
TWO ORACLES THAT FORCE A BIGCRUNCHHarry Buhrman, Stephen Fenner, Lan
e Fortnow,and Leen TorenvlietAbstra
t. We 
onstru
t an ora
le A su
h that NEXPA = PNPA . The
onstru
tion of this ora
le answers a long standing open question �rstposed by Heller, and unsu

essfully atta
ked many times sin
e. Forthe �rst 
onstru
tion of the ora
le, we present a new type of injuryargument that we 
all \resour
e bounded injury." In the spe
ial 
ase ofthe 
onstru
tion of this ora
le, a tree method 
an be used to transformunbounded sear
h into exponentially bounded, hen
e re
ursive, sear
h.This transformation of the 
onstru
tion 
an be interleaved with another
onstru
tion so that relative to the new 
ombined ora
le also P = UP =NP \ 
oNP. This leads to the 
urious situation where LOW(NP) = P,but LOW(PNP) = NEXP, and the 
omplete�pm-degree for PNP 
ollapsesto a single p-isomorphism type.Keywords. Relativization, Complexity Classes, Polynomial Hierar
hy,Exponential Hierar
hy, Priority Arguments, DiagonalizationSubje
t 
lassi�
ation. 68Q05, 68Q10, 68Q151. Introdu
tionIn 1978, Seiferas, Fis
her and Meyer (SFM78) showed a very strong separationtheorem for nondeterministi
 time: For time 
onstru
tible t1(n) and t2(n),if t1(n + 1) 2 o(t2(n)) then NTIME(t1(n)) does not 
ontain NTIME(t2(n)).Thus we have a huge gap between nondeterministi
 polynomial time (NP)and nondeterministi
 exponential time NEXP. We would also expe
t then aseparation between PNP and PNEXP. Indeed, we have some eviden
e for thatdire
tion: Mo
as (Mo
96), improving upon work of Fu, Li and Zhong (FLZ94)showed that for any �xed 
, NEXP is not 
ontained in PNP if the polynomialma
hine 
an only ask n
 queries to the NP ora
le. Her te
hnique 
an howevernot be extended to prove that NEXP is not 
ontained in PNP un
onditionally.Indeed the present paper shows that no relativizing te
hnique 
an show thisun
onditionally.



2 Buhrman et al.Mo
as' result however does put a restri
tion on the simpli
ity of our ora
le
onstru
tion. It is well-known that PNP[log℄ = PNPtt (Hem89). Sin
e n
 ma-jorizes log for any 
, Mo
as' result also shows that NEXP 6� PNPtt . Our ora
le
onstru
tion pro
eeds by en
oding the standard 
omplete set K into the ora
leA su
h that a �xed PNP ora
le ma
hine 
an de
ide membership in KA by ask-ing queries of A. Mo
as' results shows that this ora
le ma
hine 
an neither benon-adaptive nor linearly bounded. In many ora
le papers, the 
onstru
tion issu
h that the test language only requires a bounded number of queries (ofteneven one).There are also some other obsta
les that our 
onstru
tion must avoid,and that might explain why this problem has remained open for su
h a longtime. Coding NEXPA into PNPA implies that EXPA = NEXPA. It is notknown whether the Exponential Time Hierar
hy (EXPH), de�ned below, hasthe downward separation property|a separation of two adja
ent levels imply-ing separations at all lower levels|as does the Polynomial Time Hierar
hy(PH). For PH, this property relativizes. If EXPH should have this prop-erty, then it follows from a relativization of the deterministi
 time hierar-
hy (HS65) that PNP 6= NEXP, sin
e PNP 6= EXPNP. Hartmanis, Immer-man and Sewelson (HIS85) observed that if EXPH should have this property,then this property does not relativize. They 
onstru
ted an ora
le A su
hthat EXP = NEXP, yet the se
ond level of EXPH is proper. A mu
h weakerproperty for EXPH, known as Sewelson's Conje
ture (Sew83), is the followingstatement: EXP = NEXP =) NEXP = EXPNP. In a world where Sewel-son's 
onje
ture holds, PNP 6= NEXP, sin
e PNP 6= EXPNP. Our 
onstru
tionhas to avoid this problem, i.e., in the world we 
onstru
t Sewelson's 
onje
turemust not hold. In Se
tion 3 we will introdu
e a language for en
oding the 
om-plete set KA and the resour
e bounded injury method, whi
h over
ome thesediÆ
ulties. In that se
tion, we will also give the �rst 
onstru
tion of the ora
le.In Se
tion 4 we will transform the 
onstru
tion to a re
ursive 
onstru
tionusing a tree-based method (see (Soa87), Chapter XIV) where, if we 
an get aninjury from one leaf in a tree we 
an then throw away that leaf and start usingthe next one. We arrange the tree so that we have more leaves than injuries.Also, this now re
ursive method 
an be 
ombined with te
hniques developedby Ra
ko� (Ra
82), Hartmanis and Hema
handra (HH91) and Blum and Im-pagliazzo (BI87) to get P = UP = NP\ 
oNP, while still having PNP = NEXPrelative to a re
ursive ora
le. We eliminate ma
hines that do not 
ategori
allya

ept on at most one path by for
ing the a

eptan
e on one of the leaves ofour tree and then using a future leaf for en
oding.The relativized world we 
reate has two interesting properties. The �rst is



Two Ora
les that For
e a Big Crun
h 3about low sets. The low sets of a 
lass C 
onsists of those ora
les A su
h thatCA = C. Essentially, the low sets of a 
lass C give no help to the 
lass C.Relative to our ora
le, we get a surprising relationship between the low setsfor NP and the low sets for PNP. The �rst 
onsist of exa
tly the languages inP, whereas the se
ond 
onsists of the languages in NEXP.The se
ond property of our relativized world is that the 
omplete�pm-degreefor PNP 
ollapses to a single p-isomorphism type. That is, all PNP-
ompletesets under polynomial-time many-one redu
tions are polynomial-time isomor-phi
. This advan
es a program for getting 
omplete degrees to 
ollapse: ifC � NEXP is a 
lass with 
omplete sets, then one 
an make all C-
ompletesets p-isomorphi
 in a relativized world by setting P = UP and C = EXP.Homer and Selman (HS92) were able to do this for C = �p2, and our presentora
le works for C = PNP. An ora
le for C = NP would 
on�rm the isomor-phism 
onje
ture (BH77). Even though ora
les making the 
onje
ture true areknown (FFK92; BBF98), it is still an interesting open question whether thereis an ora
le relative to whi
h P = UP and NP = EXP.2. PreliminariesWe assume the reader familiar with standard notions in stru
tural 
omplexitytheory, as are de�ned, e.g., in (BDG88). Nonetheless, we will in this se
tionre
all some notions that we feel are not 
ommon knowledge, and �x on somenotation.Sets are denoted by 
apital letters and are subsets of ��, where � = f0; 1g.The 
ardinality of a set A is denoted as kAk. Strings are denoted as small lettersx; y; u; v; : : :. We sometimes identify a set with its 
hara
teristi
 fun
tion, thatis, A(x) = 1 if x 2 A, and A(x) = 0 otherwise.The length of a string x is denoted by jxj. For a set A and n 2 !, welet the notation A=n stand for the set 
onsisting of all the strings in A oflength n. We write �n for (��)=n. Strings are ordered �rst by length and thenlexi
ographi
ally. By de�nition it holds for any string z that z > max ; inthis ordering. This ordering also lets us identify strings with natural numbers0; 1; 2; : : :.We assume a 1{1, onto, easy-to-
ompute pairing fun
tion (the fun
tionhx; yi = y + (x + y)(x+ y + 1)=2 will do). Sets 
an also appear as arguments,e.g., hx;Bi = fhx; yi : y 2 Bg. We assume standard enumerations of re
ur-sively presentable 
lasses by (ora
le) Turing ma
hines. An ora
le ma
hine isa multi-tape Turing ma
hine with an input tape, an output tape, work tapes,and a query tape. Ora
le ma
hines have three distinguished states query,



4 Buhrman et al.yes and no, whi
h are explained as follows: at some stage(s) in the 
ompu-tation the ma
hine may enter the state query, and then goes to the stateyes, or goes to the state no, depending on the membership of the string 
ur-rently written on the query tape in a �xed ora
le set. Computation paths ofa nondeterministi
 ma
hine 
an be ordered by ordering the state set of thatma
hine. An a

epting 
omputation that is minimal in this sense 
an thusbe de�ned. Su
h a 
omputation is 
alled the leftmost 
omputation of M oninput x. If no a

epting 
omputation exists then the leftmost 
omputation isunde�ned. If the ma
hine is deterministi
 then the leftmost 
omputation is theunique 
omputation if the ma
hine a

epts. We letM(x) stand for the leftmost
omputation of ma
hine M on input x. We use the same notation for ora
lema
hines (MA(x)). We let Q(MA(x)) be the set of queries that is asked alongMA(x) if MA a

epts x, and ; otherwise. The length of a 
omputation, i.e.,the number of steps, is denoted by jMA(x)j. For a nondeterministi
 ma
hinethis stands for the length of its leftmost a

epting 
omputation if it exists, and0 otherwise. By fo
using on a parti
ular 
omputation path we may seem toget a nonstandard interpretation of time bounds here. However, sin
e we im-pli
itly use 
lo
ked ma
hines, this is no obje
tion. The set of strings a

eptedby a Turing (ora
le) ma
hine M (with ora
le A), is 
alled the language of M(relative to A) and is denoted by L(M) (L(MA)). A relativized 
omplexity
lass is denoted by writing the ora
le as a supers
ript, e.g., PA. A 
omplexity
lass may also appear as a supers
ript to another 
omplexity 
lass, denotingthe 
lass of languages emerging from the operation of equipping a ma
hinefrom the 
lass with an ora
le from the supers
ript 
lass, e.g., PNP = fL(MX) :M is a deterministi
 polynomial time ora
le ma
hine and X 2 NPg.The main 
omplexity 
lasses in this paper are P, NP, EXP, and NEXP,where exponential time is taken to be two to the power polynomial (2ni+i, fori 2 !). These 
lasses are members of the so-
alled Polynomial Time Hierar
hyand the Exponential Time Hierar
hy respe
tively, whi
h we de�ne below.The Polynomial Time Hierar
hy was introdu
ed by Sto
kmeyer (Sto76) and
onsists of the in�nite 
olle
tion of 
lasses �pi , �pi and �pi , whi
h are de�nedindu
tively as follows:�p0 = �p0 = �p0 = �p1 = P�pi+1 = NP�pi�pi+1 = Co�pi+1�pi+1 = P�piThe Exponential Time Hierar
hy as an analog of the Polynomial TimeHierar
hy is de�ned as follows:�exp0 = �exp0 = �exp0 = �exp1 = EXP



Two Ora
les that For
e a Big Crun
h 5�expi+1 = NEXP�pi�expi+1 = Co�expi+1�expi+1 = EXP�piRelativizations of these hierar
hies will be denoted by, e.g., �exp;Ai , wherethe interpretation is that the highest level ora
le is 
hanged from NP to NPA.3. The Resour
e Bounded Injury Method3.1. Resour
e Bounded Injury. A �rst solution to Post's problem wasobtained by Friedberg (Fri57) and independently Mu
hnik (Mu
56). Theypresented a means of 
onstru
tion that later be
ame known as the \Finite In-jury Priority Method." Usually, an r.e. set that has some property with respe
tto all re
ursive ora
le ma
hines is 
onstru
ted by stages. The set of all ora
lema
hines forms an in�nite set of requirements that have to be satis�ed by the
onstru
tion. At ea
h stage one of these requirements is satis�ed, and so thepro
ess guarantees that in the limit all the requirements are satis�ed. Thedi�eren
e between earlier 
onstru
tions and the �nite injury priority methodis that requirements that are satis�ed at some stage, may be
ome unsatis�edagain at some later stage. This is 
alled injuring a satis�ed requirement. Hereindexing the requirements be
omes of major importan
e. A requirement maybe injured at some stage only if this a
tion is taken to satisfy a requirement ofhigher priority (i.e., with smaller index). For a given requirement there are only�nitely many requirements of higher priority (indexing starts with 0). If thereare in�nitely many stages at whi
h a given requirement may be satis�ed, it fol-lows that every requirement eventually will be satis�ed permanently (i.e., willnot be injured after being satis�ed). Soare's book (Soa87) 
ontains an ex
el-lent expos�e of di�erent methods of 
onstru
ting r.e. sets. In 
omplexity theory,espe
ially in ora
le 
onstru
tion, it is seldom ne
essary to resort to more 
om-pli
ated methods of 
onstru
tion than standard, slow, so-
alled wait-and-seearguments. The method, at stage s, takes into 
onsideration all requirementswith index less than s, and satis�es from the subset of these requirements that
an be satis�ed the one with the smallest index.Satisfying a requirement usually means adding a set of strings to the ora
leunder 
onstru
tion. The requirements in our 
oding 
onstru
tion are indexedwith the length of strings. Requirement Rjxj asks that strings x of length jxj be
orre
tly en
oded in the ora
le. That is if x 2 KA then there has to be some
ode that says that it is and if x 62 KA than there has to be some 
ode that saysit isn't. In re
ursion theoreti
al 
onstru
tions this 
ode 
an, be
ause re
ursivema
hines have unbounded time, be spread out through the entire ora
le. In



6 Buhrman et al.our 
ase however, we need to be able to retrieve the en
oding by a resour
e-bounded ma
hine. In parti
ular, a polynomial time ora
le ma
hine. Therefore,all of the en
oding pertinent to x has to be done \
lose to" x. That is, thelength of the en
oding strings may not be greater than a �xed polynomial inthe length of x. On a binary alphabet there are only 2p(jxj) strings available oflength p(jxj). Therefore a method that permits injuries, that is re-en
oding ofx, should also have an impli
it bound on the number of times that an injuryis permitted. Otherwise, the spa
e of en
oding would simply �ll up. Be
auseour method has su
h a built in se
urity, we 
all the method \resour
e boundedinjury."3.2. En
oding and Retrieval. Let M1;M2; : : : be some standard enumer-ation of nondeterministi
 ora
le ma
hines, and let KA = fhi; x; ni : x 2L(MAi )^ jMAi (x)j � ng, be the standard 
omplete set for NEXPA. We plan toen
ode KA into A su
h that it 
an be retrieved by a polynomial time boundedma
hine with the help of an NPA ora
le. The en
oding of a string x will 
onsistof strings hx; zi, where jzj = jxj2 + 2jzj + 5. On input x, the polynomial timeora
le ma
hine will retrieve the maximum (in the lexi
ographi
al order) stringz su
h that hx; zi 2 A, and will a

ept i� this z is odd.Sin
e for given x and z the query (9z0 > z)[jz0j = jzj^hx; zi 2 A℄ is an NPAquery, a P ma
hine with an NPA ora
le 
an �nd hx; zi 2 A with maximum zby binary sear
h and then de
ide whether this z is odd.3.3. Constru
tion. We �rst give an informal des
ription of the 
onstru
-tion. The 
onstru
tion of the ora
le pro
eeds by stages. Let As be the ora
leafter stage s. Let MXK be an ora
le ma
hine 
omputing KX , and let MXC andNX be polynomial time ora
le ma
hines (deterministi
 and nondeterministi
,respe
tively) su
h that ML(NA)C 
omputes the PNPA binary sear
h algorithmdes
ribed above. Let CX = L(ML(NX )C ). The goal of stage s+1 is to guaranteethat at the end of this stage CAs+1 \ �n = KAs+1 \ �n, for some n dependingon the stage. To a
hieve this goal the 
onstru
tion builds a set B at stage s+1whi
h is initially empty. Then it repeatedly sele
ts a string x of length n anda minimal z of length n2 + 2n+ 4 su
h thatÆ x 2 KAs[B M CAs[B, andÆ fhx; z0i; hx; z1ig \Q(MAs[BK (u)) = ; for any u with juj � jxj.The 
onstru
tion pro
eeds by letting b = KAs[B(x), then setting B to B [fhx; zbig. Stage s + 1 ends when no more x in (KAs[B M CAs[B) \ �n 
an be



Two Ora
les that For
e a Big Crun
h 7found, i.e., when all strings of length n are 
orre
tly en
oded in the ora
le. Wewill prove that indeed ea
h stage ends after a limited number of steps.We 
all the need for the 
onstru
tion to 
orre
tly en
ode all strings of lengthn a requirement Rn. We then say that requirement Rn is satis�ed at stage s ifCAs \ �n = KAs \ �n. A requirement requires attention at stage s if it is notsatis�ed. A requirement that was satis�ed at stage s may require attention atsome stage t > s, due to 
hanges in the ora
le. We say that this requirementis injured.After stage s the 
onstru
tion a
ts upon the highest priority requirementthat requires attention by setting n to the minimal m su
h that requirementRm is not satis�ed. This 
an be re
ognized by the fa
t that �m \ (KAs+1 MCAs+1) 6= ;. Note that sin
e kAs+1k < 1 su
h an m must exist for anygiven s, for otherwise PNP = NEXP with the empty ora
le and we are done.We will prove that ea
h requirement Rn will be satis�ed and injured only alimited number of times (i.e., the en
oding �ts in the en
oding spa
e). As Rnis satis�ed only if all strings of length n are 
orre
tly en
oded, this proves the
orre
tness of the 
onstru
tion. First we will present the 
onstru
tion slightlymore formally.Constru
tionStage �1: A0 = ;:Stage s � 0:ns = minfp > 0 : (CAs M KAs) \ �p 6= ;g;ms = n2s + 2ns + 5;t = 0; Bs;0 = ;;While 9x 2 (KAs[Bs;t M CAs[Bs;t) \ �nsDoPi
k the least su
h x;Let z be minimum su
h thatjzj = ms,hx; zi 62 Sjuj�ns Q(MAs[Bs;tK (u)),z > maxfu : juj = ms ^ hx; ui 2 Asg, andz = z01$ x 2 KAs[Bs;t ;If no su
h z exists, then the 
onstru
tion ends;Otherwise, let Bs;t+1 = Bs;t [ fhx; zig; =� x is en
oded with z �=Set t = t+ 1;EndwhileAs+1 = As [ Bs;t;Endstage sEnd of Constru
tion



8 Buhrman et al.3.4. Corre
tness. The 
orre
tness proof 
onsists of a series of lemmas. Mostimportantly, we must show that the 
onstru
tion goes on forever, that is, a zis found ea
h time in the loop. The following lemma will show that the set ofMK queries is easy to avoid.Lemma 1. (8X � ��)(8n 2 !)[kSjuj�nQ(MXK (u))k � 22n+1℄.Proof. On input u of length � n the number of steps of MXK is bounded by2n. It follows that the number of queries in the leftmost 
omputation on thisinput is bounded by 2n. As there are at most 2n+1 strings u of length � n, thelemma is proved. 2Next we show that the en
oding done at a single level does not take toomany en
oding strings. For ea
h stage s and ea
h string x of length ns, we may�nd �rst that x is not in KAs[Bs;t at some point, and then have to en
ode thisfa
t in Bs;t+1. Next we may �nd for some t0 > t that x 2 KAs[Bs;t0 and have toen
ode this fa
t in Bs;t0+1. Sin
e in subsequent iterations t00 � t0 of the Whileloop the z's are pi
ked su
h that the new strings in Bs;t00+1 are not queried inthe leftmost 
omputation of MAs[Bs;t0K (x), this is the last time that we need toen
ode x. We therefore have the following lemma:Lemma 2. For every s 2 ! and x 2 �ns, x is en
oded at most twi
e in stages. The following lemma is 
entral to the 
orre
tness of the 
onstru
tion. Itstates that the number of times that the strings of a given length are en
odedin the ora
le is limited. And therefore that the room to 
ode is present.Lemma 3. (8m)[kfs : ns � mgk < 2m2+1℄.Proof. We prove this by indu
tion on m. Let Sm = fs0 < s1 < � � �g bethe maximal set su
h that nsi = m for si 2 Sm. Thus kfs : ns � mgk =kSmk + kfs : ns < mgk. For m = 1, sin
e there are no stages s su
h thatns < 1, we have kfs : ns � 1gk = kS1k. Let i be arbitrary su
h that si andsi+1 both exist in S1. From the 
onstru
tion it follows thatKAsi \ �1 � KAsi+1 \ �1 = CAsi+1 \ �1 = CAsi+1 \ �1 ( KAsi+1 \ �1.(Sin
e a

epting paths of MK are preserved, KAs \ �1 
an never lose elementsat any stage, and the �nal proper 
ontainment follows from the fa
t that weare visiting length 1 at stage si+1.) Sin
e there are only two strings of length1, kS1k � 3.Now �x m > 1 and suppose as indu
tion hypothesis (8r < m)[kfs : ns �rgk � 2r2+1 � 1℄. Observe that (8i)(9s)[si < s < si+2m+1 ^ ns < m℄. This is



Two Ora
les that For
e a Big Crun
h 9due to the fa
t that, for any i su
h that si and si+1 exist in Sm, if (8s)[si <s < si+1 =) ns � m℄ then KAsi \�m ( KAsi+1 \�m as in the m = 1 
ase: Aslong as ns � m, all a

epting 
omputations of MK at length m are preservedby the 
onstru
tion. Hen
e the 
onstru
tion 
an only fall ba
k to length mto en
ode a new a

epting 
omputation. Sin
e there are only 2m strings oflength m, KAsi+1 \�m 
annot be properly larger than KAsi \�m for more than2m 
onse
utive i. The indu
tion hypothesis gives us an upper bound on howoften ns < m. We �nd that kSmk � kfs : ns < mgk � (2m + 1) + 1. Sin
ekfs : ns < mgk � 2(m�1)2+1 � 1, it follows that kfs : ns � mgk � (2(m�1)2+1 �1)+(2(m�1)2+1�1)�(2m+1)+(2m+1) = (2(m�1)2+1�1)�(2m+2)+(2m+1) <2(m�1)2+1(2m + 2) � 2(m�1)2+1+(m+1) = 2m2�m+3. Sin
e m � 2, this is less thanor equal to 2m2+1. 2We are now ready to proveLemma 4. No stage ends for la
k of 
oding strings.Proof. Fix an n � 1, and let s1 < s2 < � � � < sk be all the stages s with ns = n.By Lemma 3, we have k � 2n2+1. We show that if the 
onstru
tion rea
hes thestart of a stage si, then it 
ontinues beyond si.Fix any x of length n, and let m = n2 + 2n + 5. At the start of stage s1,we have hx;�mi = ;. Suppose x �rst needs to be en
oded at some iterationt1 of the loop. There are 2m�1 pairs fz00; z01g � �m, and by Lemma 1, wehave at least 2m�1�22n+1 of these pairs available for en
oding x while avoidingSjuj�nQ(MAs1[Bs1;t1K (u)). Thus x 
an be en
oded with a minimal string z1 2 �mleaving at least 2m�1�22n+1�1 pairs of strings w > z1 available for en
oding xin the future. In the worst 
ase, x needs to be en
oded on
e more in stage s1, sayat some iteration t2 > t1 with a minimal string z2. Among the 2m�1�22n+1�1available pairs of 
oding strings, we now have at least 2m�1�2�22n+1�1 that we
an use while avoiding Sjuj�nQ(MAs1[Bs1;t2K (u)) (again using Lemma 1). Afteren
oding x the se
ond time, we then have at least 2m�1 � 22n+2 � 2 pairs of
oding strings w > z2 for en
oding x in future stages.Continuing the same argument through stages s2; s3; : : :, we see that afterstage si we have at least 2m�1�i(22n+2+2) pairs of strings available for en
odingx at future stages. Sin
e i � k � 2n2+1, we have at least 2m�1 � 2n2+2n+4 = 0pairs of 
oding strings left for x after every stage s with ns = n. Thus wealways have enough 
oding strings to 
omplete every stage. 2From this Lemma it follows immediately that indeed ea
h stage ends withthe level 
orre
tly en
oded in the extension of the ora
le. That is,



10 Buhrman et al.Corollary 5. (8s)(CAs+1 M KAs+1) \ �ns = ;.Corollary 6. lims!1 ns =1.Proof. This follows dire
tly from Lemma 3. 2From these lemmas the 
orre
tness of the 
onstru
tion follows. The ora
leis 
onstru
ted through a re
ursive pro
edure, hen
e it is re
ursively enumer-able. As the 
onstru
tion 
an \fall ba
k" to a length n at any point in the
onstru
tion (through a 
hain of 
hanges in the ora
le) we 
annot 
on
ludere
ursiveness.Theorem 7. There exists a re
ursively enumerable ora
le A su
h that PNPA =NEXPA.3.5. Consequen
es. The following 
orollary was the initial motivation forthe 
onstru
tion of the ora
le.Corollary 8. There exists an ora
le A su
h that PNPA = PNEXPA.Proof. The ora
le 
onstru
ted in Theorem 7 makes PNPA = NEXPA. It nowfollows that PNPA = PNEXPA. 2Corollary 8 suggests that there is no tight hierar
hy theorem (at least notone that relativizes) for PNTIME(f(n)) time 
lasses, for suitable fun
tions f .Whereas su
h a theorem is true and relativizes for NTIME(f(n)) (SFM78;Z�ak83). An even further 
ollapse follows dire
tly from the observation that thete
hniques in (Hem89) relativize.Corollary 9. There exists an ora
le A su
h that PNPA = NPNEXPA.An equivalent statement is the following.Corollary 10. There exists an ora
le A su
h that EXPNPA[poly℄ = PNPA .Proof. Again use the te
hniques in (Hem89) together with ora
le A in Theo-rem 7. 2Again this is a strange but not 
ontradi
tory 
onsequen
e. We know fromthe deterministi
 hierar
hy theorem that EXP 6� P and that this theoremrelativizes. The previous 
orollary shows that if the exponential time ora
lema
hines are restri
ted to querying only polynomially many queries (as are thepolynomial time ora
le ma
hines), then the two 
lasses 
oin
ide relative to A.The following 
orollaries are also mentioned as open problems in (Hel84).
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h 11Corollary 11. There is an ora
leA su
h that EXPA = NEXPA ( EXPNPA =�exp;A2 .Proof. Take again ora
le A in the proof of Theorem 7. It follows fromthe fa
t that the Polynomial Time Hierar
hy 
ollapses to PNPA, by padding,that the Exponential Time Hierar
hy 
ollapses to EXPNPA. Furthermore, therelativized time hierar
hy theorem for deterministi
 ora
le ma
hines impliesPNPA 6= EXPNPA . 2This 
orollary implies the following property.Corollary 12. (IT89).There exists an ora
le A su
h that Sewelson's 
onje
ture fails relative to A.Another 
onsequen
e is the following.Corollary 13. (BH91).There exists an ora
le set A su
h that PNPA 6� PNPAtt .4. The Tree MethodWe now pro
eed by explaining the tree method that will help us obtain aninjury-free version of the 
onstru
tion in Se
tion 3. The main reason we neededinjuries as we argued in Se
tion 3 was the following.On an individual path on input x, a nondeterministi
 exponential time ma-
hine may query only exponentially many strings. However on the 
ombinationof all possible paths, even a linear exponentially bounded ma
hine may have22n distin
t queries. As the 
oding region for x (i.e., the region of strings inwhi
h some string in the ora
le 
odes whether x is in the test language or not)is limited to strings of length nk for some �xed k, indeed all 2nk strings inthis region may appear on some path. Therefore, whatever 
oding strategy wede
ide on, the nondeterministi
 ma
hine may turn out to have an a

eptingpath if and only if the en
oding says that x is not in the test language.The workaround here, borrowed from re
ursion theory, is again that:1. there are not too many strings of length jxj.2. an a

epting 
omputation on input x 
an be \frozen" using not too manystrings.3. if bounded sear
h shows that none of our 
urrent 
andidate ora
les
an for
e an a

epting 
omputation, then we 
an safely 
ode in a

ep-tan
e/reje
tion of x.



12 Buhrman et al.The key of the workaround is item 3. Ea
h time in the 
onstru
tion we askwhether strings 
an be added to the ora
le|in a 
ertain region|to for
e a newa

epting 
omputation. If so, we for
e and �x the a

epting 
omputation andmove on to the next region. If not, then all future strings added to the ora
lewill be this region. Hen
e reje
tion is also preserved. We make sure that thereare more regions than there are 
omputations to be preserved at a given stage,so that we always have room enough to en
ode.The regions are de�ned as follows. Given a string w denote by w�� the setof all strings in �� that extend w. In some papers sets like this are also 
alled
ylinders. Now a sequen
e of 
ylinders 
an be given as w1�� ) w2�� ) : : :,where wi has wi�1 as a pre�x. The wi 
an also be thought of as nodes ona �nitely bran
hing tree. A region will be a set of the form h��; w��;��;�ifor some w 2 ��. The entire ora
le will be 
onstrained to be a subset ofh��;��;��;�i.For given x of length n > 0 there will be strings in the ora
le of the formhx; w2n; y; bi where w2n = m1m2 � � �m2nis su
h that jm2ij = jm2i�1j = i+ 1 for all 1 � i � n, jyj = 2n + 2, and b 2 �.Let us denote the set of all su
h strings by Cx. The b 
omponents of thesestrings en
ode whether x 2 KA. Ea
h mj will be identi�ed with a number inthe range 0 to 2dj=2e+1 � 1 in the usual way.The test language LB for ora
le B is de�ned as follows: x 2 LB if andonly if the lexi
ographi
ally maximum element in Cx \B (if it exists) is of theform hx; w; y; 1i. Here, our lexi
ographi
al ordering on the elements hx; w; y; biof Cx is: �rst lexi
ographi
ally order by w, then by y, then by b. Evidently,LB 2 PNPB for all ora
les B. We will 
onstru
t a re
ursive ora
le A su
h thatLA = KA.Our 
onstru
tion will build the ora
le by adding strings that belong to re-gions as de�ned above. Contrary to the 
onstru
tion in Se
tion 3, the 
onstru
-tion here will preserve as well as just avoid a

epting 
omputations. Thereforenot only will strings be put into the ora
le during the 
onstru
tion, but stringswill be reserved for the 
omplement of the ora
le as well. For this purposewe maintain a spe
ial set, the restraint set. For ea
h s � 1, we will have Asbe the set of strings put into the ora
le before stage s. We will also have arestraint set Rs whi
h 
ontains all the strings that we have not 
ommitted tothe 
omplement of the ora
le before stage s. We will always have As � Rs, aswell as As � As+1 and Rs � Rs+1. Thus the ora
le will be sandwi
hed betweenAs and Rs. Within ea
h stage s > 1, we will also use lo
al variables ~A and ~Rto interpolate between As and As+1 and between Rs and Rs+1 respe
tively. At
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h 13any point in the 
onstru
tion, we will say that an ora
le B is a 
anditate i�~A � B � ~R.One �nal note before we start: we will sometimes say, \Let B be least su
hthat . . . ," or \look for the minimum B su
h that . . . ," or some su
h, whereB � ��. In su
h 
ases, we assume the usual lexi
ographi
al ordering on subsetsof �� by their in�nite 
hara
teristi
 sequen
es. Ea
h 
ondition on B will dependon only a �nite set of bits of B's 
hara
teristi
 sequen
e, so a minimum B willalways exist if the 
ondition 
an be satis�ed at all.Now we are ready to present the 
onstru
tion. Stages are numbered usingn for n = 1; 2; : : : .Constru
tionStage 1 : m1 = 0 2 �2; w1 = m1; A1 = ;; R1 = h��; w1��;��;�i;Stage 2n (n � 1) :Phase 1 For
ing a

epting 
omputationsm = 0 2 �n+1; S = �n; ~A = A2n�1; ~R = R2n�1;Repeatw = w2n�1m;~Rw = ~A [ ( ~R \ h��; w��;��;�i);C = fx 2 S : (9B)[ ~A � B � ~Rw ^ x 2 KB℄gIf C 6= ; Thenx = minC;B = minfB0 : ~A � B0 � ~Rw ^ x 2 KB0g;~A = ~A [ (Q(MBK (x)) \ B);~R = ~R� (Q(MBK (x))� B);S = S � fxg;m = m + 1;EndifUntil C = ;;m2n = m; w2n = w; ~R = ~RwPhase 2 CodingFor ea
h x 2 �n Do=� Invariant: ~A \ hx; w2n;��;�i = ; �=y = minfy0 2 �2n+2 : hx; w2n; y0;�i � ~Rg;If x 2 K ~A Then b = 1 Else b = 0;~A = ~A [ fhx; w2n; y; big =� x is en
oded by hx; w2n; y; bi �=Endfor



14 Buhrman et al.Phase 3 CleanupA2n = ~A; R2n = ( ~R� h�n;��;��;�i) [ ~AEnd Stage 2nStage 2n+ 1 :m2n+1 = 0 2 �n+2; w2n+1 = w2nm2n+1;A2n+1 = A2n; R2n+1 = R2n \ (h��; w2n+1��;��;�i [ A2n)End Stage 2n+ 1End of Constru
tionLemma 14. For all s > 0, we have As � As+1, Rs � Rs+1, and As � Rs.Proof. Straightforward indu
tion on s. Note that just before ~R is 
hangedat the end of the For
ing phase of stage s = 2n, be
ause ~A � ~R, we have~Rw = ~A [ ( ~R \ h��; w2n��;��;�i) = ~R \ ( ~A [ h��; w2n��;��;�i) � ~R. 2Lemma 15. For ea
h n � 1 and x 2 �n, a value for y is found in the Codingphase of Stage 2n.Proof. It suÆ
es to show that at the start of the Coding phase of Stage 2n,khx; w2n;�2n+2;�i � ~Rk < 22n+2. It is 
lear by the 
onstru
tion that for anyz 2 hx; w2n;�2n+2;�i, if z was ever removed from ~R before the start of theCoding phase of Stage 2n, then this must have happened in the Repeat loop ofthe For
ing phase of some stage s � 2n. This happens for at most 2n many z(queries answered \no" along a single path ofMK(x0)) for ea
h x0 with jx0j � n,and thus khx; w2n;�2n+2;�i � ~Rk � 2n(2n+1 � 1) < 22n+1. 2We de�ne A = Ss>0As.Lemma 16. For ea
h n and for all x of length n, A 
ontains exa
tly one stringof the form hx; w2n; y; bi for y 2 �2n+2 and b 2 �, whi
h is the lexi
ographi
allymaximum element of Cx \ A.Proof. By Lemmas 14 and 15, A 
ontains at least one su
h string.Let ~A;m0; : : : ; m2n, y and b be as in the Coding phase of stage 2n just beforex is en
oded. Consider any string z 2 Cx where z 6= hx; w2n; y; bi. The string z
an only enter A either (i) during the Coding phase of some stage other than2n, (ii) during the For
ing phase of some stage 2n0 > 2n, or (iii) during theFor
ing phase of some stage 2n0 � 2n. Case (i) 
an never happen, be
ause anystrings entering then would be of the form hx0; w0; y0; b0i with x0 6= x. Case (ii)
annot happen by Lemma 14 and the fa
t that z is removed from R2n duringthe Cleanup phase of Stage 2n (if it wasn't already removed earlier).
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h 15In 
ase (iii), z must be a query of the form hx;m1 � � �m2n0�1mu; y0; b0i (forsome m, u, y0 and b0) made on some a

epting path of MK(x0) for some x0.This is be
ause when z enters A, z 2 Q(MBK (x0)) \ B � ~Rw, where w =m1 � � �m2n0�1m. Sin
e m is subsequently in
remented, we have m < m2n0 ,and so m1 � � �m2n0�1mu is lexi
ographi
ally stri
tly less than m1 � � �m2n = w2n.Thus, z is also lexi
ographi
ally stri
tly less than hx; w2n; y; bi. This proves thelemma. 2Lemma 17. LA = KA.Proof. Fix an n > 0 and an x 2 �n. Let ~A, ~R, C, and S be as in the Codingphase of Stage 2n just before x is en
oded, and let ~A0 be the value of ~A atthe start of the same Coding phase. By Lemma 16, it suÆ
es to show thatx 2 K ~A () x 2 KA, that is, x stays 
orre
tly en
oded in the ora
le. Sin
eC = ;, we have x 2 S =) (8B)[ ~A0 � B � ~R! x 62 KB℄:Suppose x 2 S. Then, be
ause ~A0 � ~A � A � ~R by Lemma 14, we havex 62 K ~A and x 62 KA.Now suppose x 62 S. Then x was removed from S in some iteration ofthe Repeat loop, at whi
h time an a

epting path of MK(x) was expli
itlypreserved, ensuring that (8B)[ ~A0 � B � ~R! x 2 KB℄.So in this 
ase we have x 2 K ~A and x 2 KA. 2Lemma 18. A is re
ursive.Proof. All sear
hes done in the 
onstru
tion are re
ursively bounded, in
ludingthe 
al
ulation of B in the Repeat loop. Further, every string z = hx; w; y; biwith jxj = n is 
ommitted by the end of Stage 2n by being out of R2n � A2n.24.1. Getting More Mileage. The astute reader may have noti
ed that inthe 
onstru
tion in Se
tion 4 we really used only the even stages to 
onstru
tthe ora
le. Now the time has 
ome to use the odd stages in that 
onstru
tionto get an extra interesting property of the ora
le. We will use the odd stagesof the 
onstru
tion to for
e that(4.1) PA = UPA = NPA \ 
oNPAin addition to PNPA = NEXPA.



16 Buhrman et al.A
tually, this is not quite 
orre
t. We 
an prove that the ora
le A thatwe 
onstru
t has the property ((4.1)) above only under the assumption thatP = PSPACE (unrelativized). That is, we will instead show the following:(4.2) P = PSPACE =) (PA = UPA = NPA \ 
oNPA ^ PNPA = NEXPA);where A is the ora
le we are 
onstru
ting. We 
an then re-relativize to obtainan ora
le A0 su
h that PA0 = UPA0 = NPA0 \ 
oNPA0 ^ PNPA0 = NEXPA0 withno assumptions.Re-relativization is a te
hnique that has been used before in a number ofpla
es (see (FFKL93), for example), but it deserves a brief explanation here.We 
an 
ast our entire 
onstru
tion relative to any ora
le X by letting all thema
hines involved have a

ess to ora
le X. By doing so, we build an ora
le AXsu
h that(4.3)PX = PSPACEX =) (PX)AX = (UPX)AX = (NPX)AX \ (
oNPX)AX^ (PNPX )AX = (NEXPX)AXbe
ause our proof of ((4.2)) below 
an 
learly be relativized to X. In ((4.3))above, ea
h 
lass of the form (CX)AX is just equal to CX�AX by 
ombining thetwo ora
les into one. Now let H be an ora
le su
h that PH = PSPACEH (aPSPACE-
ompete set, for instan
e). Setting X = H in ((4.3)) givesPA0 = UPA0 = NPA0 \ 
oNPA0 ^ PNPA0 = NEXPA0;where A0 = H � AH . The P = PSPACE assumption has been e�e
tivelydis
harged by �rst relativizing to H, then to AH . It therefore suÆ
es for our
onstru
tion to ensure ((4.2)) above, via a proof that relativizes. So from nowon, we will freely assume that P = PSPACE unrelativized.For simpli
ity of presentation, the following 
onstru
tion only ensures thatPNPA = NEXPA and PA = UPA. Getting PA = NPA \ 
oNPA uses similarte
hniques and 
an easily be interleaved into the 
onstru
tion. As the evenstages are identi
al to the 
onstru
tion in Se
tion 4, we only present the oddstages here.For i = hj; ki = 1; 2; 3; : : :, let Ni be the ma
hine Mj equipped with a 
lo
kso that it runs in time ni.
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h 17Stage 2n+ 1 (n � 1) :m = 0 2 �n+2; S = f1; : : : ; ng; ~A = A2n; ~R = R2n;Repeatw = w2nm;~Rw = ~A [ ( ~R \ h��; w��;��;�i);C = fi 2 S : (9B)[ ~A � B � ~Rw ^ (9y)[jyj � 2n=i ^ NBi has at leasttwo a

epting paths on input y℄℄gIf C 6= ; Theni = minC;B = minfB0 : ~A � B0 � ~Rw ^ (9y)[jyj � 2n=i ^ NB0i has at leasttwo a

epting paths on input y℄gPi
k the least su
h y and the least two distin
t a

epting pathsp and q of NBi on input y;Let Q be the set of all queries made along paths p and q;~A = ~A [ (Q \ B);~R = ~R� (Q� B);=� Ni is no longer a UPB0 ma
hine for any 
andidate B0 �=S = S � fig;m = m + 1;EndifUntil C = ;;m2n+1 = m; w2n+1 = w; A2n+1 = ~A; R2n+1 = ~RwEnd of Stage 2n + 1The ora
le A is de�ned as before, and it is 
learly re
ursive. The proof thatPNPA = NEXPA requires little 
hange from the previous proof: Lemma 14 isstill 
learly true. Lemma 17 is true by exa
tly the same proof. Lemma 15 isstill true, but we must revise our upper bound on khx; w2n;�2n+2;�i � ~Rk toa

ount for strings being removed from ~R during odd stages. Ea
hodd stage 2n0+1 < 2n removes from ~R|at most|queries made along twopaths of Ni(yi) for ea
h i 2 f1; : : : ; n0g,where yi is a string with length � 2n0=i. The number of queries on ea
hpath is at most (2n0=i)i � 2n. So thetotal number of strings removed from ~R in all the odd stages 2 < s < 2nis at most n22n � 22n+1. Adding to this the number of strings 
ounted in theeven stages gives a total stri
tly less than 22n+1 + 22n+1 = 22n+2 as desired.Lemma 16 is true when the proof is modi�ed to a

ount for strings z enteringA at odd stages. This 
ase is entirely similar to 
ase (iii) in that proof, sin
ethe odd stages 
losely resemble the For
ing phases of the even stages.



18 Buhrman et al.Note that the P = PSPACE assumption was not needed in any of the
onsiderations above. So in fa
t, PNPA = NEXPA, and this also 
learly holdswhen we relativize the 
onstru
tion to any prior ora
le X.It remains to show that PA = UPA. Fix an i su
h that Ni is a UPA ma
hine.We will des
ribe a PA Algorithm to 
ompute L(NAi ). Fix an input y and letn = idlogjyje. We �rst run the 
onstru
tion through stage 2n+1. After a littlethought, it 
an be seen that w2n+1 and A2n+1 (as a list of strings) 
an both be
omputed in spa
e linearly exponential in n and thus polynomial in jyj � 2n=i.In parti
ular, the sear
hed paths of the ma
hinesMK and Ni are ea
h of length� 2n and only query strings of length � 2n. In simulating the 
onstru
tion,besides maintaining a list of the strings in ~A, we must also maintain a 2O(n)-sizelist ` ~R of the strings removed from ~R during odd stages and in the Repeat loopsof even stages. Given these lists and the ws, membership of any string in ~R
an easily be 
omputed at any time \on the 
y" as needed. De�ne
(y) = hw2n+1; A2n+1; `R2n+1ias above. The fun
tion 
 
an be 
omputed (without a

ess to an ora
le) inpolynomial spa
e (in jyj), and its output is polynomial size. It follows from theP = PSPACE assumption that 
 
an be 
omputed in polynomial time.By the 
onstru
tion and the fa
t that NAi is a UPA ma
hine, NBi (y) has atmost one a

epting path on input y for every B su
h that A2n+1 � B � R2n+1.We 
an now re
over the a

epting path of NAi (y), if there is one, through adeterministi
 polynomial time bounded pro
edure using ora
le A, as we shownext. We adapt a standard te
hnique developed and used by Ra
ko� (Ra
82),Tardos (G.T89), Hartmanis and Hema
handra (HH91) and Blum and Impagli-azzo (BI87) to 
ompute NAi (y). Our Algorithm uses a fun
tion d as a subrou-tine, whered(y; w2n+1; ~A; ` ~R) = � Q(NBi (y)) if (9 a least 
andidate B)[NBi (y) = 1℄,\no" otherwise.where ~A and ` ~R are lists of strings, and ~R is de�ned from ` ~R and w2n+1 bythe 
onstru
tion through stage 2n + 1 as des
ribed above. Clearly, d 
an be
omputed in polynomial spa
e without a

ess to an ora
le, and its output ispolynomial size. Sin
e P = PSPACE, d is 
omputable in polynomial time.
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h 19ALGORITHM FOR NAi (y)Compute ~A = A2n+1, ` ~R = `R2n+1 (whi
h de�nes ~R),and w = w2n+1 as above via 
(y);Q = ;;Repeat jyji timesIf d(y; w; ~A; ` ~R) 6= \no" ThenQ = Q [ d(y; w; ~A; ` ~R);~A = ~A [ (Q \ A);~R = ~R� (Q� A);EndifEnd RepeatA

ept i� N ~Ai (y) = 1 and Q(N ~Ai (y)) � Q;ENDThe Algorithm 
an be run in time polynomial in jyj relative to ora
le A:w, ~A, ` ~R, and Q are all of size polynomial in jyj, and we only query A onstrings in Q, whi
h are all of size at most jyji. (We update ` ~R to a

ountfor the strings removed from ~R as before.) The �nal evaluation of N ~Ai (y) andQ(N ~Ai (y)) 
an be done in polynomial spa
e without ora
le a

ess, and so 
anbe done in polynomial time.We de�ne any ora
le to be a 
andidate just as before. Note that A is a
andidate throughout the Algorithm, and ~A never loses elements nor does ~Rgain any. If the Algorithm a

epts, then after the For loop there is an a

eptingpath of N ~Ai (y) whi
h only makes queries in Q. But this implies NAi (y) = 1 also,be
ause ~A, ~R, and hen
e A all agree within Q.Conversely, suppose NAi (y) = 1, and let Q0 = Q(NAi (y)). Clearly, d neverreturns \no." We 
laim that Q0 � Q after the loop �nishes. It follows imme-diately that ~A \Q0 = ~R \Q0 = A \Q0, and so N ~Ai (y) = 1 and the Algorithma

epts.We prove the 
laim: Let m = jyji. For j = 1; 2; : : : ; m, let Bj be the setfound by d and let Qj be the query set returned by d on the jth iteration of theloop. Suppose �rst that there is a j su
h that Bj and A agree within Q0 \Qj,that is, Bj \Q0 \Qj = A\Q0 \Qj. Then we must have Q0 = Qj: If not, thenlet C = ~A [ (Bj \Qj) [ (A \Q0):Clearly, C is a 
andidate, but NCi (y) has two distin
t a

epting paths, onemaking queries in Qj and the other making queries in Q0. This violates the
ondition enfor
ed by the end of Stage 2n+ 1, and so the 
laim holds.Now suppose that Bj \Q0 \ Qj 6= A \ Q0 \ Qj for all j, and let zj be the



20 Buhrman et al.minimum string in (Bj M A) \ Q0 \ Qj. Then sin
e A(zj) 6= Bj(zj) we knowthat z 62 Sj�1k=1Qk, be
ause Bj and A agree within Sj�1k=1Qk. This means that Q0 � j[k=1Qk! )  Q0 � j�1[k=1Qk! :That is, Q0 � Q loses at least one element (zj) on ea
h iteration of the loop.Before the loop starts, we have kQ0 �Qk = kQ0k � jyji, and so after the loop�nishes, we have Q0�Q = ;. This proves the 
laim and the 
orre
tness of theAlgorithm. 2To get PA = NPA \ 
oNPA, we 
an easily interleave PA = NPA \ 
oNPAstages (of the form 4n + 1) with the PA = UPA stages (now of the form4n� 1). For the former stages, whi
h are handled similarly to the latter ones,we 
onsider ea
h NXi as a proper NPX \ 
oNPX ma
hine if, for ea
h input, ithas at least one a

epting path, and either all a

epting paths start with a leftbran
h or they all start with a right bran
h. NXi a

epts an input if and only ifit has an a

epting path starting with a left bran
h. In the PA = NPA\
oNPAstages we look for a B with ~A � B � ~Rw that for
es both types of a

eptingpath for the same input y. The 
orresponding PA Algorithm is essentiallyun
hanged, ex
ept that d now sear
hes for two 
andidates B and B0 su
h thatNBi (y) and NB0i (y) ea
h have an a

epting path and the two paths start onopposite bran
hes. If su

essful, d returns the union of the respe
tive querysets. The proof of eÆ
ien
y and 
orre
tness pro
eeds largely as before. If dever returns \no," then we sear
h for any single a

epting path of NBi (y) (forany 
andidate B). The �rst bran
h of the path we �nd must agree with that ofany a

epting path of NAi (y). The 
onstru
tion promises that, for all C withA4n+1 � C � R4n+1, any two a

epting paths of NCi (y) start with the samebran
h. So if d never returns \no," then at least one of the queries in the setreturned by d must also be in Q0 and have been answered di�erently from A.So Q0 �Q will shrink as before. We thus have the following theorem:Theorem 19. There is a re
ursive ora
le A su
h that PNPA = NEXPA andPA = UPA = NPA \ 
oNPA.4.2. Lowness and Collapsing Degrees. For any relativizable 
lass C welet LOW(C) denote the 
lass of all C-low sets, i.e., the 
lass of all B su
h thatCB = C. This 
on
ept itself relativizes, i.e., we say that a set B is low for Crelative to an ora
le A if CA�B = CA.Sin
e the 
lasses NP and PNP are \
lose" to ea
h other, one might expe
tthat LOW(NP) should likewise be 
lose to LOW(PNP), but instead we get the
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h 21following 
urious lowness property relative to ora
le A of Theorem 19.Corollary 20. Relative to the set A of Theorem 19, LOW(NP) = P andLOW(PNP) = NEXP.Proof. It is well-known (see (Sel79)) that LOW(NP) = NP \ 
oNP, and theproof relativizes; thus LOW(NP) = P relative to A. Moreover, relative to Awe have (PNP)NEXP = (PNP)PNP � PH � NEXP � PNPand thus NEXP � C : LOW(PNP) � PNP = NEXP 2Homer and Selman (HS92) 
onstru
ted an ora
le relative to whi
h P = UPand �p2 = EXP, and thus the 
omplete �pm-degree for �p2 = EXP 
ollapses.The ora
le A of Theorem 19 brings the 
ollapse further down in the polynomialhierar
hy.Corollary 21. Relative to the set A of Theorem 19, all �pm-
omplete setsfor PNP are polynomial time isomorphi
.Proof. Berman (Ber77) showed via a relativizable proof that the 
omplete�pm-degree for EXP 
ollapses to a 1-li-degree (one-to-one length-in
reasing m-redu
tions). By results in (GS88) and (KLD87), all 1-li-degrees 
ollapse if andonly if P = UP, again by a relativizable proof. Relative to A we have P = UPand PNP = EXP. 25. Con
lusionsHaving 
ome to this point, the reader may wonder why in this paper we pre-sented two 
onstru
tions of essentially the same ora
le. The reasons for thisare histori
al, aestheti
 and te
hni
al. Histori
ally, the injury 
onstru
tion wasthe �rst to be presented at a 
onferen
e (BT94). As often before, the 
on-stru
tion was soon made re
ursive by for
e of the tree method we presented inSe
tion 4 (FF95). Both methods have their own intrinsi
 beauty and thereforeboth deserve their pla
e in the literature. In other 
onstru
tions both methodsmay prove their separate use. Te
hni
ally, it seemed that there were very goodarguments here why indeed an injury method is ne
essary for this 
onstru
tionas we explained before. However, again it turned out that injury arguments
ould be repla
ed by bounded sear
h. There is an old thesis that any ora
le
onstru
tion in 
omplexity theory 
an be made re
ursive simply be
ause of thefa
t that the 
onstru
tion deals with resour
e bounded ma
hines. The present
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onstru
tions failed to provide a 
ounter example|or, equivalently, providedmore support for that thesis.Of 
ourse, we would like to see the PNP versus NEXP question answeredin the unrelativized world. We 
onje
ture that the 
lasses in fa
t are di�erent,but su
h a proof will require vastly new te
hniques.In the relativized setting, we would like to see an ora
le relative to whi
hPNP = NEXP but P = BPP. We think a proof similar to the proof of The-orem 19 might work, but trying to for
e all BPP ma
hines to be 
ategori
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