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Can we demonstrate any other relationships 
onsistent with these? Our main result is that theknown impli
ations are the only ones to hold in every relativized world. That is, we demonstrate anora
le realizing ea
h of the other 
onsistent logi
al relationships.We also look at a proposition we 
all Proposition Q, whi
h states that one 
an easily �nd an a

eptingpath of any NP ma
hine that a

epts ��. We show a 
lose relationship between this and (P5).1.1 Generi
 ora
lesWhen we have a proposition that we are unable to refute, we might attempt to 
onstru
t an ora
lerelative to whi
h it is true. An approa
h that often works is to begin by de�ning an in�nite set ofrequirements so that, if ea
h requirement is satis�ed, the proposition is true. This is followed by a
onstru
tion of the ora
le in stages. At stage 0, we let the ora
le be the empty set. At ea
h su

eedingstage, we sele
t a requirement and add to the ora
le a �nite amount of information that 
auses therequirement to be satis�ed while guaranteeing that the previously satis�ed requirements stay satis�ed.For example, this sort of 
onstru
tion 
an be used to build an ora
le relative to whi
h P 6= NP. Forobvious reasons, su
h a 
onstru
tion is 
alled a �nite extension 
onstru
tion.De�ning the requirements is usually very easy but 
arrying out the 
onstru
tion and demonstratingthat it works is often diÆ
ult. But this obs
ures what we are trying to a

omplish. We are far moreinterested in whether there exists an ora
le relative to whi
h a proposition is true and far less interestedin the parti
ular form of the ora
le. This is where generi
 ora
les, whi
h were �rst 
onsidered in
omplexity theory by Mehlhorn [Meh73℄ and later by Blum and Impagliazzo [BI87℄, be
ome usefulAs above, we �rst de�ne a set of requirements so that if ea
h requirement is satis�ed, some propo-sition will be true. We then de�ne a generi
 
ondition, whi
h is usually a �nite fun
tion on strings. Animportant 
ontribution of this paper, following the lead of Fenner, Fortnow, Kurtz, and Li [FFKL93℄,is that we often 
an impose a spe
ial form on the 
onditions that makes it easier to satisfy some
lass of requirements. This te
hnique played a pivotal role when Fenner, Fortnow, and Kurtz [FFK94℄demonstrated an ora
le relative to whi
h the Isomorphism Conje
ture holds.We then show that, given any 
ondition � and any requirement, we 
an �nd another 
ondition �that extends � and that satis�es the requirement. This demonstrates that the set of 
onditions thatsatisfy this requirement is dense. We then use a simple argument to show that there is an ora
le thatsimultaneously, for every requirement, extends some 
ondition that satis�es that requirement and sothe ora
le satis�es all of the requirements.The advantage of this approa
h is that it fo
uses the proof on how to meet an individual requirementrather than on te
hni
al details about the ora
le. It also usually results in a shorter and easier tounderstand proof.1.2 Related ResultsThe history of ora
le results in 
omplexity theory begins with the paper by Baker, Gill and Solovay[BGS75℄. They 
onstru
ted ora
les A, B, C, and D su
h thatPA = NPAPB 6= NPB = 
oNPBPC 6=NPC and PC =NPC \ 
oNPCPD 6=NPD \ 
oNPD and NPD 6= 
oNPD2



Noti
e that, relative to A, (P1) holds so (P2) through (P5) also hold.Ra
ko� [Ra
82℄ was the �rst to look at relativized UP. He 
reated ora
les A and B su
h thatPA 6= 
oNPA = NPA = UPAPB = NPB \ 
oNPB = UPB 6= NPBGeske and Grollman [GG86℄ 
reated an ora
le C su
h thatPC 6= UPC 6= NPCHomer and Selman [HS92℄ devised an ora
le A su
h that PA 6= NPA but all disjoint pairs ofNPA sets are PA-separable. We show that this is so relative to a Cohen generi
 ora
le. They also
onstru
ted an ora
leB su
h that PB = UPB 6=NPB\
oNPB . Grollmann and Selman [GS88℄ showedthat P = UP i� one-way fun
tions do not exist and that all disjoint pairs of NP are P-separable i�weak one-way fun
tion do not exist. Thus, be
ause the negation of (P3) implies the negation of (P4),relative to B there are weak one-way fun
tions but no one-way fun
tions. This result also follows as animmediate 
orollary of our work.Mehlhorn was the �rst to 
onsider the e�e
t of a Cohen generi
 ora
le G on propositions in 
om-plexity theory when he showed that PG 6= NPG [Meh73℄. Blum and Impagliazzo [BI87℄ proved, usingte
hniques of Ra
ko� [Ra
82℄ and Hartmanis and Hema
handra [HH87℄, that if P = PSPACE thenPG = UPG =NPG \ 
oNPG 6= NPGWe will use some of their te
hniques here.Impagliazzo and Naor [IN88℄ and Cres
enzi and Silvestri [CS93℄ showed that there exists a nondeter-ministi
 Turing ma
hine MG a

epting �� for whi
h Proposition Q fails. That is, there is no fun
tionfG 2 FPG su
h that, for every x 2 ��, fG(x) is an a

epting path of MG(x). This paper gives asimpler proof of that fa
t.When we 
onsider what happens relative to a random ora
le R, we �nd that the following statementshold: PR 6= NPR [BG81℄, PR 6= UPR [KMR95, IR89℄, there are disjoint pairs of NP sets that arenot P-separable [GS88, KMR95, IR89, Ver93℄ and there are disjoint pairs of 
oNP sets that are notP-separable [Ver93℄. It is open whether PR = NPR \ 
oNPR, although this is generally believed tobe false.Mu
hnik and Veresh
hagin [MV96℄ have also proved various results on the relativizable relationshipsbetween separability and other propositions.2 De�nitions and PreliminariesWe de�ne here notions that may not be widely known in 
omplexity theory. For notions not de�nedhere, please 
onsult a text on formal language and 
omplexity theory, like Hop
roft and Ullman [HU79℄.2.1 Languages, ora
les, and 
omputationsLet �� denote the set of all �nite length binary strings and �n the set of strings of length exa
tly n.Languages and ora
les are subsets of ��. Let A be an ora
le and let An be A \ �n, that is, An is theset of strings of length n in A. We will sometimes abuse notation and use the name of the ora
le for its
hara
teristi
 fun
tion, that is, writing A(x) = 1 if x 2 A and A(x) = 0 otherwise.3



An ora
le A is sparse i� there is a polynomial p su
h that, for all n, jAnj � p(n). The join of twoora
les A and B, denoted A�B, is the ora
le fx0 : x 2 Ag [ fx1 : x 2 Bg.Many of the ora
les we work with here will be gappy. This is de�ned by letting tower be the fun
tionfrom integers to integers with the following re
ursive de�nition: tower(0) = 2, tower(n+1) = 2tower(n),i.e., tower(n) is an exponential tower of n + 1 2's. An ora
le A is gappy i�, whenever A(x) = 1,jxj = tower(n), for some n 2 !. (A notion very similar to this was used by Ra
ko� [Ra
82℄.) We will
all allowed lengths those lengths equal to tower(n) for some n.Fix a parti
ular polynomial time 
omputation and input. Intuitively, we make ora
les gappy so thatthe only strings that 
an a�e
t that 
omputation are those at one allowed length. The 
omputationdoes not have enough time to query any string at longer lengths, whereas it does have enough time toquery all of the strings at shorter lengths, whi
h we assume it does.Let A be an ora
le. The zero-side of An is the set of strings in An that end in 0. The one-side isthe set of strings that end in 1. We say that An is zero-empty if it 
ontains no strings ending in 0 andone-empty if it 
ontains no strings ending in 1.Fix an input x to a nondeterministi
, polynomial-time ora
le Turing ma
hine M . This input gener-ates a tree of 
omputation paths in M . Asso
iated with every one of these paths is a query set : A listof pairs of the form (q; r), where ea
h q is an ora
le query and ea
h r a one-bit ora
le response. We saythat a path expe
ts a string q to be in an ora
le A if (q; 1) is in its query set. It expe
ts q not to be inthe ora
le if (q; 0) is in its query set.Two 
omputation paths 
on
i
t i�, for some string q, one has the pair (q; 0) in its query set andthe other has (q; 1) in its. In other words, one path expe
ts q to be in the ora
le and the other expe
tsq not to be in the ora
le. A 
omputation path of a nondeterministi
 TM a

epts x relative to an ora
leA i� it ends in an a

epting state and, for every (q; r) in its query set, q 2 A () r = 1. A path iszero-empty i�, for every q ending in 0, r = 0. It is one-empty i�, for every q ending in 1, r = 0.2.2 Language 
lassesIn addition to the well-known language 
lasses P, NP, 
oNP, and PSPACE, we will work with thefun
tion 
lass FP and the language 
lass UP, whi
h we de�ne here.A fun
tion f is 
omputed by a deterministi
 Turing ma
hine M with a distinguished output tapeif f(x) = y and M , when presented with an input string x, halts with the string y on its output tape.FP is the 
lass of fun
tions 
omputed by polynomial-time bounded deterministi
 Turing ma
hines.A fun
tion f 2 FP is honest i� there is a polynomial p su
h that, for all x, jxj � p(jf(x)j). That is,f does not map very long inputs to very short outputs.A language L is in UP i� there is a polynomial-time bounded nondeterministi
 Turing ma
hine Msu
h that L = L(M) and, for all x, if x 2 L, the 
omputation M(x) has exa
tly one a

epting path.Grollmann and Selman [GS88℄ showed that P 6= UP i� one-way fun
tions exist. A one-way fun
tionis a one-to-one, honest fun
tion in FP whose inverse is not in FP.Let L0 and L1 be two languages in NP or in 
oNP that are disjoint, that is, L0 \ L1 = ;. We saythat they are P-separable if there is a language L 2 P su
h that L0 � L � L1.2.3 Generi
 
onditions and ora
lesMost of our ora
les are generi
 ora
les. These are de�ned in terms of some kind of generi
 
ondition,whose de�nition is usually designed to meet a parti
ular set of requirements.4



A Cohen 
ondition is a partial fun
tion from �� to f0; 1g whose domain is �nite. A 
ondition �extends another 
ondition � (� � �) when, for all x 2 dom(�), �(x) = �(x). An ora
le A extends a
ondition � when, for all x 2 dom(�), A(x) = �(x). Two 
onditions � and � are 
onsistent when, forall x 2 dom(�) \ dom(�), �(x) = �(x). They 
on
i
t otherwise.Informally, a set of 
onditions S is de�nable if they are des
ribed in a formal logi
al model powerfulenough to express any of the de�nitions in this paper. Formally we say a set of 
onditions S is de�nableif they 
onsists of exa
tly the � that make 	(�) true where 	(�) is a �11 predi
ate (see Rogers [Rog87℄).A set of 
onditions S is dense i�, for every Cohen 
ondition � , there is a 
ondition � 2 S thatextends � . An ora
le meets S if it extends at least one 
ondition in S. A Cohen generi
 ora
le is onethat meets at least one 
ondition in every dense, de�nable set of Cohen 
onditions.A 
ondition � is gappy i�, whenever �(x) = 1, jxj = tower(n), for some n 2 !. The tower fun
tionis de�ned above.A size-bounded 
ondition is a pair (�; k) where k 2 ! and � is a gappy Cohen 
ondition. Let n bean allowed length. The integer k indi
ates that any 
ondition extending � must not allow more thann=2k strings of length n to be in the ora
le beyond �. Thus, a size-bounded 
ondition (�; j) extendsanother size-bounded 
ondition (�; k) ((�; j) � (�; k)) i� � � � and j � k and, if x 2 dom(�)� dom(�)then jfy : �(y) = 1& jyj = jxjgj � jxj=2j .In the de�nitions of the remaining 
onditions, let n be a variable that ranges only over allowedlengths.A UP 
ondition � is a Cohen 
ondition whose domain is gappy and su
h that, for all n, jfy 2 �n :�(y) = 1gj � 1. That is, there is at most one string in a 
ondition at allowed lengths. A one-sided-UP
ondition � is a Cohen 
ondition whose domain is gappy and su
h that, for all n, jfy 2 �n : �(y0) =1gj � 1. That is, it is a UP 
ondition on its zero-side and a Cohen 
ondition on its one-side.An NP \ 
oNP 
ondition � is a Cohen 
ondition whose domain is gappy. Furthermore, if � isde�ned for some string z of length n then there is an x of length n � 1 su
h that, for all y of lengthn� 1, either:1. �(x0) = 1 and �(y1) = 0, or2. �(x1) = 1 and �(y0) = 0.In other words, either the zero-side or the one-side of an allowed length (but never both) is empty.AnNP P-inseparable 
ondition � is a Cohen 
ondition whose domain is gappy. As withNP\
oNP
onditions, if � is de�ned for some string z of length n then either the zero-side or the one-side is empty.Unlike NP \ 
oNP 
onditions, however, both sides may be empty.A UP NP\
oNP 
ondition � is a Cohen 
ondition whose domain is gappy and su
h that, at everylength n, if there is a z 2 �n su
h that z 2 dom(�), then1. jfy : y 2 �n�1&�(y0) = 1gj � 1, and2. there is an x 2 �n�2 su
h that, for all y 2 �n�2, either:(a) �(x01) = 1 and �(y11) = 0, or(b) �(x11) = 1 and �(y01) = 0.Simply stated, these 
onditions are UP 
onditions on the zero-side and NP\ 
oNP 
onditions on theone-side.For ea
h generi
 
ondition of type X , a 
orresponding X-generi
 ora
le is one that meets everydense, de�nable set of X-
onditions. 5



Lemma 2.1 For ea
h of the types of 
onditions des
ribed above, there exists a X-generi
 ora
le.Proof. One 
an argue this result on purely topologi
al grounds but for 
larity we give a 
onstru
tiveargument here.Fix a type of 
ondition X . Let S1; S2; : : : be an enumeration of the dense, de�nable sets of X-
onditions. The \de�nable" means there are only a 
ountable number of su
h sets. This is the onlyreason we require de�nability.Let �0 be �, the everywhere unde�ned fun
tion. For size-bounded generi
s, Let �0 = (�; 0).For i = 1; 2; : : : do the following: By the density of Si there is a � in Si that extends �i�1. Let�i = � .Let G = limi!1 �i. G meets every Si and is thus an X-generi
.A relativized language LX possesses a property P 
ategori
ally with respe
t to some type of gener-i
ity if, for all ora
les G of that type, LG possesses P . For example, the language LX = f0n : (9x)jxj =n&x 2 Xg is in UP 
ategori
ally with respe
t to a UP-generi
 G be
ause G 
ontains at most onestring at every length.An ora
le Turing ma
hine MX may also possess a property P 
ategori
ally with respe
t to somenotion of generi
ity. For example, to say that a ma
hine is 
ategori
ally UP with respe
t to Cohengeneri
 ora
les means that the ma
hine has at most one a

epting path on every input when 
omputingrelative to a Cohen generi
 ora
le. In many of the proofs below, we use the fa
t that if a ma
hine
ategori
ally possesses some property then its power is in some way restri
ted.2.4 Propositions Q and Q0Now we introdu
e two notions 
losely related to P-separability in NP and 
oNP whi
h we 
all Propo-sitions Q and Q0. They were �rst looked at by Borodin and Demers [BD76℄ and extensively studied byFenner, Fortnow, Naik and Rogers [FFNR96℄. Generalizations and proofs of the results mentioned inthis se
ition 
an be found in the later paper.Proposition Q.Lemma 2.2 (see [FFNR96℄) The following are equivalent:Q1. For all NP ma
hines M su
h that L(M) = ��, there is a fun
tion f 2 FP su
h that, for allx 2 ��, f(x) is an a

epting path of M .Q2. For all NP ma
hines M su
h that L(M) 2 P, there is a fun
tion f 2 FP su
h that, for allx 2 L(M), f(x) is an a

epting path of M .Q3. For all sets S of CNF propositional formulae su
h that S � SAT and S 2 P, there is a fun
tionf 2 FP su
h that, for all ' 2 S, f(') is a satisfying assignment of '.Q4. For every honest onto fun
tion f 2 FP, there is a fun
tion g 2 FP su
h that, for all x, f Æg(x) =x.We de�ne the proposition Q to be the truth of any and all of the statements in Lemma 2.2.Proposition Q0.Lemma 2.3 (see [FFNR96℄) The following are equivalent:1. All disjoint 
oNP sets are P-separable.2. For every onto, honest f 2 FP, there is a g 2 FP whose range is � and su
h that, for all x, g(x)is the �rst bit of a y su
h that f(y) = x. 6



3. For every onto, honest f 2 FP and every 
onstant k, and every p : �� ! �k 2 FP, there is ag : �� ! �k 2 FP su
h that, for all x 2 ��, g(x) = p(y), for a y su
h that f(y) = x.4. For every two NP sets L1 and L2 su
h that L1[L2 = ��, there is a fun
tion g : �� ! f1; 2g 2 FPsu
h that g(x) = i implies that x 2 Li for all x 2 ��.5. For every k NP sets L1; : : : ; Lk su
h that [1�i�kLi = ��, there is a fun
tion g : �� ! f1; : : : ; kg 2FP su
h that g(x) = i implies that x 2 Li for all x 2 ��.We de�ne the proposition Q0 to be the truth of any and all of the statements in Lemma 2.3. Finally,we tie Propositions Q and Q0 together.Corollary 2.4 Proposition Q implies Proposition Q0 (and so implies that all disjoint 
oNP sets areP-separable).It is open whether Q0 implies Q.Be
ause Q implies Q0, we will use the following lemma, with 
orollary 2.4, to show that all disjoint
oNP sets are P-separable, relative to 
ertain ora
les.Lemma 2.5 Assume P = PSPACE and let S be a sparse ora
le. If MS is an NPS ma
hine su
hthat, for all T � S, L(MT ) = �� then, relative to S, Proposition Q holds, i.e., there is a fun
tionfS 2 FPS su
h that, for all x, fS(x) is an a

epting path of MS(x).Proof. Let f(x) be the fun
tion de�ned by the algorithm in �gure 1. The algorithm uses the P =PSPACE assumption to �nd a

epting paths of M�(x) and uses S to determine when it has foundstrings in S.We need to show that the algorithm runs 
orre
tly in polynomial time. By our assumption that, forall T � S, L(MT ) = ��, it is easy to see that L(M�) is always �� in the algorithm. If an a

eptingpath p found by the algorithm is not an a

epting path in MS(x), then there is some z in S su
h that(z; 0) is in p's query set. Be
ause S is sparse, this 
an happen at most a polynomial number of timesbefore the algorithm determines every string in the ora
le at the lengths that 
an be queried for inputx. But then, the while-loop terminates be
ause the algorithm will �nd an a

epting path of MS(x).So f 2 FPS and, given an input x, it �nds an a

epting path of MS on x.Let � = ;.While there is an a

epting path p of M�(x) doIf p is an a

epting path of MS(x) thenOutput p and haltElseLet z 2 S � � be a string queried by MS(x) on path p;Let � := � [ fzg;EndifEndwhile Figure 1: Algorithm used in lemma 2.5 to 
ompute fS(x)Every sparse ora
le S in this paper ful�lls the requirements of lemma 2.5.
7



2.5 A pair of disjoint languages in 
oNPWe will now de�ne a pair of 
ategori
ally disjoint languages in 
oNP that, relative to 
ertain ora
les weuse below, will be P-inseparable. This proof simpli�es similar results by Impagliazzo and Naor [IN88℄and Cres
enzi and Silvestri [CS93℄.We begin by de�ning the following two relativized fun
tions:fX(x) = X(x0jxj�11)X(x0jxj�211) : : :X(x1jxj)hX(x; y; z) =8><>: 0jxj+jyj+jzj if x; y; z are not all the same lengthfX(x) if f(y) = f(z)) y = zx if y 6= z and f(y) = f(z)For all X , fX is length preserving and all the strings it depends on in X are the same length andend in 1. Also, for all X , hX is honest. We also have:Lemma 2.6 For all ora
les X, rng hX = ��.Proof. It is enough to show that, for all n, �n � rnghX . Fix an n.Case 1. On length n, fX is a permutation. So, for every w 2 �n, there is an x 2 �n su
h thatfX(x) = w. Thus hX(x; 0jxj; 0jxj) = w.Case 2. On length n, fX is not a permutation. Then there are y0; z0 2 �n su
h that y0 6= z0 andfX(y0) = fX(z0). So, for every w, hX(w; y0; z0) = w.We next de�ne the following two languages:LX0 = fw : (9x; y; z)hX(x; y; z) = w and x begins with 0gLX1 = fw : (9x; y; z)hX(x; y; z) = w and x begins with 1gBe
ause h is honest, we 
an bound the lengths of x, y, and z by a polynomial in the length of w so theselanguages are in NPX . Their union 
ontains rnghX and so, by lemma 2.6, their union is �� relativeto all ora
les X . Let CX0 = LX0 and CX1 = LX1 . The Ci form a pair 
oNPX languages that are disjointfor all ora
les X .To make it easier to refer to these languages, here are their expli
it de�nitions:CX0 = fw : (8x; y; z)hX(x; y; z) = w ) x begins with 1gCX1 = fw : (8x; y; z)hX(x; y; z) = w ) x begins with 0gThe following lemma summarizes the known relationships among Propositions (P2) through (P5).Lemma 2.71. If there are no P-inseparable sets in 
oNP then P =NP \ 
oNP.2. If there are no P-inseparable sets in NP then(a) P =NP \ 
oNP;(b) P = UP.Proof. Items 1 and 2a are easy to see. The proof of item 2b is found in Grollmann and Selman [GS88℄.We end this se
tion by mentioning that, relative to all of the ora
les we 
onstru
t, P 6= NP. Thisis true be
ause ea
h of these ora
les allows us to use the same diagonalization used by Baker, Gill, andSolovay [BGS75℄ to 
reate a language in NP but not in P.8



3 ResultsThroughout this se
tion, we assume that all statements are made relative to an ora
le H su
h thatPH = PSPACEH . For example, we 
an let H be the 
hara
teristi
 fun
tion for the PSPACE-
omplete language Quanti�ed Boolean Formulae. We 
an make this assumption be
ause all of theproofs in this se
tion relativize, that is, if there is an ora
le relative to whi
h a theorem's hypothesesare true then the proof given here is suÆ
ient to establish the truth of the 
on
lusion relative to thatora
le. So a theorem stated as:Let G be an X-generi
 ora
le. Then the following propositions are true:. . . .should be interpreted as:Let H be an ora
le relative to whi
h P = PSPACE. Let G be an ora
le that is X-generi
with respe
t to H. Then the following propositions are true:. . . .Among the four propositions (P2) through (P5), there are sixteen possible 
ombinations for whi
hones are true and whi
h are false. We 
all a 
ombination 
onsistent if it is logi
ally 
onsistent withthe impli
ations we presently know. This leaves eight 
onsistent 
ombinations. Our 
ontribution isto show that, for ea
h of these eight, there is an ora
le relative to whi
h it holds. This is importantbe
ause it demonstrates that any relationship not already known among propositions (P2) to (P5) willrequire te
hniques that do not relativize. This is summarized in table 1 whi
h lists, for every 
onsistent
ombination, a type of generi
 ora
le and a theorem number. Let G denote one of these generi
 ora
les.The theorem indi
ated proves that the 
orresponding 
ombination holds relative to an ora
le H � G,where H is as above.To separate a 
lass from P, we usually de�ne a language L that depends on the generi
 ora
leand that gives us, for any polynomial time deterministi
 ora
le Turing ma
hine M , an in�nite numberof 
han
es to prevent M from a

epting L. That is, we have an in�nite number of opportunities todiagonalize against M .To make a 
lass equal to P, we demonstrate for ea
h language L in the 
lass a Turing ma
hinealgorithm that a

epts L and runs in deterministi
 polynomial time relative to a parti
ular kind ofgeneri
 ora
le. This algorithm will, to some degree, be a variation on what we 
all the \usual algorithm."Let C = H � G, where G is Cohen generi
. The \usual algorithm" refers either to the algorithm inBlum and Impagliazzo [BI87℄ used to show that PC = NPC \ 
oNPC and that all pairs of disjointNPC sets are PC-separable or to the algorithm there and in Hartmanis and Hema
handra [HH87, BI87℄used to show that PC = UPC .Theorem 3.2 demonstrates what happens to the propositions relative to a Cohen generi
 ora
le. Theremaining theorems demonstrate what happens relative to ora
les that are generi
 with respe
t to awide variety of 
onditions. In the proofs of ea
h of those theorems, we will de�ne the 
ondition thatgives rise to the ora
le needed.Theorem 3.1 Let G be a size-bounded generi
 ora
le. Then1. PG = UPG;2. PG =NPG \ 
oNPG;3. there are no PG-inseparable sets in NPG;4. there are no PG-inseparable sets in 
oNPG.9



P = UP P = NP \ 
oNP No NP P-insep No 
oNP P-insep Generi
 ora
le ThmY Y Y Y size-bounded (sb) 3.1Y Y Y N Cohen 3.2Y Y N Y sb-NP P-insep 3.4Y Y N N NP P-insep 3.3Y N Y Y in
onsistent {Y N Y N in
onsistent {Y N N Y in
onsistent {Y N N N NP \ 
oNP 3.5N Y Y Y in
onsistent {N Y Y N in
onsistent {N Y N Y UP 3.6N Y N N one-sided-UP 3.7N N Y Y in
onsistent {N N Y N in
onsistent {N N N Y in
onsistent {N N N N UP NP \ 
oNP 3.8Table 1: Summary of resultsProof. A size-bounded generi
 ora
le ful�lls the hypotheses of lemma 2.5 so Proposition Q holds withrespe
t to G. By this and 
orollary 2.4, all disjoint pairs of 
oNPG sets are PG-separable.To see that there are no PG-inseparable sets in NPG, let M0 and M1 be a pair of 
ategori
al NPma
hines whose languages are 
ategori
ally disjoint with respe
t to size-bounded 
onditions. Let (�; k)be a size-bounded 
ondition. Extend it with the 
ondition (�; j) where � = � and j = k + 1. For allbut a �nite number of inputs x, an a

epting path in either ma
hine must require that there be nomore than jxj=2j strings in the ora
le. So we 
an use the usual algorithm but ignore any a

eptingpath requiring G to have more than jxj=2j strings in it. The algorithm works be
ause, if there is a �su
h that there are a

epting paths in both M�0 (x) and M�1 (x), these paths must 
on
i
t. If they were
onsistent with one another, (�; k) 
ould have been extended by a 
ondition (� 0; k) that would for
eboth ma
hines to a

ept x. But this violates the assumption of 
ategori
al disjointness.Be
ause there are no PG-inseparable sets in NPG, PG = UPG and PG = NPG\
oNPG by lemma2.7.Theorem 3.2 Let G be a Cohen generi
 ora
le. Then1. PG = UPG;2. P = NPG \ 
oNPG;3. there are no PG-inseparable sets in NPG;4. there are PG-inseparable sets in 
oNPG.Proof. The �rst two propositions are shown in [BI87℄ and [HH87℄. The third follows by using essentiallythe same te
hnique as that used to show that PG = NPG \ 
oNPG.To see that there are PG-inseparable sets in 
oNPG, let CX0 and CX1 be the languages and fX thefun
tion de�ned in se
tion 2.5. We now show that CG0 and CG1 are not PG-separable. Let � be a Cohen10




ondition and let M be a deterministi
 polynomial-time ora
le ma
hine running in time p(jxj). Fix aneven length n at whi
h � is not yet de�ned and p(n) < 2n. Sele
t two strings w0 and w1 of length n=2.RunM� on w0 and then on w1, answering queries outside of � 's domain in su
h a way as to allow f� 0 torealize a partial permutation on the strings of length n=2 that maps no string to either w0 or w1. Callthe resulting extension � 0. Su
h an extension exists be
ause M� 
an only query a polynomial numberof strings.If M� 0 a

epts or reje
ts both strings, extend � 0 to a � that makes f� a permutation mapping astring starting with 0 to w0, whi
h puts w0 into C�0 , and a string starting with 1 to w1, whi
h putsw1 into C�1 . If M� 0 a

epts one and reje
ts the other, extend � 0 to a � that makes f� a permutationmapping two di�erent strings, both starting with 0, to w0 and w1, thus for
ing w0; w1 2 C�0 . In either
ase, we for
e L(MG) not to be a PG-separator of CG0 and CG1 .Theorem 3.3 Let G be an NP P-inseparable generi
 ora
le. Then1. PG = UPG;2. PG =NPG \ 
oNPG;3. there are PG-inseparable sets in NPG;4. there are PG-inseparable sets in 
oNPG.Proof. We �rst show that PG = NPG \ 
oNPG. Let M0 and M1 be NPG ma
hines that a

eptlanguages that are 
ategori
ally 
omplementary with respe
t to NP P-inseparable 
onditions. Fix aninput x and let n be the only relevant allowed length. We will demonstrate an algorithm that a

eptsx i� x 2 L(MG0 ).If we knew whether there were any strings of length n in G and, if so, whether they all ended in 0or 1, we 
ould run the usual algorithm under this assumption and get the 
orre
t result.Be
ause a priori we do not know, the algorithm must make some assumptions. It assumes �rst thatthe allowed length is empty and so 
he
ks whether there is an a

epting path P in MG0 (x) that expe
tsno strings in the ora
le at the allowed length. There are two 
ases:Case 1. There is su
h a P . Make all queries along P to G. If these queries do not �nd a string atthe allowed length then P is a valid a

epting path relative to G so a

ept. If some query �nds a stringending in 0 then run the usual algorithm under the 
orre
t assumption that every string in the ora
leat the allowed length ends in 0. Do likewise if a string ending in 1 is found.Case 2. There is no su
h P . Then there must be a path P 0 in MG1 (x) that expe
ts no strings in theora
le at the allowed length. If there were not, the ma
hines 
ould have both been for
ed to reje
t x bythe ora
le having no strings at the allowed length, whi
h violates their 
ategori
al 
omplementariness.Make all queries along P 0 to G. If P 0 is indeed an a

epting path then reje
t. If it is not an a

eptingpath then, as above, the algorithm �nds a string in G at the allowed length and uses that to run theusual algorithm under the 
orre
t assumption.Next we show that PG = UPG. Let M be a ma
hine that is 
ategori
ally UP with respe
t toNP P-inseparable 
onditions. Fix an input x. Run the usual algorithm under the assumption thatthe allowed length is one-empty, that is, only 
onsider one-empty a

epting paths in MG(x). If ana

epting path is found, a

ept. If not, instead of outright reje
ting, run the usual algorithm againbut this time under the assumption that the allowed length is zero-empty so only 
onsider zero-emptya

epting paths. If an a

epting path is found, a

ept, otherwise reje
t. This works be
ause the allowed11



length is either zero-empty or one-empty so ifMG(x) has an a

epting path, it will be either zero-emptyor one-empty.Now we show that there is a pair of PG-inseparable languages in NPG. Let LXi = f0n : (9y)[jyj =n� 1 & yi 2 X ℄g, for i 2 f0; 1g. Relative to G, LG0 and LG1 are a pair of disjoint NPG sets. Let � bean NP P-inseparable 
ondition and let M be a deterministi
 polynomial time ora
le ma
hine runningin time p(jxj). Let n be an allowed length on whi
h � is unde�ned and su
h that p(n) < 2n�1. Let mbe an allowed length su
h that m > n, � is unde�ned on length m, and p(m) < 2m�1.Run the 
omputation M� (0n). Let � be an extension of � for whi
h strings not queried by the
omputation are set so that 0n is in L�0 . There are two 
ases:Case 1. The 
omputation a

epts. Run the 
omputation M�(0m). If it a

epts, extend � to a
ondition � by setting unqueried strings of length m so that 0m is in L�1. If it reje
ts, set them so that0m is in L�0.Case 2. The 
omputation reje
ts. Run the 
omputation M�(0m). If it a

epts, extend � to a
ondition � so that 0m is in L0. If it reje
ts, set them so that 0m is in L1.Either way, we 
an for
e L(M) not to be a PG-separator of LG0 and LG1 .Finally, we show that there are PG-inseparable languages in 
oNPG. Let CX0 and CX1 be thelanguages and fX the fun
tion de�ned in se
tion 2.5. The de�nition of fX allows us, using the same ar-gument as in theorem 3.2, to extend oneNP P-inseparable 
ondition by another that for
es a parti
ularpolynomial-time deterministi
 ora
le ma
hine not to be a PG-separator of CG0 and CG1 .Theorem 3.4 Let G be a size-bounded NP P-inseparable generi
 ora
le. Then1. PG = UPG;2. PG =NPG \ 
oNPG;3. there are PG-inseparable sets in NPG;4. there are no PG-inseparable sets in 
oNPG.Proof. First we show that there are no PG-inseparable sets in 
oNPG. Be
ause a size-bounded generi
�ts the hypotheses of lemma 2.5, Proposition Q holds with respe
t to G so, by 
orollary 2.4, all disjointpairs of 
oNPG sets are PG-separable. By this and lemma 2.7, PG = NPG \ 
oNPG.Next we show that there is a pair of PG-inseparable sets in NPG. Let LX0 and LX1 be the languagesde�ned in theorem 3.3. We 
an use the argument there to show that LG0 and LG1 are in NPG andPG-inseparable.Finally we show that PG = UPG. Let M be an NP ma
hine that is 
ategori
ally UP with respe
tto size-bounded NP P-inseparable 
onditions. Let (�; k) be a size-bounded 
ondition. Extend it withthe 
ondition (�; j) where � = � and j = k + 1. For all but a �nite number of x, an a

epting pathin MG(x) must require that there be no more than jxj=2j strings in the ora
le. So we 
an use theusual algorithm but ignore any a

epting path requiring G to have more than jxj=2j strings in it. Thealgorithm works be
ause, if there is a � su
h that there are two su
h a

epting paths in M�(x), thesepaths must 
on
i
t. If they were 
onsistent with one another, (�; k) 
ould have been extended by a
ondition (� 0; k) that would for
e M(x) to have two a

epting paths, violating the assumption that itis 
ategori
ally UP.Theorem 3.5 Let G be an NP \ 
oNP-generi
 ora
le. Then1. PG = UPG; 12



2. PG 6=NPG \ 
oNPG;3. there are PG-inseparable sets in NPG4. there are PG-inseparable sets in 
oNPG.Homer and Selman [HS92℄ 
reated an ora
le that made the 
onsequen
es of theorem 3.5 true. Wewill give a simple proof using generi
s.Proof of theorem 3.5. Be
ause an allowed length in G is either zero-empty or one-empty, we 
anshow that PG = UPG in exa
tly the same way we showed it in theorem 3.3.Next we show that PG 6= NPG \ 
oNPG. Let LX0 = f0n : (9y)[jyj = n � 1 & y0 2 X ℄g andLX1 = f0n : (8y)[jyj = n � 1 ) y1 =2 X ℄g. LX0 is 
ategori
ally in NPX and LX1 is 
ategori
ally in
oNPX . By the de�nition of G, LG0 = LG1 so LG0 2 NPG \ 
oNPG. let � be an NP\ 
oNP 
ondition� and M a deterministi
 polynomial-time ora
le ma
hine running in time p(jxj). Let n be an allowedlength on whi
h � is not de�ned and su
h that p(n) < 2n�1. Run M on input 0n. There is a string xof length n ending in 0 not queried by M(0n) and a string y of length n ending in 1 not queried.If M a

epts 0n, let � be � [ fyg. If M reje
ts 0n, let � be � [ fxg. In both 
ases, let x or y be theonly string in � of length n. We now have that M�(0n) a

epts i� 0n =2 L�0 .That there are PG-inseparable pairs of sets in both NPG and 
oNPG follows from lemma 2.7.Theorem 3.6 Let G be a UP-generi
 ora
le. Then1. PG 6= UPG;2. PG =NPG \ 
oNPG;3. there are PG-inseparable sets in NP;4. there are no PG-inseparable sets in 
oNPG.Proof. First we show that PG 6= UPG. Let LX = f0n : (9y)[jyj = n & y 2 X ℄g. By the de�nition ofG, LG 2 UPG. Let � be a UP-
ondition and let M be a deterministi
 polynomial-time ora
le ma
hinerunning in time p(jxj). Let n be a length on whi
h � is not de�ned and su
h that p(n) < 2n. Run Mon input 0n, responding 0 to any queries of strings of length n. There will be some x of length n thatis not queried. If M a

epts, let � be � with every string at length n left out. If M reje
ts, let � be� [ fxg with every other string of length n left out. We then have that M�(0n) a

epts i� 0n =2 L� .By lemma 2.7, there is a pair of PG-inseparable sets in NPG.The hypotheses of lemma 2.5 hold for a UP-generi
 so proposition Q holds with respe
t to G. By
orollary 2.4, all disjoint pairs of 
oNPG sets are PG-separable. By lemma 2.7, PG =NPG \ 
oNPG.Theorem 3.7 Let G be a one-sided UP-generi
 ora
le. Then1. PG 6= UPG;2. PG =NPG \ 
oNPG;3. there are PG-inseparable sets in NPG4. there are PG-inseparable sets in 
oNPG. 13



Proof. First we show that PG =NPG \ 
oNPG. Let M0 and M1 be NPG-ma
hines whose languages,with respe
t to one-sided UP-generi
 
onditions, are 
ategori
ally 
omplementary. Fix an input x. Wewill demonstrate that the following polynomial time algorithm a

epts x i� x 2 L(MG0 ).As before, G is gappy so at most one allowed length 
an a�e
t the 
omputationsMG0 (x) andMG1 (x).The algorithm may ignore any a

epting path expe
ting more than one string in the ora
le on the zero-side. If there is a string on the zero-side of the allowed length and the algorithm �nds it, we 
an runthe usual algorithm using this information and get a 
orre
t answer.Let 
 be the set of the strings whose membership or nonmembership in G has been determined.Initialize 
 to ;.Step 1. In this step, we try to determine whi
h ma
hine has a zero-empty a

epting path P that is
ompatible with the one-side of the allowed length. Now P must exist. If it did not, every a

eptingpath in both ma
hines expe
ts at least one string in the ora
le on the zero-side of the allowed length.Then G 
ould for
e both ma
hines to reje
t x by leaving that zero-side empty. But this 
ontradi
ts theassumption that the languages are 
ategori
ally 
omplementary.Run the usual algorithm under the assumption that the zero-side of the allowed length is empty,that is, only 
onsider zero-empty a

epting paths in M
0 (x). If there is a zero-empty a

epting path inMG0 (x), the algorithm will �nd it in polynomial time. If we run out of zero-empty a

epting paths inM
0 (x) then P must be in MG1 (x). Go to step 2.If we do not run out of a

epting paths in M
0 (x), upon exiting the loop, we 
he
k whether thereis an a

epting path P 0 in M
1 (x) that, on the one-side, is 
ompatible with 
 and requires no otherqueries.If so, query the ora
le on those strings P 0 queries on the zero-side. Then either we �nd a stringthere, so we run the usual algorithm with this assumption, or we do not �nd a string, in whi
h 
asethis is an a

epting path in MG1 (x) so reje
t.If P 0 does not exist then P is not in MG1 (x). If it were, we would have found it be
ause everyzero-empty path inM
0 (x) must 
on
i
t with P and we would have queried enough of the ora
le to �ndeverything P queries on the one-side. So P must be in MG0 (x). Go to step 2.Step 2. We now know whi
h 
omputation has P . Without loss of generality, assume that it isMG0 (x). Let M 00G(x) be MG0 (x) with any a

epting paths expe
ting a string on the zero-side removed.Note that M 00G(x) still has P .Run the usual algorithm on M 00
(x) and M
1 (x) with no assumptions, extending the 
 from step1. Ea
h a

epting path in M
1 (x) must 
on
i
t with P in M 00
(x) so, as usual, 
 a
quires the stringsqueried along P (or a similar path). If this were not true, there would be a zero-empty a

epting pathP in M 00G(x) (and hen
e MG0 (x)) and some a

epting path P1 in MG1 (x) that expe
ts at most onestring on the zero-side of the allowed length su
h that P and P1 are 
ompatible. But then their unionforms a one-sided UP-
ondition so G 
ould have for
ed both to a

ept x, 
ontradi
ting their 
ategori
aldisjointness.If we run out of a

epting paths in M
1 (x) then a

ept. Otherwise, 
he
k whether there is a zero-empty a

epting path in M 00
(x). If so, a

ept be
ause M 00G(x), and so MG0 (x), a

epts. If not, thenP , whi
h has all of its queries on the one-side in 
, must 
on
i
t with the ora
le on the zero-side. Butthen, be
ause it is zero-empty, the 
on
i
t must be be
ause one of the strings it queries on the zero-sideis in the ora
le. We 
an then use this to run the usual algorithm.Now we show that PG 6= UPG. Let LX = f0n : (9y)[jyj = n � 1 & y0 2 X ℄g. Using virtuallythe same argument as in theorem 3.6, we 
an show that LG 2 UPG � PG. By lemma 2.7, there are14



PG-inseparable sets in NPG.Finally, we show that there are PG-inseparable languages in 
oNPG. Let CX0 and CX1 be thelanguages and fX the fun
tion de�ned in se
tion 2.5. We 
an use the same argument as in theorem3.2 to show that we 
an always extend one one-sided UP 
ondition by another that for
es a parti
ularpolynomial time deterministi
 ma
hine M not to be a PG-separator of CG0 and CG1 .Theorem 3.8 Let G be a UP NP \ 
oNP-generi
 ora
le. Then1. PG 6= UPG;2. PG 6=NPG \ 
oNPG;3. there are PG-inseparable sets in NPG;4. there are PG-inseparable sets in 
oNPG.Proof. First we show that PG 6= UPG. Let LX = f0n : (9y)[jyj = n � 1 & y0 2 X ℄g. By the sameargument as in theorem 3.7, LG 2 UPG �PG.Next we show that PG 6= NPG \ 
oNPG. Let LX0 = f0n : (9y)[jyj = n � 2 & y01 2 X ℄g andLX1 = f0n : (8y)[jyj = n � 2 ) y11 =2 X ℄g. Using essentially the same argument as in theorem 3.5,LG0 2 (NPG \ 
oNPG)�PG.By lemma 2.7, there are PG-inseparable sets in either NPG or 
oNPG.A
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