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ABSTRACT

We consider a permutation betting scenario, where people
wager on the "nal ordering of n candidates: for example,
the outcome of a horse race. We examine the auctioneer
problem of risklessly matching up wagers or, equivalently,
“nding arbitrage opportunities among the proposedwagers.
Requiring bidders to explicitly list the orderings that they'd

liketo bet on is both unnatural and intractable, becausethe
number of orderings is n! and the number of subsets of or-
derings is 2"'. We proposetwo expressiw betting languages
that seemnatural for bidders, and examine the computa-
tional complexity of the auctioneer problem in eac case.
Subsetbetting allows traders to bet either that a candidate
will end up ranked among some subset of positions in the
“nal ordering, for example, \horse A will "nish in positions
4,9, or 13-21", or that a position will be taken by somesub-
set of candidates, for example \horse A, B, or D will "nish

in position 2". For subset betting, we show that the auc-
tioneer problem can be solved in polynomial time if orders
are divisible. Pair betting allows traders to bet on whether
one candidate will end up ranked higher than another can-
didate, for example \horse A will beat horse B". We prove
that the auctioneer problem becomesNP-hard for pair bet-
ting. Weidentify a suxcient condition for the existenceof a
pair betting match that can be veri ed in polynomial time.

We also show that a natural greedy algorithm givesa poor
approximation for indivisible orders.
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1. INTRODUCTION

Buying or selling a nancial security in e®ectis a wager
on the security's value. For example, buying a stock is a bet
that the stock's value is greater than its current price. Each
trader evaluates his expected prot to decide the quantity
to buy or sell according to his own information and sub-
jectiv e probabilit y assessmen The collective interaction of
all bets leadsto an equilibrium that re°ects an aggregation
of all the traders' information and beliefs. In practice, this
aggregate market assessmen of the security's value is often
more accurate than other forecastsrelying on experts, polls,
or statistical inference[16, 17, 5, 2, 15].

Consider buying a security at price ft y-two certs, that
pays $1 if and only if a Democrat wins the 2008 US Presi-
dential election. The transaction is a commitment to accept
a ft y-two cernt lossif a Democrat does not win in return
for a forty-eight cent prot if a Democrat doeswin. In this
caseof an event-contingent security, the price|the market's
value of the security|corresp onds directly to the estimated
probabilit y of the evert.

Almost all existing nancial and betting exchangespair up
bilateral trading partners. For example, one trader willing
to accept an x dollar loss if a Democrat does not win in
return for ay dollar prot if a Democrat wins is matched
up with a secondtrader willing to acceptthe opposite.

However in many scenarios,evenif no bilateral agreemeris
exist among traders, multilateral agreemens may be possi-
ble. For example, if one trader bets that the Democratic
candidate will receive more votes than the Republican can-
didate, a secondtrader bets that the Republican candidate
will receive more votesthan the Lib ertarian candidate, and a
third trader bets that the Lib ertarian candidate will receive
more votes than the Democratic candidate, then, depend-
ing on the odds they ead o®er, there may be a three-way
agreeablematch even though no two-way matches exist.

We proposean exchange where traders have considerable
°exibilit y to naturally and succinctly expresstheir wagers,



and examine the computational complexity of the auction-
eer'sresulting matching problem of identifying bilateral and
multilateral agreemerts. In particular, we focuson a setting
where traders bet on the outcome of a competition among
n candidates. For example, supposethat there are n candi-
dates in an election (or n horsesin a race, etc.) and thus
n! possible orderings of candidates after the nal vote tally.
Traders may like to bet on arbitrary properties of the "nal
ordering, for example \candidate D will win", \candidate D
will “nish in either “rst place or last place", \candidate D
will defeat candidate R", \candidates D and R will both de-
feat candidate L", etc. The goal of the exchangeis to search
among all the o®ersto 'nd two or more that together form
an agreeable match. As we shall see, the matching prob-
lem can be set up asa linear or integer program, depending
on whether orders are divisible or indivisible, respectively.
Attempting to reduce the problem to a bilateral matching
problem by explicitly creating n! securities, one for each pos-
sible "nal ordering, is both cumbersomefor the traders and
computationally infeasible even for modest sized n. More-
over, traders' attention would be spread among n! indepen-
dent choices,making the likelihood of two traders converging
at the sametime and place seemremote.

There is a tradeo® betweenthe expressivenessof the bid-
ding languageand the computational complexity of the match-
ing problem. We want to o®ertraders the most expressiwe
bidding language possible while maintaining computational
feasibility. We explore two bidding languagesthat seemnat-
ural from a trader perspective. Subsetbetting, described in
Section 3.2, allows traders to bet on which positions in the
ranking a candidate will fall, for example \candidate D will
“nish in position 1, 3-5, or 10". Symetrically, traders can
also bet on which candidates will fall in a particular posi-
tion. In Section 4, we derive a polynomial-time algorithm
for matching (divisible) subset bets. The key to the result
is showing that the exponenrtially big linear program has a
corresponding separation problem that reducesto maximum
weighted bipartite matching and consequertly we can solve
it in time polynomial in the number of orders.

Pair betting, described in Section 3.3, allows traders to
bet on the nal ranking of any two candidates, for example
\candidate D will defeatcandidate R". In Section5, we show
that optimal matching of (divisible or indivisible) pair bets
is NP-hard, via a reduction from the unweighted minimum
feedbad arc set problem. We also provide a polynomially-
veri able suzcient condition for the existence of a pair-
betting match and show that a greedy algorithm o®erspoor
approximation for indivisible pair bets.

2. BACKGROUND AND RELATED WORK

We consider permutation betting, or betting on the out-
come of a competition among n candidates. The "nal out-
comeor state s 2 S is an ordinal ranking of the n candidates.
For example, the candidates could be horsesin a race and
the outcome the list of horsesin increasing order of their
“nishing times. The state spaceS contains all n! mutually
exclusive and exhaustive permutations of candidates.

In a typical horse race, people bet on properties of the
outcome like \horse A will win", \horse A will show, or
“nish in either “rst or secondplace”, or \horses A and B will
“nish in “rst and second place, respectively”. In practice
at the racetrack, each of these di®erert types of bets are
processedin separate pools or groups. In other words, all

the \win" bets are processedtogether, and all the \show"
bets are processedtogether, but the two types of bets do
not mix. This separation can hurt liquidit y and information
aggregation. For example, even though horse A is heavily
favored to win, that may not directly boost the horse'sodds
to show.

Instead, we describe a central exchange where all bets
on the outcome are processedtogether, thus aggregating
liquidit y and ensuring that informational inference happens
automatically .

Ideally, we'd like to allow traders to bet on any property
of the "nal ordering they like, stated in exactly the language
they prefer. In practice, allowing too °exible alanguagecre-
ates a computational burden for the auctioneer attempting
to match willing traders. We explore the tradeo® between
the expressivenessof the bidding language and the compu-
tational complexity of the matching problem.

We consider a framework where people propose to buy
securities that pay $1 if and only if some property of the
“nal ordering is true. Traders state the price they are will-
ing to pay per share and the number of sharesthey would
like to purchase. (Sell orders may not be explicitly needed,
since buying the negation of an event is equivalent to selling
the event.) A divisible order permits the trader to receive
fewer sharesthan requested, as long as the price constraint
is met; an indivisible order is an all-or-nothing order. The
description of bets in terms of prices and sharesis without
loss of generality: we can also allow bets to be described in
terms of odds, payo® vectors, or any of the diversearray of
approaches practiced in "‘nancial and gambling circles.

In principle, we can do everything we want by explicitly
o®ering n! securities, one for every state s 2 S (or in fact
any set of n! linearly independert securities). This is the
so-called complete Arrow-Debreu securities market [1] for
our setting. In practice, traders do not want to deal with
low-level speci cation of complete orderings: people think
more naturally in terms of high-level properties of order-
ings. Moreover, operating n! securities is infeasible in prac-
tice from a computational point of view asn grows.

A very simple bidding language might allow traders to bet
only on who wins the competition, asis done in the \win"
pool at racetracks. The corresponding matching problem is
polynomial, however the language is not very expressive. A
trader who believesthat A will defeat B, but that neither
will win outright cannot usefully impart his information to
the market. The price spaceof the market reveals the col-
lective estimates of win probabilities but nothing else. Our
goalisto nd languagesthat are as expressiwe and intuitiv e
aspossibleand reveal asmuch information aspossible,while
maintaining computational feasibility.

Our work is in direct analogy to work by Fortnow et.
al. [6]. Whereaswe explore permutation combinatorics, Fort-
now et. al. explore Boolean combinatorics. The authors con-
sider a state spaceof the 2" possible outcomes of n binary
variables. Traders expressbets in Boolean logic. The au-
thors show that divisible matching is co-NP-complete and
indivisible matching is 8 5-complete.

Hanson [9] describes a market soring rule mecanism
which can allow betting on combinatorial number of out-
comes. The market starts with a joint probabilit y distribu-
tion acrossall outcomes. It works like a sequernial version
of a scoring rule. Any trader can changethe probabilit y dis-
tribution aslong as he agreesto pay the most recert trader



according to the scoring rule. The market maker pays the
last trader. Hence, he bearsrisk and may incur loss. Mar-
ket scoring rule medchanisms have a nice property that the
worst-case loss of the market maker is bounded. However,
the computational aspects on how to operate the mecda-
nism have not been fully explored. Our mechanisms have
an auctioneer who doesnot bear any risk and only matches
orders.

Researd on bidding languagesand winner determination
in combinatorial auctions [4, 14, 18] considers similar com-
putational challengesin 'nding an allocation of items to
bidders that maximizes the auctioneer's revenue. Combi-
natorial auctions allow bidders to place distinct values on
bundles of goods rather than just on individual goods. Un-
certainty and risk are typically not consideredand the cen-
tral auctioneer problem is to maximize social welfare. Our
mechanisms allow traders to construct bets for an event with
n! outcomes. Uncertainty and risk are considered and the
auctioneer problem is to explore arbitrage opportunities and
risklessly match up wagers.

3. PERMUTATION BETTING

In this section, we de ne the matching and optimal match-
ing problems that an auctioneer needsto solve in a general
permutation betting market. We then illustrate the prob-
lem de nitions in the context of the subset-betting and pair-
betting markets.

3.1 Securities,Orders and Matching Problems

Consider an event with n competing candidates where
the outcome (state) is a ranking of the n candidates. The
bidding language of a market o®ering securities in the fu-
ture outcomes determines the type and number of securi-
ties available and directly a®ectswhat information can be
aggregated about the outcome. A fully expressive bidding
language can capture any possible information that traders
may have about the nal ranking; a lessexpressiwe language
limits the type of information that can be aggregatedthough
it may enablea more excient solution to the matching prob-
lem. For any bidding language and number of securities in
a permutation betting market, we can succinctly represen
the problem of the auctioneer to risklessly match o®ersas
follows.

Consider an index set of bets or orders O which traders
submit to the auctioneer. Each order i 2 O is a triple
(b;g;A), where b denotes how much the trader is willing
to pay for a unit share of security A; and g is the number
of shares of the security he wants to purchase at price b .
Naturally , b 2 (0;1) since a unit of the security pays o® at
most $1 when the evert is realized. Since order i is de ned
for a single security A;, we will omit the security variable
whenewer it is clear from the context.

The auctioneer can accept or reject each order, or in a
divisible world accept a fraction of the order. Let x; be the
fraction of order i 2 O accepted. In the indivisible version
of the market x; = 0 or 1 while in the divisible version
Xi 2 [0;1]. Further let 1i(s) be the indicator variable for
whether order i is winning in state s, that is I;(s) = 1 if the
order is paid back $1 in state s and I;(s) = O otherwise.

There are two possible problems that the auctioneer may
want to solve. The simpler oneis to nd a subset of orders
that can be matched risk-free, namely a subset of orders
which accepted together give a nonnegative prot to the

auctioneer in every possible outcome. We call this problem
the existencee of a match or sometimessimply, the matching
problem. The more complex problem is for the auctioneer to
“nd the optimal match with respect to some criterion such
asprot, trading volume, etc.

Definiton 1 (Existence of match, indivisible
Given a set of orders O, does there exist a set of x; 2
f0;1g, i 2 O, with at least one x; = 1 such that

X
(bi li(shaxi, 0; 8s2S? @

Similarly we can de ne the existence of a match with di-
visible orders.

Definition 2 (Existence
Given a setof orders O, doesthere exist a setof x; 2 [0; 1],
i 2 O, with at least one x; > 0 such that

X
(b li(s)axi, 0, 8s28S? (2

The existence of a match is a decision problem. It only
returns whether trade can occur at no risk to the auction-
eer. In addition to the risk-free requirement, the auctioneer
can optimize somecriterion in determining the ordersto ac-
cept. Some reasonable objectives include maximizing the
total trading volume in the market or the worst-case pro't
of the auctioneer. The following optimal matching problems
are de ned for an auctioneer who maximizes his worst-case
pro t.

Definition 3 (Optimal match, indivisible orders)
Given a set of orders O, choose x; 2 f0;1g such that the
following mixed integer programming problem achieves its
optimality

max c (3)
XjC
P i ¢
s.t. b li(s) gxi, c; 828
xi 2 f0;1g; 8i 2 O:

Definition 4 (Optimal match, divisible orders) .
Given a set of orders O, choose x; 2 [0;1] such that the fol-
lowing linear programming problem achievesits optimality

max c (4)
XjC
P i ¢
s.t. i b li(s)gxi, c; 828
0- xi- 1 8i 2 O:

The variable c is the worst-case prot for the auctioneer.
Note that, strictly speaking, the optimal matching problems
do not require to solve the optimization problems (3) and
(4), becauseonly the optimal set of orders are needed. The
optimal worst-caseprot may remain unknown.

3.2 SubsetBetting

A subsetbetting market allows two di®erert typesof bets.
Traders can bet on a subsetof positions a candidate may end
up at, or they can bet on a subset of candidates that will
occupy a particular position. A security h®j©i where © is
a subset of positions pays o® $1 if candidate ® stands at a
position that is an elemert of © and it pays $0 otherwise.
For example, security h®jf 2; 4gi pays $1 when candidate ®

orders) .

of match, divisible orders) .



is ranked secondor fourth. Similarly, a security f? jji where
@ s a subset of candidates pays o® $1 if any of the candi-
datesin the set? ranks at position j. For instance, security
hf®; ° gj2i pays o®$1 when either candidate ® or candidate
° is ranked second.

The auctioneer in a subset betting market faces a non-
trivial matching problem, that is to determine which orders
to accept among all submitted ordersi 2 O. Note that al-
though there are only n candidates and n possiblepositions,
the number of available securities to bet on is exponertial
since a trader may bet on any of the 2" subsets of candi-
dates or positions. With this, it is not immediately clear
whether one can even nd a trading partner or a match for
trade to occur, or that the auctioneer can solve the match-
ing problem in polynomial time. In the next section, we will
show that somewhat surprisingly there is an elegart poly-
nomial solution to both the matching and optimal matching
problems, basedon classic combinatorial problems.

When an order is accepted, the corresponding trader pays
the submitted order price by to the auctioneer and the auc-
tioneer pays the winning orders $1 per share after the out-
come is revealed. The auctioneer has to carefully choose
which orders and what fractions of them to accept so as
to be guaranteed a nonnegative prot in any future state.
The following example illustrates the matching problem for
indivisible orders in the subset-betting market.

Example 1. Suppsen = 3. Objects ®, , and ° compete
for positions 1, 2, and 3 in a competition. The auctioneer
receives the following 4 orders: (1) buy 1 share hgjf 1gi at
price $0.6; (2) buy 1 share h'jf 1;2gi at price $0.7; (3) buy
1 share I jf 1; 3gi at price $0.8; and (4) buy 1 share hjf 3gi
at price $0.7. There are 6 possible states of ordering: ® °,
® , ®, °® °® ,and °" ®. The correspnding state-
dependent prot of the auctioneer for each order can be cal-
culated as the following vectors,

ca = (i 0:4;j 0:4;, 0:6; 0:6; 0:6; 0:6)
c = (i 0:3; 0:7;5 0:3;§ 0:3; 0:7; 0:3)
¢z = (j 02, 08;j 02, 0:8;i 0:2;j 0:2)

ca = (0703 07 0703 07):

6 columns corresppnd to the 6 future states. For indivisible
orders, the auctioneer can either accept orders (2) and (4)
and obtain prot vector

c= (0:4; 0:4; 04, 04; 04; 04,

or accept orders (2), (3), and (4) and haspro't acrossstate
c= (0:2; 1:2; 0:2; 1.2; 0:2; 0:2):

3.3 Pair Betting

A pair betting market allows traders to bet on whether
one candidate will rank higher than another candidate, in an
outcome which is a permutation of n candidates. A security
h®> i pays o® $1 if candidate ® is ranked higher than
candidate ~ and $0 otherwise. There are atotal of N(N j 1)
di®erert securities o®eredin the market, each corresponding
to an ordered pair of candidates.

Traders place orders of the form \buy ¢ sharesof ® > i
at price per share no greater than b". b in general should
bebetween0 and 1. Again the order can be either indivisible
or divisible and the auctioneer needsto decide what fraction
x; of each order to accept so as not to incur any loss, with

Figure 1: Every cycle has negativ e worst-case prot
of j 0:02 (for the cycles of length 4) or less (for the
cycles of length 6), however accepting all edges in
full gives a positiv e worst-case prot of 0:44.

Xi 2 f0; 1g for indivisible and x; 2 [0; 1] for divisible orders.
The same de nitions for existence of a match and optimal
match from Section 3.1 apply.

The orders in the pair-b etting market have a natural in-
terpretation as a graph, where the candidates are nodesin
the graph and ead order which ranks a pair of candidates
®> "~ isrepreserted by a directed edgee = (®; ) with price
h. and weight g.. With this interpretation, it is tempting
to assumethat a necessarycondition for a match is to have
a cycle in the graph with a nonnegative worst-case pro t.
Assuming g. = 1 for all e, this is a cycle C with a total of
jCj edgessuch that the worst-caseprot for the auctioneer
is s

ke i (Cji 1), O
e2C

since in the worst-case state the auctioneer needsto pay
$,1 to every order in the cycle except one. However, the
example in Figure 1 shows that this is not the case: we
may have a set of orders in which every single cycle has a
negative worst-casepro t, and yet there is a positive worst-
case match overall. The edge labels in the "gure are the
prices b; both the optimal divisible and indivisible solution
in this caseaccept all orders in full, xe = 1.

4. COMPLEXITY OF SUBSETBETTING

The matching problems of the auctioneer in any permu-
tation market, including the subset betting market have n!
constraints. Brute-force methods would take exponertial
time to solve. However, given the special form of the se-
curities in the subset betting market, we can show that the
matching problems for divisible orders can be solvedin poly-
nomial time.

Theorem 1. The existence of a match and the optimal
match problemswith divisible ordersin a subsetbetting mar-
ket can both be solval in polynomial time.



Pr oof. Considerthe linear programming problem (4) for
“nding an optimal match. This linear program hasjOj+ 1
variables, one variable x; for each order i and the pro't vari-
able c. It alsohasexponertially many constraints. However,
we can solve the program in time polynomial in the num-
ber of orders jOj by using the ellipsoid algorithm, as long
aswe can exciently solveits corresponding semration prob-
lem in polynomial time [7, 8]. The separation problem for
a linear program takes as input a vector of variable values
and returns if the vector is feasible, or otherwise it returns
a violated constraint.

For given values of the variables, a violated constraint in
Eq. (4) asks whether there is a state or permutation s in
which the prot is lessthan c, and can be rewritten as

3 .
li(s)axi < b g xi

i c 82S: (5)

Thus it suxces to show how to nd ezxciently a state s
satisfying the aboveinequality (5) or verify that the opposite
inequality holds for all states s.

We will show that the separation problem can be reduced
to the maximum weighted bipartite matching® problem [3].
The left hand side in Eq. (5) is the total money that the
auctioneer needsto pay back to the winning traders in state
s. The rst term on the right hand side is the total money
collected by the auctioneer and it is "xed for a given solu-
tion vector of x;'s and c. A weighted bipartite graph can
be constructed betweenthe set of candidates and the set of
positions. For every order of the form h®j©i there are edges
from candidate node ® to every position node in ©. For or-
dersof the form I jji there are edgesfrom eac candidate in
a to position j. For each order i we put weight g x; on eath
of these edges. All multi-edges with the same end points
are then replaced with a single edge that carries the total
weight of the multi-edge. Every state s then corresponds
to a perfect matching in the bipartite graph. In addition,
the auctioneer pays out to the winners the sum of all edge
weights in the perfect matching since every candidate can
only stand in one position and every position is taken by
one candidate. Thus, the auctioneer's worst-cast state and
payment are the solution to the maximum weighted bipar-
tite matching problem, which has known polynomial-time
algorithms [12, 13]. Hence, the separation problem can be
solved in polynomial time.

Naturally , if the optimal solution to (4) givesa worst-case
prot ofc® > 0, there exists a matching. Thus, the matching
problem can be solved in polynomial time also. [

5. COMPLEXITY OF PAIR BETTING

In this section we show that a slight change of the bid-
ding language may bring about a dramatic change in the
complexity of the optimal matching problem of the auction-
eer. In particular, we show that "nding the optimal match in
the pair betting market is NP-hard for both divisible and in-
divisible orders. We then identify a polynomially-v eri able
suzcient condition for deciding the existence of a match.

The hardness results are surprising especially in light of
the obsenation that a pair betting market has a seemingly
more restrictiv e bidding language which only o®ersn(nj 1)

1The notion of perfect matching in a bipartite graph, which
we use only in this proof, should not be confused with the
notion of matching bets which we usethroughout the paper.

securities. In contrast, the subset betting market enables
traders to bet on an exponential number of securities and
yet had a polynomial time solution for 'nding the optimal
match. Our hopeis that the comparison of the complexities
of the subset and pair betting markets would o®er insight
into what makesa bidding language expressiwe while at the
sametime enabling an etcient matching solution.

In all analysisthat follows, we assumethat traders submit
unit orders in pair betting markets, that is g = 1. A set
of orders O received by the auctioneer in a pair betting
market with unit orders can be represeried by a directed
graph, G(V; E), where the vertex setV contains candidates
that traders bet on. An edgee 2 E, denoted (®; ;he),
represerts an order to buy 1 share of the security ®> i
at price b.. All edgeshave equal weight of 1.

We adopt the following notations throughout the paper:

2 G(V;E): original equally weighted directed graph for
the set of unit orders O.

2 Iy: price of the order for edgee.

2 G*(V";E"); aweighted directed graph of acceptedor-
ders for optimal matching, where edgeweight x. is the
quantit y of order e acceptedby the auctioneer. xe = 1
for indivisible orders and 0 < xe - 1 for divisible or-
ders.

2 H(V;E): agenericweighted directed graph of accepted
orders.

2 k(H): solution to the unweighted minimum feedbadk
arc set problem on graph H. k(H) is the minimum
number of edgesto remove sothat H becomesacyclic.

2 [(H): solution to the weighted minimum feedbad arc
set problem on graph H. I(H) is the minimum total
weights for the set of edgeswhich, when removed, leave
H acyclic.

2 ¢(H): worst-caseprot of the auctioneer if he accepts
all ordersin graph H.

2 2 @a suxciently small positive real number. Where
not stated, 2 < 1=(2jEj) for a graph H (V;E). In other
cases,the value is determined in context.

A feedback arc set of a directed graph is a set of edges
which, when removed from the graph, leave a directed acyclic
graph (DAG). Unweighted minimum feedback arc set prob-
lem is to 'nd a feedbad arc set with the minimum car-
dinalit y, while weighted minimum feedback arc set problem
seeksto nd afeedbad arc setwith the minimum total edge
weight. Both unweighted and weighted minimum feedbad
arc set problems have been shown to be NP-complete [10].
We will use this result in our complexity analysis on pair
betting markets.

5.1 Optimal Indivisible Matching

The auctioneer's optimal indivisible matching problem is
introduced in De nition 3 of Section 3. Assuming unit or-
ders and considering the order graph G(V;E), we restate
the auctioneer's optimal matching problem in a pair bet-
ting market as picking a subset of edgesto accept such that



worst-casepro t is maximized in the following optimization
problem,

max c (6)
Xe;C
P i ¢
s.t. e Dej le(s) Xe, C; 882 S
Xe 2 f0; 10; 8e?2 E:

Without lose of generality, we assume that there are no
multi-edges in the order graph G.

We show that the optimal matching problem for indivisi-
ble orders is NP-hard via a reduction from the unweighted
minimum feedbad arc set problem. The latter takesas in-
put adirected graph, and askswhat is the minimum number
of edgesto delete from the graph soasto beleft with a DAG.
Our hardnessproof is basedon the following lemmas.

Lemma 2. Suppsethe auctioneer accepts all edgesin an
equally weighted directed graph H (V; E) with edgeprice b =
(1i 2) and edge weight xe = 1. Then the worst-case pro t
is equal to k(H) i 2jEj, where k(H) is the solution to the
unweighted minimum feedback arc problemon H.

Pr oof. If the order of an edgegets $1 payo® at the end
of the market we call the edge a winning edge, otherwise it
is called a losing edge. For any state s, all winning edges
necessarily form a DAG. Conversely, for every DAG there
is a state in which the DAG edgesare winners (though the
remaining edgesin G are not necessarily losers).

Supposethat in state s there are ws winning edgesand
Is = JEj i ws losing edges. Then, Is is the cardinality of a
feedbad arc set that consists of all losing edgesin state s.
The edgesthat remain after deleting the minimum feedbadk
arc set form the maximum DAG for the graph H. Consider
the state smax in which all edgesof the maximum DAG are
winners. This givesthe maximum number of winning edges
Wmax - All other edgesare necessarily losers in the state
Smax , Since any edge which is not in the max DAG must
form a cycle together with some of the DAG edges. The
number of losing edgesin state smax is the cardinalit y of the
minimum feedbad arc set of H, that is JEjj wmax = k(H).

The prot of the auctioneser in a state s is

X
profit(s) = bhe § w
e2E
(Li 2IEji w
. (L0 DIETT Wmax ;

where equality holds when s = Spmax -
prot is achieved at state Smax ,

profit (smax ) = (JEj i Wmax )i %Ej=k(H)i ZE]:
1
Consider the graph of accepted orders for optimal match-
ing, G*(V";E"), which consists of the optimal subset of
edgesE” to be accepted by the auctioneer, that is edges

with Xe = 1in the solution of the optimization problem (6).
We have the following lemma.

Thus, the worst-case

Lemma 3. If the edgepricesare be = (1 2), then the op-
timal indivisible solution graph G” has the same unweighted
minimum feedback arc set size as the graph of all orders G,
that is k(G") = k(G). Furthermore, G” is the smallest such
sulgraph of G, i.e., it is the sulgraph of G with the small-
est number of edges, that has the same size of unweighted
minimum feedback arc set as G.

Pr oof. G" is a subgraph of G, hencethe minimum num-
ber of edgesto break cyclesin G" is no more than that in
G, namely k(G%) - k(G).

Suppose k(G®) < k(G). Since both k(G®) and k(G) are
integers, for any 2 < j% we have that k(G") | 2JE”j <
k(G)i ?jEj. Henceby Lemma 2, the auctioneer has a higher
worst-case prot by accepting G than accepting G*, which
contradicts the optimality of G”. Finally, the worst-case
prot k(G)j 2%E"j is maximized when jE”j is minimized.
Hence, G is the smallest subgraph of G such that k(G") =
k(G). O

The above two lemmas prove that the maximum worst-
caseprot in the optimal indivisible matching is directly
related to the size of the minimum feedbad arc set. Thus
computing ead automatically givesthe other, hence com-
puting the maximum worst-caseprot in the indivisible pair
betting problem is NP-hard.

Theorem 4. Computing the maximum worst-case pro 't
in indivisible pair betting is NP-hard.

Pr oof. By Lemma 3, the maximum worst-case pro t
which is the optimum to the mixed integer programming
problem (6), is k(G) i 2jE"j; where JE"] is the number of
accepted edges. Since k(G) is integer and 2jE®j - 2jEj < 1,
solving (6) will automatically give us the cardinality of the
minim um feedbad arc setof G, k(G). Becausethe minimum
feedbad arc set problem is NP-complete [10], computing the
maximum worst-casepro t is NP-hard. [

Theorem 4 states that solving the optimization problem
is hard, becauseeven if the optimal set of orders are pro-
vided computing the optimal worst-caseprot from accept-
ing those orders is NP-hard. However, it does not imply
whether the optimal matching problem, i.e. nding the op-
timal set of orders to accept, is NP-hard. It is possible to
be able to determine which edgesin a graph participating in
the optimal match, yet unable to compute the correspond-
ing worst-case prot. Next, we prove that the indivisible
optimal matching problem is actually NP-hard. We will use
the following short fact repeatedly.

Lemma 5 (Edge removal lemma). Given a weightel
graph H (V; E), removing a single edge e with weight xe from
the graph decreasesthe weighted minimum feedback arc set
solution I(H) by no more than x. and reducesthe unweighted
minimum feedback arc set solution k(H) by no more than 1.

Pr oof. Supposethe weighted minimum feedbad arc set
for the graph H | fegis F. Then F [ feg is a feedbad arc
setfor H, and hastotal edgeweight I(H j feg)+ xe. Because
I(H) is the solution to the weighted minimum feedbadk arc
setproblem on H, wehavel(H) - I(H feg)+ Xe, implying
that I(H j feg), I(H)i Xe.

Similarly, supposethe unweighted minimum feedbad arc
set for the graph H j fegis F% Then F°[ feg is a feedbad
arc setfor H, and hassetcardinality k(H j feg)+ 1. Because
k(H) is the solution to the unweighted minimum feedbadk
arc set problem on H, we have k(H) - k(H j feg) + 1,
giving that k(H j feg), k(H)i 1. O

Theorem 6. Finding the optimal match in indivisible pair
betting is NP-hard.



Pr oof. We reduce from the unweighted minimum feed-
back arc set problem again, although with a slightly more
complex polynomial transformation involving multiple calls
to the optimal match oracle. Consider an instance graph G
of the minim um feedbad arc set problem. We are interested
in computing k(G), the size of the minimum feedbadk arc
set of G.

Supposewe have an oracle which solvesthe optimal match-
ing problem. Denote by optimal _match(G? the output of
the optimal matching oracle on graph G° with prices b =
(1j 2) onall its edges.By Lemma 3, on input G°, the oracle
optimal _match returns the subgraph of G° with the small-
est number of edges, that has the same size of minimum
feedbad arc set as G°.

The following procedure nds k(G) by using polynomially
many calls to the optimal match oracle on a sequenceof
subgraphs of G.

set G%:= G
iterations =0
while (G° has nonempty edge set)
reset G°:= optimal _match(GY
if (G° has nonempty edge set)
increment iterations by 1
reset G° by removing any edge e
end if
end while
return (iterations)

This procedure removes edgesfrom the original graph G
layer by layer until the graph is empty, while at the same
time computing the minimum feedbad arc set size k(G) of
the original graph as the number of iterations. In ead it-
eration, we start with a graph G° and replace it with the
smallest subgraph G° that has the same k(G%. At this
stage, removing an additional edge e necessarily results in
k(G®% feg) = k(GYi 1, becausek(G°j feg) < k(GY by the
optimalit y of G% and k(G°; feg) ., k(G% i 1 by the edge-
removal lemma. Therefore, in ead iteration the cardinality
of the minimum feedbad arc set gets reduced exactly by 1.
Hencethe number of iterations is equal to k(G).

Note that this procedure gives a polynomial transforma-
tion from the optimal matching problem to the unweighted
minimum feedbad arc set problem, which calls the optimal
matching oracle exactly k(G) - jEj times, where jEj is the
number of edgesof G. Hencethe optimal matching problem
is NP-hard. [

5.2 Optimal Divisible Matching

When orders are divisible, the auctioneer's optimal match-
ing problem is described in De nition 4 of Section 3. As-
suming unit orders and considering the order graph G(V; E),
we restate the auctioneer's optimal matching problem for
divisible orders as choosing quantity of orders to accept,
Xe 2 [0;1], such that worst-caseprot is maximized in the
following linear programming problem,

max c )
Xe;C
P i ¢
s.t. o Dej le(s) Xe, ¢; 8s82S
Xe 2 [0;1]; 8e2 E:

We still assumethat there are no multi-edges in the order
graph G.

When orders are divisible, the auctioneer can be better
o®by accepting partial orders. Example 2 shows a situation
when accepting partial orders generates higher worst-case
prot than the optimal indivisible solution.

Example 2. We showthat the linear program (7) some-
times has a non-integer optimal solution.

Figure 2: An order graph.
sent order prices.

Letters on edges repre-

Consider the graph in Figure 2. There are a total of ve
cycles in the graph: three four-edge cycles ABCD, ABEF,
CDEF, and two six-edge cycles ABCDEF and ABEF CD.
Suppose each edge has price b such that 4bj 3 > 0 and
6bj 5< 0, namely b2 (:75;:80), for exampleb= :78. With
this, the optimal indivisible solution consists of at most one
four-edge cycle, with worst caseprot (4bj 3). On the other
hand, taking % fraction of each of the three four-edge cycles
would yield higher worst-case prot of %(4bi 3).

Despite the potential pro't increasefor accepting divisible
orders, the auctioneer's optimal matching problem remains
to be NP-hard for divisible orders, which is preserted below
via seweral lemmas and theorems.

Lemma 7. Suppsethe auctioneer accept orders described
by a weighted directed graph H (V; E) with edge weight xe to
be the quantity accepted for edge order e. The worst-case
pro't for the auctionee;(is

c(H)= (ki L)xe+I(H): (8)
e2E

Pr oof. For any state s, the winning edgesform a DAG.
Thus, the worst-case prot for the auctioneer achieves at
the state(s) when the total quantity of losing orders is min-
imized. The minimum total quantity of losing orders is the
solution to weighted minimal feedbadk arc set problem on

H, that isI(H). O

Consider the graph of acceptedorders for optimal divisible
matching, G*(V"; E"), which consists of the optimal subset
of edgesE” to be accepted by the auctioneer, with edge
weight xe > 0 getting from the optimal solution of the linear
program (7). We have the following lemmas.



Lemma 8. I(G") - k(G") - k(G).

Pr oof. I(G") is the solution of the weighted minimum
feedbad arc set problem on G*, while k(G?) is the solution
of the unweighted minimum feedbadk arc set problem on
G". When all edge weights in G* are 1, I(G") = k(G").
When x.'s are lessthan 1, I(G®) can be lessthan or equal
to k(G"). Since G” is a subgraph of G but possibly with
di®erert edge weights, k(G”) - k(G). Hence, we have the
above relation. []

Lemma 9. There exists some 2 such that when all edge
priceshe's are (1 2), I(G") = k(G).

Pr oof. From lemma8,1(G") - k(G). Weknow that the
auctioneer's worst-caseprot when accepting G is

X X
c(G") = (b i L)xe+ I(G") = I(G")j 2 Xe!

e2E" e2E"

When he acceptsthe original order graph G in full, his worst-
caseprot is

X
c(G) =
e2E

Supposel(G®) < k(G). If JEji P ez Xe = 0, it means
that G” is G. Hence, I(G") = k(G) regardless of 2, which
gontradicts with the assumption [(G") < k(G). If jE]ji

e2es Xe > 0, then when

.. KOG (G

JEji  eppeXe'

(ke i 1)+ K(G) = k(G) i ZE]:

c(G) is strictly greater than c¢(G"), contradicting with the
optimalit y of ¢(G"). Becausexe's are lessthan 1, I(G") >
k(G) is impossible. Thus, [(G®) = k(G). O

Theorem 10. Finding the optimal worst-case prot in
divisible pair betting is NP-hard.

Pr oof. Giventhe optimal set of partial ordersto accept
for G when edge weights are (1 i 2), if we can calculate
the optimal worst-caseprot, by lemma 9 we can solve the
unweighted minimum feedbad arc set problem on G, which
is NP-hard. Hence, nding the optimal worst-caseprot is
NP-hard. O

Theorem 10 states that solving the linear program (7) is
NP-hard. Similarly to the indivisible case,we still need to
prove that just "nding the optimal divisible match is hard,
as opposed to being able to compute the optimal worst-
caseprot. Since in the divisible casethe edgesdo not
necessarily have unit weights, the proof in Theorem 6 does
not apply directly. However, with an additional property
of the divisible case, we can augmert the procedure from
the indivisible hardness proof to compute the unweighted
minimum feedbadk arc set size k(G) here as well.

First, note that the optimal divisible subgraph G® of a
graph G is the weighted subgraph with minimum weighted
feedbad¢arc set sizel(G") = k(G) and smallest sum of edge
weights e2pe Xe» sinee its corresponding worst casepro t
is |k(G) i 2 og=Xe accordingto lemmas 7 and 9.

Lemma 11. Suppose graph H satises I(H) = k(H) and
we remove edge e from it with weight xe < 1. Then, k(H j

feg) = k(H):

Pr oof. Assumethe contrary, namely k(H j feg) < k(H).
Then by Lemma 5, k(H j feg) = k(H)j 1: Since removing
a single edge cannot reduce the minimum feedbadk arc set
by more than the edgeweight,

I(H)i xe- I(H i feg): 9)
On the other hand H | feg% H sowe have,
I(Hi feg) - k(H i feg)=k(H)i 1=1(H)i 1. (10)

Combining (9) and (10), we get xe , 1. The contradic-
tion arises. Therefore, removing any edge with less than
unit weight from an optimal divisible graph doesnot change
k(H), the minimal feedbad arc set size of the unweighted
version of the graph. [

We now can augmert the procedurefor the indivisible case
in Theorem 6, to prove hardnessof the divisible version, as
follows.

Theorem 12. Finding the optimal match in divisible pair
betting is NP-hard.

Pr oof. We reduce from the unweighted minimum feed-
back arc set problem for graph G. Supposewe have an oracle

for the optimal divisible problem called optimal _divisibl e match,

which on input graph H computes edge weights xe 2 (0; 1]
for the optimal subgraph H® of H, satisfying I(H®) = k(H).
The following procedure outputs k(G).

set G%:= G
iterations =0
while (G° has nonempty edge set)
reset GP:= optimal _divisibl e.match (G9
while (G° has edges with weight < 1)
remove an edge with weight < 1 from G°
reset G° by setting all edge weights to 1
reset GP°:= optimal _divisibl e_match (G?
end while
if (G° has nonempty edge set)
increment iterations by 1
reset G° by removing any edge e
end if
end while
return (iterations)

As in the proof of the corresponding Theorem 6 for the
indivisible case, we compute k(G) by iterativ ely removing
edgesand recomputing the optimal divisible solution on the
remaining subgraph, until all edgesare deleted. In ead
iteration of the outer while loop, the minimum feedbad arc
set is reduced by 1, thus the number of iterations is equal
to k(G).

It remains to verify that ead iteration reducesk(G) by
exactly 1. Starting from a graph at the beginning of an
iteration, we compute its optimal divisible subgraph. We
then keepremoving one non-unit weight edgeat a time and
recomputing the optimal divisible subgraph, until the lat-
ter contains only edgeswith unit weight. By Lemma 11
throughout the iteration sofar the minimum feedbad arc set
of the corresponding unweighted graph remains unchanged.

Oncethe oraclereturns a graph G°with unit edgeweights,
removing any edgewould reduce the minimum feedbad arc
set: otherwise G is not optimal since G°j feg would have



the same minimum feedbad arc set but smaller total edge
weight. By Lemma 5 removing a single edge cannot reduce
the minimum feedbadk arc set by more than one, thus as
all edgeshave unit weight, k(G% gets reduced by exactly
one. k(G) is equal to the returned value from the procedure.
Hence, the optimal matching problem for divisible orders is
NP-hard. [

5.3 Existenceof a Match

Knowing that the optimal matching problem is NP-hard
for both indivisible and divisible orders in pair betting, we
ched whether the auctioneer can identify the existence of
a match with ease. Lemma 13 states a suxcient condition
for the matching problem with both indivisible and divisible
orders.

Lemma 13. A suzcient condition for the existence of a
match for pair betting is that there exists a cycle C in G
such that,

X
ke, iCji L (11)
e2C
where jCj is the number of edgesin the cycle C.

Pr oof. The left-hand side of the inequality (11) repre-
serts the total payment that the auctioneer receives by ac-
cepting every unit ordersin the cycle C in full. Becausethe
direction of an edgerepreserts predicted ordering of the two
connected nodesin the nal ranking, forming a cycle mean-
ing that there is somelogical contradiction on the predicted
orderings of candidates. Hence, whichever state is realized,
not all of the edgesin the cycle can be winning edges. The
worst-case for the auctioneer corresponds to a state where
every edge in the cycle gets paid by $1 except one, with
jCji 1 bethe maximum payment to traders. Hence, if in-
equality (11) is satis ed, the auctioneer has non-negative
worst-casepro t by accepting the orders in the cycle. [

It canbeshown that identifying such a non-negative worst-
caseprot cycle in an order graph G can be achieved in
polynomial time.

Lemma 14. It takes polynomial time to nd a cyclein an
order graph G(V;E) that has the highest worst-case prot,

that is -
A !
X . .
max ki (jCji 1) ;
e2C

where C is the set of all cyclesin G.

;P(r oof. Because
bei (JCji )=  (bej 1)+ 1=1j

e2C e2C e2C

(1 be);

‘nding the cycle that givesthe highest worst-caseprot in
the original order graph G is equivalent to nding the short-
est cycle in a converted graph H (V; E), where H is achieved
by setting the weight for edgeein G to be (1 k).
Finding the shortest cycle in graph H can be done within
polynomial time by resorting to the shortest path problem.
For any vertex v in V, we consider every neighbor vertex
w sudh that (v;w) 2 E. We then nd the shortest path
from w to v, denoted as path(w;v). The shortest cycle that
passesvertex v is found by choosingthe w such that e, .. )+

path(w; v) is minimized. Comparing the shortest cycle found
for every vertex, we then can determine the shortest overall
cycle for the graph H. Becausethe short path problem can
be solved in polynomial time [3], we can nd the solution to
our problem in polynomial time. [

If the worst-caseprot for the optimal cycle is non-negative,
we know that there exists a match in G. However, the con-
dition in lemma 13 is not a necessarycondition for the ex-
istence of a match. Even if all single cycles in the order
graph have negative worst-case pro t, the auctioneer may
accept multiple interweaving cyclesto have positive worst-
casepro t. Figure 1 exhibits such a situation.

If the optimal indivisible match consists only of edgedis-
joint cycles, a natural greedy algorithm can nd the cycle
that gives the highest worst-case pro't, remove its edges
from the graph, and proceed until no more cycles exist.
However, we show that such greedy algorithm can give a
very poor approximation.

Figure 3: Graph with n vertices and n + pﬁ edges
on whic h the greedy algorithm "nds only two cy-
cles, the dotted cycle in the center and the unique
remaining cycle. The labels in the faces give the
num ber of edges in the corresp onding cycle.

Lemma 15. The greedy algorithm givesat most an O(p n)-
approximation to the maximum number of disjoint cycles.

Pr oof. [Stonsider the graph in Figure 3 consisting of a
cycle with ™ n edges,eadc of wrbich participates in another
(otherwise disjoint) cycle with = n + 1 edges. Suppose all
edge weights arep(l i 2). The maximum number (H disjoint
cyclesis clearly " n, taking all cycleswith length ™ n + 1.

Becausesmaller cycles gives higher worst-case pro't, F}he
greedy algorithm would rst select the cycle of length ™ n,
after which there would be only oneremaining cycle of length
n. Thus the total number of cycles selecte%by greedy is 2
and the approximation factor in this caseis = n=2. [

In light of Lemnba 15, one may expect that greedy algo-

rithms would give = n-approximations at best. Approxima-



tion algorithms for "nding the maximum number of edge-
disjoint cycles have been considered by Kriv elevich, Nu-
tov and Yuster [11, 19]. Indeed, for the case of directed

raphs, the authors show that a greedy algorithm gives a

n-approximation [11]. When the optimal match does not
consist of edge-disjoint cyclesasin the example of Figure 3,
greedy algorithm trying to "nding optimal single cyclesfails
obviously.

6. CONCLUSION

We considera permutation betting scenario,wheretraders
wager on the "nal ordering of n candidates. While it is un-
natural and intractable to allow traders to bet directly on
the n! di®erent nal orderings, we propose two expressive
betting languages, subset betting and pair betting. In a
subset betting market, traders can bet either on a subset of
positions that a candidate stands or on a subset of candi-
dates who occupy a speci ¢ position in the nal ordering.
Pair betting allows traders bet on whether one given candi-
date ranks higher than another given candidate.

We examine the auctioneer problem of matching orders
without incurring risk. We 'nd that in a subsetbetting mar-
ket an auctioneer can 'nd the optimal set and quantity of
ordersto acceptsuch that his worst-caseprot is maximized
in polynomial time if orders are divisible. The complexity
changes dramatically for pair betting. We prove that the
optimal matching problem for the auctioneer is NP-hard for
pair betting with both indivisible and divisible orders via
reductions to the minimum feedbad arc set problem. We
identify a suzcient condition for the existence of a match,
which can be veri ed in polynomial time. A natural greedy
algorithm has been shown to give poor approximation for
indivisible pair betting.

Interesting open questionsfor our permutation betting in-
clude the computational complexity of optimal indivisible
matching for subset betting and the necessarycondition for
the existence of a match in pair betting markets. We are
interested in further exploring better approximation algo-
rithms for pair betting markets.
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