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to minimize the number of steps involved in the gap
losure pro
edures. In parti
ular, given a 
olle
tionof n=2 DNA fragments we des
ribe a strategy thatrequires 0:75n logn work in eight parallel roundsof experiments, 
losely mat
hing a 
orrespondinglower bound of 0:5n logn.1. Introdu
tionWhole genome sequen
ing is a revolutionary ap-proa
h to probing into the geneti
 make-up ofliving organisms. The DNA of the �rst inde-pendently living organism, H. in
uenz�, was se-quen
ed in 1995 by The Institute for Genomi
 Re-sear
h (TIGR) [7℄. Sin
e, over a hundred genomi
proje
ts have been initiated, two dozens 
ompletedin
luding a major portion of the human genome.Many 
omplex organisms are also being sequen
ed,in
luding a variety of mammals, plants, and manymi
robes and pathogens.Shotgun sequen
ing is 
urrently the most widelyused approa
h for whole genome sequen
ing [11℄.It has been used in most mi
robial proje
ts,Drosophila as well as sequen
ing the HumanGenome at Celera and the mouse genome at theWhitehead Institute. Shotgun sequen
ing involvesthe generation of short DNA pie
es providing aredundant 
overage of the genome. These DNAfragments are subsequently assembled, in-sili
o, bya 
omputational algorithm. The typi
al genomi




assembler repeatedly merges DNA fragments withsimilar (overlapping) ends into in
reasingly largerfragments (
ontigs) until no more merging is pos-sible or it is diÆ
ult to statisti
ally justify a mergebased on the available information. Due to var-ious te
hni
al problems related to both biology(e.g., non-
lonable sequen
es or 
overage of DNAlibraries) and statisti
s of the sequen
e (e.g, re-peats) some regions of the a
tual DNA sequen
eare not 
overed by the 
ontigs.This problem 
reates gaps in the genomi
 se-quen
e that are often diÆ
ult to 
lose. There areseveral te
hniques to link a
ross su
h gaps. Apopular approa
h is using \primer walking", how-ever, this te
hnique is not easily implementablewhen the length of the gap is large. One power-ful method to 
lose a gap relies on a generating aPCR produ
t a
ross the gap. This pro
ess requires�rst produ
ing unique primers at the end of ea
hgap. In parti
ular, we need to 
hoose primers that
orrespond to regions outside repeats in the 
ur-rently sequen
ed 
ontigs (see Figure 1). Then thePCR produ
ts are \walked" a
ross the sequen
euntil they \meet" and 
reate a rea
tion that 
anbe observed in a tube. In order to test whethera parti
ular pair of oriented 
ontigs might be ad-ja
ent in the genome, we need to pla
e the twoprimers 
orresponding to the two ends and the ge-nomi
 sequen
e into a tube where the rea
tion 
anbe observed.The obvious approa
h to 
ombinatorial PCR willtest every pair of ends, thus, 
reating O(n2) tests(tubes). For a large number of gaps this is notfeasible. An alternative approa
h was proposedand implemented in the lab by [10℄. The approa
his based on a multiplex PCR [5℄ where multipleprimers are pooled together and then tested simul-taneously. To illustrate a simple version of multi-plex PCR 
onsider as an example the problem ofpairing N = 100 primers. The other 
riti
al pa-rameter that we need to 
onsider is the maximumnumber or primers that 
an be pla
ed in a tube.In the example, we will assume this number isK = 20. We �rst 
reate 10 pools of primers, with10 primers per pool. We subsequently pair ea
hpool using �N2 � tubes. In order to 
reate this exper-iment we assume we start from a state where ea
hprimer is pla
ed in a tube. Then we use pipetting

to 
reate the pools. In this 
ase we use 100 pipet-ting operations to pla
e the 100 primers into the 10pools �rst. Then we use additional 90 pipettings topla
e the mixed pools into the rea
tion tubes (45tubes with two pools per tube) we need 90 pipet-tings. The entire pro
ess requires 190 pipettingoperations.This approa
h is hardly optimal in terms ofthe number of rea
tion tubes required, and infa
t [10℄ propose a more sophisti
ated approa
hbased on blo
k design (aÆne planes) whi
h guar-antees to minimize the number of tubes neededfor pairing all the primers. The multiplex PCRmethod was used for the 
losing the sequen
e thegenomes of Strepto
o

us pneumoniae, Shewanellaputrefa
iens, Staphylo
o

us aureus, and Chloro-bium tepidum.While the multiplex PCR approa
h has beenshown empiri
ally very e�e
tive for small numberof gaps, it has not been analyzed using a pre
isetheoreti
al framework that allows to evaluate theoptimality or s
alability of the te
hnique for a largenumber of gaps. For example, the number of gapsin the Drosophila genomes is over 400. In many
ases a multiplex PCR method 
reates multiple re-a
tions per tube, in whi
h 
ase we still need to 
on-tinue the experiments to de
onvolve the observedresults in order to 
he
k whi
h primers exa
tly 
re-ated the rea
tions. In addition, ea
h PCR rea
tionexperiment takes a substantial amount of time, e.g,hours or even an entire day. Thus, another param-eter to optimize in addition to number of tubes ornumber of pipettings is the total time needed toperform the experiment until all possible rea
tionshave been identi�ed. In general, we expe
t thatfuture PCR experiments will be 
arried by roboti
devi
es where the overall time and the total workare the main 
riti
al resour
es.In this paper we develop a natural theoreti
alframework for multiplex PCR that allows us toformulate the problem in 
omputational terms. Inparti
ular, we provide a formalism that allows tominimize the total number of PCR tests (
alledwork) as well as the 
ompletion time. We formu-late a version of the problem where we performPCR experiments in parallel rounds; the time forthe entire pro
ess is proportional to the number ofrounds. Throughout log denotes log2 and ln de-
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Figure 1: A partially assembled DNA sequen
e with four gaps requires eight primers to be designedfor ea
h end and subsequently \mat
hed" to ea
h other using PCR in order to identify the order andorientation of the 
ontigs in the genome



notes loge.2. Learning a Mat
hingWe 
an think abstra
tly of our biologi
al problemas follows: Given n 
hemi
als, ea
h of whi
h rea
tswith at most one of the other n 
hemi
als, deter-mine exa
tly whi
h pairs of 
hemi
als rea
t. A\test" 
onsists of putting a subset of the 
hemi
alsin a tube and seeing if any of them rea
t. Based onthe underlying biology, we 
an assume that there isa rea
tion in a tube i� at least one pair of 
hemi
alsin the tube rea
ts by themselves.We 
all a pair of 
hemi
als that rea
t a mat
h.We assume throughout that ea
h 
hemi
al rea
tswith at most one other, i.e., ea
h 
hemi
al belongsto at most one mat
h. Given a 
olle
tion of 
hem-i
als, the set of all mat
hes among them is 
alledtheir mat
hing.3. Parallel Mat
hing-FindingAlgorithmWe are given a set S of n 
hemi
als and want to�nd their mat
hing. The following lemma is keyto obtaining a fast parallel algorithm.Lemma 1 (Partition). If we partition S inton=s subsets of size s, the expe
ted number ofmat
hes internal to subsets is at most s=2. In par-ti
ular, the expe
ted number of subsets that 
ontaina mat
h is at most s=2.Proof: S 
ontains at most n=2 mat
hes. Thusthe probability that any parti
ular pair is a mat
his at most (n=2)=�n2� = 1=(n � 1). There are(n=s)�s2� pairs in the n=s subsets of size s. Thusthe expe
ted number of mat
hes internal to themis (n=s)s((s� 1)=2)=(n� 1) =(1=2)n(s� 1)=(n� 1) � s=2sin
e s � n.

3.1. Finding a Bipartite Mat
hingIn Figure 2, we solve a bipartite version of themat
hing problem, whi
h is interesting in its ownright. Given two sets A and B = fb1; :::; bn=2g ofsize n=2 su
h that A 
ontains no mat
hes and B
ontains no mat
hes, �nd all mat
hes between Aand B. We will redu
e the general mat
hing prob-lem to the bipartite 
ase.Sin
e ` � logn, this 
an be done in 1 round with0:5n logn work.3.2. Partitioning into Mat
hlessSubsetsIn Figure 3 we redu
e to the bipartite 
ase by par-titioning S into several subsets, ea
h of whi
h 
on-tains no mat
hes. The number 
 was 
hosen so asto minimize the number of tests performed by thealgorithm.Step 1: We start by performing n0:7 tests. Bythe lemma, the expe
ted number of pie
es that
ontain a mat
h is (1=2)n0:3. The brute for
e 
om-parison takes time �n0:32 � per pie
e. So the total ex-pe
ted work for step 1 is at most n0:7 + (1=4)n0:9.The time for Step 1 is 2 rounds.Step 2: We start by performing pn=
 tests.By the Partition Lemma, the expe
ted number ofgroups that 
ontain a mat
h is at most (1=2)p
n.For ea
h groupG that 
ontains a mat
h we perform�p
n0:22 � tests to see whi
h pairs of pie
es in G 
on-tain mat
hes. This 
ontributes at most (1=4)
n0:9to the total work.The expe
ted number of pairs that 
ontain amat
h is also at most (1=2)p
n by the lemma.Mat
hes between P1 and P2 
an be found by ourbipartite algorithm with work 0:3n0:3 logn so this
ontributes at most (3=20)p
n0:8 logn to the totalexpe
ted work.The time for step 2 is 3 roundsSo Partition runs in 5 rounds with expe
ted workat most0:25(
+ 1)n0:9 + 0:15p
n0:8 logn+ n0:7 +p
n0:53.3. Putting the Pie
es TogetherIn Figure 4, we present our mat
hing algorithm.



For ea
h element a of A do in parallellet ` = dlog (n=2 + 1)e/* let biti(j) denote the ith bit in the binary representation of j */for i := 0 to ` doif a rea
ts with any bj su
h that biti(j) = 1 then ai := 1 else ai := 0let j be the number whose binary representation is a`:::a0if j 6= 0 then a rea
ts with the element numbered a`:::a0Figure 2: Pro
edure BipartiteMat
hLet 
 = ln 2.Step 1: Partition S randomly into n0:7 pie
es of size n0:3for ea
h pie
e Pif P 
ontains a mat
h thenby brute for
e, �nd all mat
hes in Premove all mat
hes foundStep 2: Randomly 
ombine pie
es p
n0:2 at a time to form pn=
 groupsfor ea
h group Gif G 
ontains a mat
h thenfor ea
h pair of pie
es P1; P2 in G doif there is a mat
h in P1 union P2 then�nd all mat
hes between P1 and P2remove all mat
hes found Figure 3: Pro
edure PartitionStep 1: Perform pro
edure Partition plogn times in parallel to produ
e p(1=
)n logn subsets of sizep
n ea
h, none of whi
h 
ontains a mat
h.Step 2: For ea
h pair S1; S2 of subsetstest whether there is a mat
h between S1 and S2Step 3: For ea
h pair i; j of 
hemi
alsskip := falsefor every subset I 
ontaining ifor every subset J 
ontaining jif no mat
h was found between I and J thenskip := trueif not skip thentest whether i rea
ts with jFigure 4: Algorithm Mat
h



Step 1: 5 rounds and (0:25(
 + 1)n0:9 +0:15p
n0:8 logn+ n0:7 +p
n0:5)plogn workStep 2: 1 round and �p(1=
)n log n2 � <0:5(1=
)n logn workStep 3: If i rea
ts with j then 
learly we willtest it. This 
ase results in n=2 tests.If there is a single subset that 
ontains both iand j then no tests will be performed for the pairi; j.Otherwise, the probability that every I 
ontain-ing i rea
ts with every J 
ontaining j is at most1+o(1)n . This requires a nontrivial analysis, whi
hwe will present in the �nal version, be
ause we donot have 
omplete independen
e on the tests. This
ase results in �n2�=n < n=2 tests.Step 3 takes only 1 round.Thus Algorithmmat
h runs in 7 rounds and does0:5(1=
)n logn + n + o(n) = (1=(2 ln 2))n logn +n + o(n) work. This is asymptoti
ally less than0:72135n logn.4. Lower Bound and a SerialAlgorithmWe prove that the mat
hing problem requires0:5n logn�O(n) tests, even if they are performedsequentially. Thus our parallel algorithm is withina fa
tor of ln 2 of optimal. We also present a serialalgorithm that uses only 0:5n logn + n tests, andis therefore optimal up to �rst order.4.1. Lower BoundWe will a
tually show the lower bound holds foreven for the simpler bipartite mat
hing 
ase de-s
ribed in Se
tion 3.1. We use a proof similar tothe 
(n logn) lower bound for sorting.Ea
h experiment we perform produ
es only twopossible out
omes: we �nd a rea
tion or we don't.Let Si1i2:::ik for ij 2 f0; 1g be the set of mat
hingson a bipartite graph that on the jth experimentprodu
es a rea
tion i� ij = 1.Suppose we only need k experiments. Thismeans that for ea
h~i 2 f0; 1gk, S~i has at most onemat
hing. The total number of possible mat
hingsis 2k or, equivalently k � logm where m is thenumber of mat
hings on a bipartite graph.

Ea
h mat
hing on a bipartite graph 
orrespondsto a permutation of the n=2 verti
es in one side ofthe graph. So we have m = n2 !. By Stirling's ap-proximation to the fa
torial we have k � logm �n2 logn� �(n).4.2. Optimal Serial AlgorithmGiven a set f
1; : : : ; 
ng of 
hemi
als, we will de-termine their mat
hing.Algorithm SerialMat
hT := fgfor i := 1 to n doT := T [ f
igif there is a rea
tion in T thenT := T � f
ig�nd whi
h element 
j in T rea
ts with 
iT := T � f
jgEnd of Algorithm SerialMat
hThe \�nd" step 
an be performed with logn par-allel tests, using the binary representation tri
kfrom our bipartite mat
hing algorithm. The al-gorithm takes (3=2)n rounds and makes a total ofn+ (n=2) logn tests.5. SimulationWe implemented our proposal in a simulation. Wewanted to see whether our theoreti
al analysis issupported in an experimental setting as well asproviding lab biologists with an e�e
tive tool toguide the experiments. The software is availablefrom the 
orresponding author by email request(kasif�genome.wi.mit.edu). Our simulation sup-ports the theoreti
al analysis. The observed workis very 
lose to the predi
ted estimates with rela-tively little varian
e. The results are given in Fig-ure 5.6. Dis
ussionCombinatorial algorithm design has been playinga 
onsistently important role in sequen
ing, map-ping, assembly, DNA 
hip design and analysis,



0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

2

4

6

8

10

12
x 10

4 NumReactions and Std vs N

N

numReactions
Std         

Figure 5: A Graph of the number of rea
tions for a given number of ends N and the 
orrespondingvarian
e



linkage analysis, protein 
lustering and many otherproblems [6, 9, 12, 8, 1℄. In this paper we provideda theoreti
al framework for analyzing the problemof 
losing gaps in whole genomes. We also devisedan e�e
tive method with very good theoreti
al andempiri
al performan
e (in a simulation). The gen-eral problem addressed in the paper, namely eÆ-
iently pairing of obje
ts is related to a number ofother important problems in 
omputational biol-ogy. For example, s
reening experiments againsta DNA library requires eÆ
ient pooling strategies[3, 2, 4℄. DNA pooling of a rather di�erent naturehas been also used in geneti
 tra
king of genes for
omplex traits. There are several open theoreti
alquestions.� Can we solve the mat
hing problem in time�n logn+ o(n logn) for some � < 1=(2 ln 2)?� Can we make Step 2 of Algorithm Mat
h de-terministi
 (perhaps by using blo
k designs)?� Can we make the algorithms des
ribed in thepaper robust to errors that sometimes sneakinto experimental laboratory pro
edures? Arelatively simple solution to 
ope with falsenegatives, namely missed rea
tions, is to retestthe primers that were not mat
hed by a re-
ursive appli
ation of the algorithm we de-s
ribed. This approa
h is naturally not op-timal when the error is high. False posi-tive errors, namely spurious rea
tions, 
an beeliminated by retesting of the mat
hed pairs.Again, the eÆ
ien
y of the solution will behighly dependent on the relative error rate.We expe
t the false positive rate to be smallassuming the primers are well designed. On
ewe have a more a

urate estimate on the num-ber of errors in large-s
ale gap-
losing pro
e-dures we 
an adapt our algorithm to addressthis problem.� The problem we studied is theoreti
ally equiv-alent to the problem of learning read-on
emonotone 2DNF formulas with only member-ship queries. Is there a 
omputational learn-ing formalism that 
aptures this problem es-pe
ially with respe
t to the anti
ipated noisein multiplex PCR pro
edures?

We also plan to implement our proposal inthe lab in one of the ongoing genome sequen
ingproje
ts. The previous version of multiplex PCRis now used routinely at TIGR. However, the pre-vious method relies on a heuristi
 pro
edure withsubstantial human assistan
e in inspe
ting the re-a
tion tubes. For a large number of gaps, a roboti
implementation is essential. We believe the 
ur-rent proposal is likely to result in an improvedoverall pro
edure, espe
ially if assisted by a fullyautomated roboti
 installation similar to the onesused at the Whitehead Institute and other majorgenome 
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