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Abstract
We consider the question whether two querieSAT are as powerful as one query. We show th&\fil =
PNP2] then

e Locally eitherNP = coNPor NP has polynomial-size circuits.
o PNP — pNPI]

o XL CTIE/1.

4 NP NP
o 5 = UPNPI A RPNPIN,
o PH = BPPYPI,

Moreover we extend work of Hemaspaandra, Hemaspaandra emgéd to show that iP™21!! = P™2[2] then
¥P = TI%. We also give a relativized world wheRP!) = pNP2I byt NP + coNP.

1 Introduction

Are two queries tdSAT as powerful as one query? This question has a long historgnmpatational complexity
theory. When computing functions, Krentel [Kre88] showeattif two queries can be simulated by one quer@AT,
that isFPNPI = FPNPEL thenP = NP.

When we focus on languages instead of functions life getemomplicated. Kadin [Kad88] showed thapffF!!
= PPl thenNP C coNP/poly and thusPH C Y% [Yap83]. Beigel, Chang and Ogihara [BCO93] building on Gian
and Kadin [CK96] improve this to show that every languagéapolynomial-time hierarchy can be solved byNin
query and &% query.

One goal might be to show th&"Pl! = PNPI2 implies NP = coNP. Hemaspaandra, Hemaspaandra and
Hempel [HHH99a] made a step into that direction. They shothatifork > 2, if P*r[1l = P¥i[?l theny? = 112,

We extend their techniques to show thaPi:[!l = P*:[2 thenx? = 112, However, the techniques cannot be
pushed down té: = 1. We show a relativized world whef P!l = PNPI2I byt NP £ coNP.

What does happen whél'Plt) = pNPi2l;

Building on the techniques of the above papers we show devenacollapses iPVFIt) = PNPI2 including:

e Locally eitherNP = coNPor NP has polynomial-size circuits.

° PNP — PNP[l].
° 212) - Hg/l.
o ¥5 = UPNPIL o RPNPIL,

e PH=BPP""I,
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2 Preliminaries

We assume the reader familiar with basic notions of compleéRieory as can be found in many textbooks in the area
(such as [GJ79, HU79, BDG88, BDG90]).

For a setd we will identify A with its characteristic function. Hence for a stringA(z) € {0,1} andA(z) = 1
iff © € A.

For languages! and B define AA B to be the symmetric difference of and B, i.e., (A N B) U (AN B). For
complexity classe€ andD define the clas§ AD as

{AAB|AeCandB € D}.

An oracle Turing machine is nonadaptive if it produces adisall of the queries it is going to make before it
makes the first querySAT is the set of satisfiable boolean formulae. For any4e®** is the class of languages
that are recognized by polynomial time Turing machines #icaess the oraclé at mostk times on each input. The
classP;;*! will allow only nonadaptive access té. We note thaP“Pl!l = pNPI2I jf pNPIL — pNPE] [cKo5), S0 all
our results could be stated assumf!! = P2/,

If Aisin Pﬁ[” then there is a polynomial-time functidiiz) : ¥* — ¥* x {+, —} such that: is in A if and only if
h(z) = (z,+) andzisin B or h(z) = (z, —) andz is not in B. The stringz is the query made by the Turing machine
and the+ and— refer whether the machine accepts iff the query is in or tejéicthe query is in. The machine could
ignore the query or not make it at all, in which case we justaus&nown to be in (or out) of3.

UP is the set of languages that are recognized by polynonma-tiondeterministic Turing machines that have at
most one accepting path on each input.

We can generaliz&lP by defining thepolynomial-time hierarchy. We defineX = P and inductively define
¥ = NP> for i > 0. We letTI” = co%’. In particular, we hav&lP = %¥ andcoNP = TT?. Many complexity
theorists conjecture that the polynomial-time hierarchinfinite, i.e.,>2, ; # X for all i.

Let C be a complexity class. We say a skts in C/ f(n) if there exists an arbitrary functiodnsuch thath(n)| =
f(n) and a setB € C such that: € A iff <z,h(|z|)> € B. We say a languaga is in C/poly if AisinC/p(n) for
some polynomiap.

Given a formulag on n variables we define theelf-reduction tree of ¢ as follows: ¢ is the root and if the

formula¢’(z,...,z,) is a node in the tree thef (z, := true z,,...,z,,) and¢’(z; = false z, ..., z,,) are
the two children ofp’. We say¢’(z1, ..., z,,) self-reducesto the formulaey’ (z; := true z,, ..., x,,) and¢’(z1 :=
false zo, ..., z,,). A formula with no free variables is a leaf in the tree. A nodaitree is satisfiable if and only if

either of its children are satisfiable. One can determindgygagpolynomial time whether a leaf is true or false.

3 Collapse if P* = p;:@

Hemaspaandra, Hemaspaandra and Hempel [HHH99a] exhib@rdng collapse Pl = Ptﬂti 2 tor & > 2.

Theorem 3.1 (Hemaspaandra-Hemaspaandra-Hempelfor every k > 2, if PEE1 — Pk then P = TIP.
Extending their techniques we improve their resultte 2.
Theorem 3.2 If P51 = P22 then 2 = 112,

Proof: For a predicatd?(y) we use the notatioB™y R(y) to meardy (|y| = m A R(y)) andvV™y R(y) to mean
vy (lyl =m = R(y)).
SinceX ANP C Ptzf [2}' Theorem 3.2 follows immediately from the following lemma.

Lemma 3.3 If S5ANP C P21 then 3% = 15,

Proof: Fix K a complete set foE%. Given an input: we will give aX% algorithm for determining that is not
in K. Letn = |z|. We can assume there exists a polynomial-time prediatach that

ze K& 3"y P(r,y, 2)



¢ € SAT
¢ & SAT Yu
X)) Yo Assuming that for all
v P(z,u,v) P(z,u,v) ¢ € SAT & h(z,¢) = (z,—)

use self-reduction to find
v such that-P(x, u, v)

Figure 1:3% algorithm to determine ¢ K. The3 andV quantifiers have appropriate polynomial-length bound® Th
Y.L algorithm accepts if any column accepts.

where the quantification is done over strings of length
Define the seD € X5 ANP as follows:

D=FKxSATUR xSAT={(2,¢) | (1€ KA & SAT)V (z & K A ¢ € SAT)}

By assumption, there exists a polynomial-time computabletions : ¥* x ¥* — ¥* x {+,—} such that
(z,9) € Diff h(z,¢) = (2,+) andz € K or h(z,¢) = (2,—) andz ¢ K.

We give theX} algorithm for determining that is not in K in Figure 1. Lemma 3.3 follows from the following
claim.

Claim 3.4 The algorithmin Figure 1 accepts exactly when x isnot in K.

Proof: Suppose the algorithm accepts in the rightmost column. Werye, we will have found a counterexample
vto P(z,u,v) soz isnotinK.

If the first or second columns accepts then we hage K <= z € K «= 31*luVPly P(z,u,v).

Suppose that is not in K. If the assumption in the rightmost column is true then therseluction will always
find the appropriate.

If the assumption in the rightmost column is wrong then eithere is some such thaty € SAT andh(z, ¢) =
(z,4) or ¢ ¢ SAT andh(zx, ¢) = (z,—). Then we will have either the first or second column acceptspectively.
O

Hemaspaandra, Hemaspaandra and Hempel [HHH99a] give agmioeeal version of Theorem 3.1 for the boolean
hierarchy ove} for k > 2. In a later paper, Hemaspaandra, Hemaspaandra and HentpidbBi] show that our
Theorem 3.2 similarly extends to the boolean hierarchy d¥er

Beigel and Chang [BC97] use the techniques in the proof obfidra 3.2 for some new results on commutative
queries.

4 Limitations of P = PN
We show that Theorem 3.2 cannot carry overNié with a relativizable proof.
Theorem 4.1 There exists a relativized world relative to which NP # coNP but PNPIY = PNP2I — pSPACE

We will useUP-generics as developed by Fortnow and Rogers [FR94]. ToeceddP-generic start with an oracle
like TQBF that makes® = PSPACE and add a generic sét restricted to have at most one string at lengths that
are towers of 2 and no strings at any other lengthsGSe TQBF ¢ U. UP-generics also play an important role
in creating a relativized world where the Berman-Hartmasosnorphism conjecture holds and one-way functions
exist [Rog97].

Given an input: a polynomial-time process can only access one interedtiimgsn U. The others are either too
large to be queried or so small that they can be found quitMbyrefer to this interesting string as the “cookie”.

Fortnow and Rogers [FR94] show that relativéB-genericsG:



1. PY £ NPC.
2. PY = NPY N coNF~.
Immediately we have the following corollary.

Corollary 4.2 Relativeto UP-generics G,
NP £ coNP.

Fix aPSPACE” languagd. accepted by some alternating polynomial-time Turing maehi ©. We now describe

the PNP[1] algorithm for L.
Use theP = PSPACEDbase oracle to determineifis accepted by// € if there is no cookie. There are two cases:

No: Accept if the followingNP question is true (usinf = PSPACEbase oracle): Does there exist a cookie such
that M ¢ () accepts?

Yes: Accept if the followingNP question is false (usinB = PSPACEbase oracle): Does there exist a cookie such
that M “(z) rejects?

In either case we ask a singi question and accept if and onlyif “ () acceptsd
As a bonus we get the following corollary about complete fat® SPACE

Corollary 4.3 There exists a relativized world where the 1-tt-complete degree for PSPACE is not the same as the
many-one complete degree.

We cannot extend theorem 4.1 to & # coNP andPN?!Yl = EXP since Homer, Kurtz and Royer [HKR93]
give a relativizable proof that the 1-tt-complete degreeHXP is the same as the many-one complete degree. In a
later paper, Beigel, Buhrman and Fortnow [BBF98] give atidleed world where the 1-tt-complete degree [P is
not the same as the many-one complete degree.

5 Consequences of BY = p@

In this section we examine collapses that occif!!l = PNP2],
Kadin [Kad88] showed that the polynomial-time hierarchilajgse under this assumption.

Theorem 5.1 (Kadin) PP} = pPNPI2l jmplies that NP C coNP/poly.

Yap [Yap83] shows that iNP C coNP/poly thenPH = X¥.
Beigel, Chang and Ogihara [BCO93] building on work of Chand Kadin [CK96] improved the collapse to just
aboveX?b.

Theorem 5.2 (Beigel-Chang-Ogihara)lf PNPH = PNPI2] then the polynomial-time hierarchy collapsesto 5 ANP.

Building on the work of Kadin [Kad88], Chang and Kadin [CK9®&eigel, Chang and Ogihara [BC0O93] and
Hemaspaandra, Hemaspaandra and Hempel [HHH99a], we will saveral other collapses under this same assump-
tion.

Theorem 5.3 If PNPIU — PNPIZ] then
1. Forall AincoNP, A = B U C where Bisin NP and C isin P/poly. Moreover for every n either
(a.) Aﬂzn — Bﬁz’”’or
(b) AN =CnEm
5. pNP _ pNPII].

3. XP CIb/1.



4. ¥h=up\Pli,
5. %5 = RPVWII
6. PH = BPPYPII,

For clarity, we leave off the polynomial-length bounds oa3tandV quantifiers in the proofs below.
Define the languageB, F andF' by

D = SAT x SAT USAT x SAT = {(¢. 1) | (¢ € SAT Atp & SAT)} U {(¢. ) | (¢ & SAT A4p € SAT)}.
E SAT x SAT = {(¢,4) | ¢ & SAT A4y € SAT}.
F = SATx {+}USAT x {=} = {(r.+) | 7 € SAT} U{(r, -) | 7 & SAT}.

We haveD and E in PPl — pNPIU by assumption. So there exist polynomial-time computalstetionsg and A
that reduceD to F and F to F respectively.

To help understand our proofs let us review the basic KadadBg8] technique. First let us restrict our attention to
formulas of some fixed length. Call a strigigeasy if there is some) such thati(¢, ) = (7, +) for some satisfiable
T.

The key point to note is that if a formula &sy then it has a short proof of nonsatisfiability: The formyiand
a satisfying assignment far. By the definitions ofF’ and h, if 7 is satisfiable them must be unsatisfiable angd
satisfiable.

If every nonsatisfiable string is easy then every string hstsoat proof of satisfiability or nonsatisfiability. Other-
wise there must exist some nonsatisfiable noneasy string:alMsuch stringéard.

Suppose we had a hard striigand consideh(¢, ). If 1 is satisfiable theh (¢, 1)) must map to somér, —) or
¢ would have been easy. Also in this caseould not be satisfiable. If is not satisfiable then eithéx(¢, ) maps
to a (7, +) for some nonsatisfiable or would map to &, —) with a satisfiabler. Given¢ we have a short proof
of nonsatisfiability fory: ¢ is nonsatisfiable if (1)(¢,v) = (7, +) for somer, or (2) h(¢p,+) = (7, —) for some
satisfiabler.

Thus we have thatlP is in coNPwith advice: The advice being a hard string or a bit tellinghere are no hard
strings.

One simple idea not used by Kadin or the researchers thatfed him is that every nonsatisfiable formula is
either easy or hard. We use this idea to give stronger caltapader the assumption tHlt"? = PNPIU To make
full use of this technique we need to define several kinds 8§ ead hard strings. Our Easy-I strings are the same as
Kadin’s. Easy-ll strings are formulas with short proofs ohsatisfiability based on the self-reducibility®AT. Easy-

Il are formulas with a short proof of nonsatisfiability givéhat they failed to be Easy-Il. Easy-1V strings are fornsula
with a short proof of nonsatisfiability using techniquesnfrélemaspaandra, Hemaspaandra and Hempel [HHH99a]
discussed in Section 3.

Definition 5.4
1. Theformula ¢ is Easy-lif thereisa ) suchthat h(¢, ) = (7,+) and 7 € SAT.

2. Theformula ¢ is Easy-Ilif

(a) ¢isEasy-l, or
(b) ¢ isaleaf of a self-reduction tree and false or
(c) ¢ self-reducesto two Easy-I formulae.

3. Theformula ¢ is Easy-Illif

(a) ¢isEasy-Il, or
(b) Thereexistsan Easy-1I formula ) such that h(v, ¢) = (7, —) and 7 € SAT.

4. Theformula ¢ is Easy-1Vif

(a) ¢isEasy-lll, or



(b) Thereisa € SAT suchthat g(¢, ) = (7,+) and 7 € SAT.

(c) Thereisan Easy-111 formula ¢ such that
g(¢, 1) = (1, —) and 7 € SAT.

Nonsatisfiable formulae that are not easy are called handuiae.

Definition 5.5 Theformula ¢ isHard-I, Hard-II, Hard-IIl or Hard-IVif ¢ ¢ SAT and ¢ isnot Easy-1, Easy-I1, Easy-111
or Easy-1V respectively.

First we argue the for anyin {11l 1I11,IV }, every string is exactly one of HarigEasy: or satisfiable.

The Easy-l and Hard-I strings are basically the Hard and Eagygs used by Kadin [Kad88]. By looking at the
self-reduction tree we will show that if there is a Hard-irggrthere is a Hard-I string that is Easy-Il. This is a Hard-|
string whose nonsatisfiability is nondeterministicallyifiable.

The Easy-lll strings take advantage of this property sowleatan use any Hard-1 Easy-Il string to deterministically
separate the Hard-Ill strings from the satisfiable strifidee Easy-1V definition uses a technique from Hemaspaandra,
Hemaspaandra and Hempel [HHH99a] to use Hard-1V stringeterthinistically separate the Easy-Ill strings from
the satisfiable strings.

Putting it all together we show that if there are any Hard-iNhgs, we will have polynomial advice separating the
nonsatisfiable strings from the satisfiable ones.

The following facts are easily derivable from the above dédins.
Lemma 5.6
1. The sets Easy-I, Easy-I1, Easy-111 and Easy-IV all sit in NP.
2. ThesetsHard-I, Hard-11, Hard-111 and Hard-1V all sitin coNP.
3. Easy-l C Easy-Il C Easy-1ll C Easy-1V C SAT.
4. Hard-1V C Hard-111 C Hard-1I C Hard-1 C SAT.
5. If ¢ isHard-1 then for all ¢, ¢ isin SAT if and only if h(¢, ) = (7, —) with T ¢ SAT.

If we have a Hard-1V formulap, then¢ gives us a polynomial-time separator betweshl and the Easy-llI
formulae:

Lemma 5.7 For any Hard-1V formula ¢ we have
1. If ¢ € SAT then g(¢, ) = (7, —) for some 7.
2. If ¢ isEasy-ll then g(¢, ¢) = (7, +) for some 7.
Proof: If either of these items were not true we would havie@ SAT and thusp would be Easy-IVO
We also show how to get a separator betwBai and the Hard-IIl formulae.
Lemma 5.8 If thereisa Hard-1 formula ¢ then thereis a Hard-I formula « that is Easy-I1.

Proof: Consider the self-reduction tree for All the formulae in the tree are unsatisfiable. Considerdigest
Hard-I formulac in the tree. Either is a leaf of the tree ot self-reduces to two Easy-1 formula@.

We can use the formula to separat&AT from the Hard-III formulae.
Lemma 5.9 For any Hard-l Easy-1l formula o we have

1. If ¢ € SAT then h(a, ¢p) = (7, —) for some 7.

2. If ¢ isHard-11I then h(cv, ¢p) = (7, +) for some .



Proof: If the first case fails then is Easy-I. If the second case fails the¢ns Easy-111.0

Now we can put Lemmas 5.7 and 5.9 together.

Proof of Theorem 5.3(1): We need only prove this item fot = SAT sinceSAT is complete fotoNP and has
nice padding properties. Lét be the set of Easy-IV formulae. By Lemma 58js anNP subset oSAT.

Fix n and suppose there is somef lengthn in SAT — B. By definition¢ is Hard-IV. By Lemma 5.6, the formula
¢ is also Hard-I so there is some Hard-I Easy-Il formalay Lemma 5.8.

Using as advice and« and a bit indicating whether or not a Hard-1V formula of ledmgtexists, we define the
following P/poly language” on inputsy) of lengthn:

1. If there are no Hard-1V formulae of lengththen reject.
2. Ifg(¢.v) = (7, +) for somer then accept.

3. If h(a,9) = (7, +) for somer then accept.

4. Otherwise reject.

If ¢ is in SAT then by Lemma 5.7 and 5.9, both lines 2 and 3 will reject) I§ in SAT then either) is Easy-llI
or Hard-lll. If ¢ is Easy-1ll then line 2 will accept. l{ is Hard-11l then line 3 will acceptm

Proof of Theorem 5.3(2)(P* = PNPI)):  The proof follows from Lemmas 5.10 and 5.11.
Lemma 5.10 (Chang-Kadin) If PNPItI — pNPI2] then pNPILI — pNP,
Lemma 5.11 If PNPI — pNPI2] then pNP — pNP,

Chang and Kadin [CK95] prove Lemma 5.10 by looking at comjpoatatrees. Their proof can not be used to
generalize the result toversusk + 1 queries. We present a different proof using hard and easgstrChang [Cha97]
uses the ideas of our proofs of Lemma 5.10 and 5.11 to exterdr&m 5.3(2) to show""l¥] = PNPE+1T implies
PNPIEL — PNP He then applies these results to approximation questibverimusNP-complete problems.

Proof of Lemma 5.10:

Fix an inputz to our P machineM. Let Q be the polynomial-size set of queriesSAT made byM (z). We
will show how to computé®)” with 2 queries tdNP, which then by assumption implies tHl{” = PNPI1,

For the first query, ask if every member@fis either satisfiable or Easy-I.

If the answer to the first query is yes then askA{x) accepts using “yes” for each satisfiable elemenfaind
“no” for each Easy-l element aj.

If the answer to the first query is no then some elemerp & Hard-I. We then ask for our other query whether
the following nondeterministic algorithm accepts.

1. GuessS a set of satisfiable formula i. Guess satisfying assignments for each elemeft of

2. Guesd a set of Easy-I elements . Verify that each of the elements éfis Easy-I.

3. Foreachp andy in Q — (S U E) check ifh(¢,v) = (7, +) for anyr or h(¢, 1)) = (7, —) for somer in SAT.
4. If all of the above tests pass then simul&feusing “yes” for queries it and “no” for queries i) — S.

If the guess of5 and £ was such that they contain all of tAT and Easy-I elements @) respectively then the
remaining formulae are all Hard-I so the third test will pagd_emma 5.6.

We need to show that # is not@ N SAT then the above algorithm rejects. lgebe a Hard-1 element af) andvy
be in@Q N SAT — S. We havep andy in Q — (S U E). By Lemma 5.6(¢,v) = (7, —) with 7 ¢ SAT so the third
test will fail. O

Proof of Lemma 5.11: Let MSAT be aPNP machine that runs in time”. Consider the formulag, that for each
i, 1 < i < nF encodes: There exists a computation pattifz) where for the first queriesyy, . . . , g;, eitherg; is
satisfiable ang; is answered “yes” o4; is Easy-l and;; is answered “no”.

Also consider the formulag; that for each, 0 < i < n* encodes: There exists an accepting computation path of
M (z) such that



1. for the first; queriesyy, . . .. g;, eitherg; is satisfiable ang; is answered “yes” og; is Easy-l andy; is answered
“no”, and

2. For eachy;, j > i, either

(@) ¢; is answered “"yes” ang; is satisfiable,
(b) ¢; is answered “no” and(g;+1.q;) = (7.+) for somer or
(c) ¢; is answered “no” and(q;1.q;) = (7, —) for somer in SAT.

We ask all of thep; and); questions tBAT in parallel.

Consider the largestsuch thatp; is satisfiable. I = n* thenMSAT(x) accepts if and only if); is satisfiable.

If i < n* then consider an accepting path encoded by a satisfyingrmssnt ofi;. The queryg;,; must be
Hard-1 or ¢;+1 would be satisfiable. By Lemma 5.6, all the answers to theigsi@re correct. Again we have that
MSAT(z) accepts if and only iff; is satisfiable D

Proof of Theorem 5.3(3)E% C 115 /1): Let L be inX%. ExpressL as
{z |y Vz P(z,y,2)}

for some polynomial-time predicate. Fix = and lety, encode 3z ~P(z,y, z)”. We havez € L if and only if there
exists ay such thatp, ¢ SAT.

Let A = SAT and 3 andC be as derived in Theorem 5.3(1). LiBte P be such that is in C'iff (z.a,) isin D
wherea,,, is the polynomial advice.

Fix an inputz of lengthn. The one bit of advice is whether case (1a) or (1b) of Theorénhélds forn.

If case (1a) holds then we hawen L if and only if there is a such thatp, is in B.

If case (1b) holds then we haven L if and only if for all a,, there exists a formulé such that either

e ¢ is a leaf of a self-reduction tree agde SAT iff (¢, a,) & D, or

e ¢ is not a leaf of a self-reduction tree agdreduces ta)q and+, and (v, a,) € D iff (¢9,a,) € D and
(¢1,a,) &€ D, or

e thereis ay such tha{¢,, a,) ¢ D.

The argument for case (1b) is based on the proof by Karp antdi.{XxL80] that if NP C P/poly thenX} = TI%.
One can verify that in each case we gét’aexpression for.. O
Whether we can eliminate the advice bit remains an intergstpen question.

Proof of Theorem 5.3(4)8% = UPNPIY): Toda and Ogihara [TO92] show tHaP"? = UPNP!), Hence we only
need to prove that’ = UP"P,

ConsiderL, P and theyp, as in the proof of Theorem 5.3(3).

Consider a formula), that encodesd, is satisfiable or there is some < y such thati(¢,, ¢,,) = (7,+) for
somer or h(¢py, ¢.,) = (7, —) for somer € SAT.”

Our UPY? machine works as follows:

1. Query theNP oracle to determine if there are appuch thatp,, is Easy-I. If so immediately accept.
2. Otherwise accept if there existg @uch thatp, is not satisfiable.

If the first step does not accept then all theare either satisfiable or Hard-1. If all of thg, are satisfiable then
so are all of thep,. If there is somew < y such thatp,, and ¢, are both Hard-I then by Lemma 5.6, will be
satisfiable. Ify is the lexicographically least string such thigtis Hard-1 then by Lemma 5.6),, is not satisfiable0

Proof of Theorem 5.3(5)&5 = RPNP!)): By Theorem 5.3(2) we only need to prov§ = RPF,

ConsiderL, P and theyp, as in the proof of Theorem 5.3(3).

Our RP algorithm first queries th&lP oracle to determine if there are any Easy«y. If so then immediately
accept.

If this fails then either all of the), are satisfiable or one of them is Hard-1V. If the second camwliholds then by
the proof of Theorem 5.3(1) there exists polynomial-ad¥geSAT.



Use the algorithm of Bshouty, Cleve, Gavaldannan and Tamon [BC®6] that randomly using aNP oracle
finds the advice foSAT. If it fails to find the advice foISAT then reject. Otherwise query tiNP oracle again to
determine if there is somgsuch that the advice sayg is not satisfiabler

Proof of Theorem 5.3(6)(PH= BPP"PI!l):  Zachos [Zac88] gives a relativizable proof th#® C BPP implies
PH = BPP. Relativizing toSAT we haveX; C BPP'Y impliesPH = BPP"P. The result follows by applying
Theorem 5.3((5) and (2)1

Corollary 5.12 1f PNPII = PNP2] gnd NP does not have measure zero in EXP then PH = PNPIU,

Proof: Lutz [Lut97] shows that iNP does not have measure zerdaKP thenBPPYY = PNP. O

6 Open Questions

Theorem 5.3 still leaves many questions open. In partissado not know whetheP\PI*! = PNPRI implies
1. PH = PNPH
2. 30 — 112
3. SAT is the union of arNP set and 8PP/ 1 set
4. PHC PP

even in relativized worlds.
One might also look at implications of related statementsianqueries, such &8PPVP12) — BppPNPI,
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