, PEX[A] = PEX.Let A be in a hyperimmune-free degree, let S 2 PEX[A], and let h be asin Lemma 6.39.ii. Recall that, since A is in a hyperimmune-free degree, forevery f �T A there is a recursive function g such that (8x)[f(x)< g(x)].Let f be de�ned by f(n) = maxf�h(i)(j) : 0 � i; j � ng. Since f �T Athere exists a recursive g such that (8x)[f(x) < g(x)]. Let h0 be de�ned asfollows: 'h0(i)(j) = �'i(j) if �i(j) � g(i+ j);0 otherwise.Clearly f'h(i) : i 2 Ng � f'h0(i) : i 2 Ng, and hence S 2 PEX.Since the hyperimmune-free degrees and the degrees that are �T K arevery di�erent from each other, yet both are PEX-trivial, we do not believethere is a degree theoretic characterization of when PEX = PEX[A].Theorem 6.41 REC 2 PEX[A] i� ;00 �T A�K.Proof:If REC 2 PEX[A] = PEX[A�] = PEX[A�] � EX[A�], then by Theo-rem 5.7 ;00 �T A�K.If ;00 �T A �K then by Lemma 5.3 there is a recursive function h suchthat REC = f'h(i)gi2N. By Lemma 6.39.ii REC 2 PEX[A].6.5 CombinationsIn this subsection we examine the e�ect of combining mindchanges, anoma-lies, and teams. When the number of mindchanges is bounded the classesbehave like EXm, if not then they behave like EX (or BC).The following six-part lemma, without oracles, was proven in [FSV89]).The proofs with oracles are similar, hence they are omitted.Lemma 6.42 Let i be any number. 53



i. [a; b]EXm[A] � EX2b(m+1)�2[A].ii. EX(m+1)b[A] � [1; b]EXm[A].iii. [a; b]EXm[A�] � EX2b(m+1)�2[A�].iv. EX(m+1)b[A�] � [1; b]EXm[A�].v. [a; b]EXm[A[i]]� EX2b(m+1)�2[A[i]].vi. EX(m+1)b[A[i]] � [1; b]EXm[A[i]].The next fact is similar to Fact 6.28 and uses the set ~S from De�ni-tion 6.27. The proof is similar to the proof of Fact 6.28, hence we omititFact 6.43 The following hold for all a; b;m; n;A.i. If ~S 2 [a; b]BCn[A] then S 2 [a; b]BC[A].ii. If ~S 2 [a; b]BCn[A�] then S 2 [a; b]BC[A�].iii. If ~S 2 [a; b]EX�[A] then S 2 [a; b]EX[A].iv. If ~S 2 [a; b]EX�[A�] then S 2 [a; b]EX[A�].v. If ~S 2 [a; b]EXnm[A] then S 2 [a; b]EXm[A]. (The proof is similar tothat of Fact 6.28.i.)vi. If ~S 2 [a; b]EXnm[A�] then S 2 [a; b]EXm[A�]. (The proof is similar tothat of Fact 6.28.ii.)vii. If I is any of [a; b]EXm[A], [a; b]EXm[A�], [a; b]EXm[A[i]], [a; b]BC[A],[a; b]BC[A�], or [a; b]BC[A[i]], then for any S � REC, S 2 I ) ~S 2 I.viii. For any notion of inference I discussed in this paper, if REC 2 I thengREC 2 I. 54



Note 6.44 It is not the case that ~S 2 EX�m ) S 2 EXm. To see this takeS = ff : 'f(0) =� ~fg where ~f is the cylindri�cation of f (i.e., ~f(hx; yi) = x).Clearly, ~S 2 EX�0 . One can show S 62 EX0 by a standard argument. Alsonote that the proof that ~S 2 EX� ) S 2 EX needed the fact that we couldassume there were no convergent errors. The technique used to get rid ofconvergent errors makes the number of mindchanges unbounded.Theorem 6.45 The following hold for all a; b;m; n;A.i. REC =2 [a; b]EX�m[A] (hence REC =2 [a; b]EXnm[A], REC =2 [a; b]EX�m[A�],and REC =2 [a; b]EXnm[A�]).ii. REC 2 [a; b]EXn[A] i� REC 2 [a; b]EX�[A] i� REC 2 [a; b]EX i�;00 �T A0.iii. REC 2 [a; b]EXn[A�] i� REC 2 [a; b]EX�[A�] i� REC 2 [a; b]EX[A�]i� ;00 �T A�K.iv. REC 2 [a; b]BCn[A] i� REC 2 [a; b]BC[A].v. REC 2 [a; b]BCn[A�] i� ;00 �T A�K.Proof:i) This follows from Lemma 6.32.ii) By Theorem 5.1 ;00 �T A0 ) REC 2 EX[A] � [a; b]EXn[A] � [a; b]EX�[A].By Fact 6.43 (parts iii and viii)REC 2 [a; b]EXn[A] � [a; b]EX�[A]) gREC 2 [a; b]EX�[A]) REC 2 [a; b]EX[A]:By Theorem 6.19 we have ;00 �T A0.iii) By Theorem 5.7 ;00 �T A � K ) REC 2 EX[A�] � [a; b]EXn[A�] �[a; b]EX�[A�]: By Fact 6.43 (parts iv and viii)REC 2 [a; b]EXn[A�] � [a; b]EX�[A�]) gREC 2 [a; b]EX�[A�]) REC 2 [a; b]EX[A�]:By Theorem 6.4 ;00 �T A�K:iv) Clearly REC 2 [a; b]BC[A]) REC 2 [a; b]BCn[A]. By Fact 6.43 (partsi and viii)REC 2 [a; b]BCn[A]) gREC 2 [a; b]BCn[A]) REC 2 [a; b]BC[A]:55



v) By Theorem 5.7 ;00 �T A �K ) REC 2 EX[A�] � [a; b]BCn[A�]: ByFact 6.43 (parts ii and viii)REC 2 [a; b]BCn[A�]) gREC 2 [a; b]BCn[A�]) REC 2 [a; b]BC[A�]:By Theorem 6.6 ;00 �T A�K:Theorem 6.46 For all a; b; n;m;A the following hold.i. [a; b]EXm[A] = [a; b]EXm i� [a; b]EXm[A�] = [a; b]EXm i� A is recur-sive.ii. [a; b]EXnm[A] = [a; b]EXnm i� [a; b]EXnm[A�] = [a; b]EXnm i� A is recur-sive.iii. [a; b]EXn[A] = [a; b]EXn i� [a; b]EX�[A] = [a; b]EX� i� G(A).iv. [a; b]EXn[A�] = [a; b]EXn i� [a; b]EX�[A�] = [a; b]EX� i� [a; b]BCn[A�] =[a; b]BCn i� A �T K.Proof:i) Clearly ifA is recursive then all the equalities hold. Assume [a; b]EXm[A�] =[a; b]EXm or [a; b]EXm[A] = [a; b]EXm. Clearly EX0[A[2b(m + 1) � 1]] �[a; b]EXm[A�] = [a; b]EXm. By Lemma 6.42 we know [a; b]EXm[A�] �EX2b(m+1)�2: Hence EX0[A[2b(m+ 1)� 1]] � EX2b(m+1)�2: By Lemma 6.34A is recursive.ii) Clearly ifA is recursive then all the equalities hold. AssumeA is not recur-sive. By part i of this Theorem there exists S 2 [a; b]EXm[A�]� [a; b]EXm.By Fact 6.43 (parts v and vii) ~S 2 [a; b]EXm[A�] � [a; b]EXnm. Hence[a; b]EXnm � [a; b]EXnm[A], [a; b]EXnm � [a; b]EXnm[A�].iii and iv) By a simple modi�cation of the proofs of Theorems 6.3 and 6.4we have the following.G(A) ) ([a; b]EXn[A] = [a; b]EXn and [a; b]EX�[A] = [a; b]EX�):A �T K ) ([a; b]EXn[A�] = [a; b]EXn and [a; b]EX�[A�] = [a; b]EX�and [a; b]BCn[A�] = [a; b]BCn):56



We show that:G(A) ) ([a; b]EXn[A] 6= [a; b]EXn and [a; b]EX�[A] 6= [a; b]EX�):A 6�T K ) ([a; b]EXn[A�] 6= [a; b]EXn and [a; b]EX�[A�] 6= [a; b]EX�and [a; b]BCn[A�] 6= [a; b]BCn):If G(A) does not hold then by Theorem 6.3 there exists S 2 [a; b]EX[A]�[a; b]EX. By Fact 6.43 (parts iii, viii) ~S 2 [a; b]EX[A]� [a; b]EX�. Hence[a; b]EX�[A] 6= [a; b]EX� and [a; b]EXn[A] 6= [a; b]EXn. The proof forA 6�T K is similar (using Theorem 6.2 and Fact 6.43 (parts ii; iii).To prove results about when [a; b]EX�m[A] = [a; b]EX�m requires a di�erenttechnique than that used for [a; b]EXnm.Lemma 6.47 If [a; b]EXm[A[1]] � [a; b]EX�m then A is recursive.Proof: We will assume throughout the proof that a divides b. The mod-i�cations needed for the case where a does not divide b are easy.Let k = ba(m+ 1)� 1. LetS = fe0�1� � � � (p � 1)�p! : e 2 A�A ^ 0 � p � kg[fe0�1� � � � (p � 1)�p! : e =2 A�A ^ 1 � p � k + 1g:For 1 � i � ba letTi = f0�1� � � � (p � 1)�p! : (i� 1)m+ i� 1 � p � im+ i� 1gT 0i = f0�1� � � � (p � 1)�p! : (i� 1)m+ i � p � im+ igClearly for 1 � i � ba both Ti and T 0i are in EXm. If f 2 S thenf(0) 2 A�A ) f 2 Sb=ai=1 Ti;f(0) =2 A�A ) f 2 Sb=ai=1 T 0i :S 2 [a; b]EXm[A[1]] by a team of b machines which consist of ba groupsof a machines each where the ith group of machines are all machines thatdo the following: �rst ask `f(0) 2 A?', and if YES then use an inferencemachine for Ti, else use an inference machine for T 0i .Let ~S be the cylindri�cation of S as in De�nition 6.27. Let ~�(hx; yi) =�(x) for x < j�j, hx; yi < hj�j; 0i and j~�j = hj�j; 0i.57



Since S 2 [a; b]EXm[A[1]], by Fact 6.43.vii ~S 2 [a; b]EXm[A[1]]. By thehypothesis ~S 2 [a; b]EX�m. We assume ~S 2 [a; b]EX�m via M1; � � � ;Mb. Wecan assume (8i 6= j)(8�; � )[Mi(�) 6= Mj(� )] and that no Mi ever generatesmore than m+1 guesses. We show that A is recursive by showing that A�Ais r.e. Let N(~�) denote the total number of legal guesses (� b(m+ 1)) thatare made by M1; : : : ;Mb on the initial segment ~�. We claime 2 A�A i� (9�)[� 2 e0�1� � � � k� ^N(~�) = a(k + 1)]:Assume e 2 A � A. Let Uk = fe0�1� � � � (p � 1)�p! : 0 � p � kg. SinceUk � S we have ~Uk � ~S, so ~Uk is [a; b]EX�m-inferred by the team. By amodi�cation of the proof of Lemma 6.32.ii there exists � 2 e0� � � � k� suchthat N(~�) = a(k + 1).Assume there is a � 2 e0�1�2� � � � k� such that N(~�) = a(k+1) = b(m+1).Then if ~� is fed toM1; : : : ;Mb there are b(m+1) guesses generated, hence allb machines generate m+ 1 guesses. Therefore for all ~f such that ~� � ~f , forall i, 1 � i � b,Mi(~�) is the �nal guess that Mi outputs when trying to infer~f . Consider the cylindri�cation of V = f�ki(k + 1)! : i 2 Ng. For everyfunction ~f 2 ~V , we have ~� � ~f . Also note that there are an in�nite numberof functions in ~V that are =� inequivalent. Hence there exists ~f 2 ~V suchthat ~f is not EX�-inferred by any of M1; : : : ;Mb. Hence ~f =2 ~S, so f =2 S.Since f 2 V , f 2 e0�1� : : : k�(k + 1)!. Since f =2 S we know that e =2 A�A.Corollary 6.48 If [a; b]EX�m[A] = [a; b]EX�m or [a; b]EX�m[A�] = [a; b]EX�mthen A is recursive7 Conclusions and Open ProblemsThe table below tells, for several notions of inference, when a set A willbe trivial, �-trivial, omniscient, and �-omniscient (e.g., if the notion is EXthen the table tells, for which A, EX[A] = EX, EX[A�] = EX, REC 2EX[A], and REC 2 EX[A�]). The entries that are unknown are markedwith subscripted U(A). If the same subscript is used in two places then weknow the entries are the same, though we do not know what they are. Allthe results in the table are either from [SS91], [KS93b], [AB91], or this paper.We have several open questions that we state as conjectures.58



i. REC 2 BC[A] i� REC 2 [a; b]BC[A].ii. BCn[A] = BCn i� G(A).iii. [a; b]BCn[A] = [a; b]BCn i� BCn[A] = BC.iv. If A is n-r.e. then REC 2 BC[A] i� ;00 �T A0. (Open for n � 2.)v. If A is n-r.e. then REC 2 [a; b]BC[A] i� ;00 �T A0. (Open for n � 2.)There have been may variations on EX and BC in the inductive infer-ence literature. Questions about the inference degrees that these de�nitionsinduce could be addressed. We discuss one such variation. Gasarch andSmith [GS92] have de�ned inference classes that allow the machine to askquestions about the function in a language L, denoted QEX[L], QBC[L],QiEX[L], and QiBC[L] (where i bounds the number of alternations of quan-ti�ers allowed.) It would be of interest know (1) for which A does QEX[S;<][A] = QEX[A] hold, and (2) for which A does REC 2 QEX[S;<][A] hold?

59



TRIV �-TRIV OMNI �-OMNIPEX U1(A) U1(A) ;00 �T A�K ;00 �T A�KEXm A �T ; A �T ; Never NeverEX G(A) A �T K ;00 �T A0 ;00 �T A�KEXn G(A) A �T K ;00 �T A0 ;00 �T A�KEX� G(A) A �T K ;00 �T A0 ;00 �T A�KBC G(A) A �T K U2(A) ;00 �T A�KBCn U3(A) A �T K U2(A) ;00 �T A�KBC� Always Always Always Always[a; b]EXnm A �T ; A �T ; Never Never[a; b]EX�m A �T ; A �T ; Never Never[a; b]EX G(A) A �T K ;00 �T A0 ;00 �T A�K[a; b]EXn G(A) A �T K ;00 �T A0 ;00 �T A�K[a; b]EX� G(A) A �T K ;00 �T A0 ;00 �T A�K[a; b]BC G(A) A �T K U5(A) ;00 �T A�K[a; b]BCn U4(A) A �T K U5(A) ;00 �T A�KG(A) means that either A is recursive or A �T K and A is in a 1-genericdegree. U4 and U5 may depend on the parameters a; b; n.We know more than what is in the table:i. If A �T K or A is in a hyperimmune-free degree then U1(A) holds.ii. There are low sets A such that U2(A) and U5(A) hold.iii. For all sets X there exists a set A such that X �T A00 but neitherU2(A) nor U5(A) holds.iv. If A is r.e. then U2(A) i� U4(A) i� ;00 �T A0.v. U3(A) implies U4(A), and U4(A) implies G(A).60
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