
ARITHMETIZATION:A NEW METHOD IN STRUCTURALCOMPLEXITY THEORYL�aszl�o Babai and Lance FortnowAbstract. We introduce a technique of arithmetization of the processof computation in order to obtain novel characterizations of certain com-plexity classes via multivariate polynomials. A variety of concepts andtools of elementary algebra, such as the degree of polynomials and inter-polation, becomes thereby available for the study of complexity classes.The theory to be described provides a uni�ed framework from whichpowerful recent results follow naturally.The central result is a characterization of ]P in terms of arithmeticstraight line programs. The consequences include a simpli�ed proof ofToda's Theorem that PH � P]P; and an in�nite class of natural andpotentially inequivalent functions, checkable in the sense of Blum et al.Similar characterizations of PSPACE are also given.The arithmetization technique was independently discovered by AdiShamir. While this simultaneous discovery was driven by applicationsto interactive proofs, the present paper demonstrates the applicabilityof this technique to classical complexity classes.Subject classi�cations. 68Q15, 68Q601. IntroductionWe introduce a novel technique in structural complexity theory. We proposeto use multivariate polynomials for the description of complexity classes. Thesedescriptions are obtained by arithmetizing the intrinsically Boolean processof computation. By extending the Boolean domain to a �eld and replacingBoolean operations by arithmetic ones, it becomes possible to \interpolatetruth-values" and use concepts like the degree of a polynomial in the study ofresource-bounded computation.This technique was simultaneously and independently discovered by AdiShamir and has been strikingly successful in determining the power of interac-tive proof systems [23, 4].



2 Babai & FortnowWe should mention that in a di�erent context (circuit complexity), A. A.Razborov has previously introduced an arithmetization technique to obtainlower bounds [21, 24].In this paper we develop a theory of arithmetic straight line programs anddemonstrate its applicability to classical complexity classes.Our central result is a characterization of ]P in terms of uniform sequencesof certain arithmetic straight line programs called \positive retarded arithmeticprograms with binary substitution" (PRAB). The proof of this result (Theorem3.1) indicates the basic arithmetization technique.We demonstrate the power of the characterization of ]P by deducing a num-ber of consequences. A similar characterization of the class ]mP, the mod mversion of ]P follows directly. A randomized version of the PRAB's is de�nedanalogously. Its mod 2 version is shown to characterize the complexity classBP � � � P. Adapting an idea of Toda, we show that the levels of the polyno-mial hierarchy also admit a representation by randomized PRAB's mod 2. Asimpli�ed proof of Toda's Theorem PH � P]P follows.As a further consequence, we show that ]mP has interactive proofs with]mP-powerful honest provers, thus exhibiting an in�nite class of natural andpotentially inequivalent functions, checkable in the sense of Blum [8, 9, 10].(Up to natural equivalence, only a handful of such functions were previouslyknown; unnatural ones could be obtained by padding and other arti�cial tricks.)Adapting an idea of Beaver and Feigenbaum [6] and Lipton [19], these classesare also shown to have the random self-correcting property in the sense of Blum,Luby and Rubinfeld [10].We also obtain arithmetic straight line program characterizations of PSPACEfunctions as well as their multilinear extensions.The new technique was motivated by an arithmetization of Boolean for-mulas obtained by the authors in an attempt to remove permanents from therecent proof by Lund, Fortnow, Karlo�, and Nisan [20] that P]P has interactiveproofs. Such a direct proof indeed is a corollary. A similar arithmetization wasfound independently by Adi Shamir [23].A preliminary version of this paper was presented at FOCS'90 [3]. Evenearlier, the basic technique and some consequences were discussed in the surveypaper [2] where the suspense story of the genesis of this and related techniqueswas also told. 2. Preliminaries2.1. Complexity classes for counting. By an NP machine we mean a



Arithmetization 3nondeterministic Turing machine that runs in time polynomial in the length ofthe input. FP will denote the class of polynomial time computable functions.Following Valiant [27], we say a function f : f0; 1g� ! Z is a ]P functionif there exists an NP machine M such that for all x 2 f0; 1g�, f(x) is exactlythe number of accepting paths of M(x). Any nonnegative polynomial-timecomputable function is also a ]P function.Toda [26] showed that every language in the polynomial-time hierarchy [25]reduces to a problem in ]P. We give a simpli�ed version of Toda's proof in thispaper.Let m be a positive integer. A function f : f0; 1g� ! Zm belongs to ]mPif there exists a function g 2 ]P such that f(x) is the mod m residue class ofg(x) for every x 2 f0; 1g�. Beigel, Gill and Hertrampf [7] show that for anyconstant m we have P]mP = P]m0P where m0 is the product of prime divisors(the square-free part) of m.Some comments on reducibility and completeness in these classes will be inorder here.A function f is polynomially bounded if for every string x, jf(x)j � p(jxj)for some polynomial p. We restrict our discussion to such functions. Let PBFdenote the class of these functions.A function f 2 PBF is polynomial time Turing reducible to a functiong 2 PBF if f 2 FPg, i.e., a polynomial-time oracle machine with access tovalues of g can compute f . This machine provides a polynomial-time Turingreduction from f to g. Such a reduction is nonadaptive if all queries to g must becomputed from the input x (without reference to the outcome of other queries).In other words, f has a nonadaptive polynomial-time Turing reduction to g ifthere exists a pair of polynomial-time computable functions h1, h2 such thatfor every input string x, h1(x) = (y1(x); : : : ; ym(x)(x)) is a list of input stringsfor g, and f(x) = h2(g(y1(x))# : : :#g(ym(x)(x))):We say that f has a polynomial-time many-one reduction to g if there is a(nonadaptive) polynomial-time Turing-reduction which on each input x, makesa single g-query (i.e. m(x) = 1).Valiant [27] originally de�ned ]P-completeness via polynomial-time Turingreductions and has shown that permanent of zero-one matrices is ]P-complete.In fact, his proof shows that the (0,1)-permanent is ]P-complete under nonadap-tive polynomial-time Turing reductions. Going one step further, Zank�o [30] hasshown that the (0; 1)-permanent remains ]P-complete under polynomial-timemany-one reductions.



4 Babai & FortnowFrom the proof it follows that (0; 1)-permanents mod m are ]mP-completeunder many-one reductions for odd m. (The same is unlikely to hold for evenm. Recall in particular that for m a �xed power of 2, the permanent mod mcan be computed in polynomial time [27].)2.2. Probabilistic and parity operators. Let <x; y> be a standard pairingfunction mapping f0; 1g� � f0; 1g� ! f0; 1g�. We will use several operatorson complexity classes de�ned in Sch�oning [22] and Toda [26]. Let C be anycomplexity class. We de�ne the classes P � C, BP � C and � � C as follows:1. L 2 P � C if there exists an L0 2 C and a polynomial p(n) such that for allx 2 f0; 1g�, x 2 L if and only if for at least half of the strings y of lengthp(n), <x; y> 2 L0.2. L 2 � � C if there exists an L0 2 C and a polynomial p(n) such that forall x 2 f0; 1g�, x 2 L if and only if for an odd number of the strings y oflength p(n), <x; y> 2 L0.3. L 2 BP � C if there exist an L0 2 C and a polynomial p(n) such that forall x 2 f0; 1g�,(a) if x 2 L then for at least two-thirds of the y's of length p(n),<x; y> 2 L0, and(b) if x 62 L then for at least two-third of the y's of length p(n), <x; y> 62L0.Sch�oning [22] also shows that for any reasonable complexity class C and anypolynomial q(n), we can replace two-thirds by 1�2q(n) without a�ecting BP � Cby repeated testing and majority vote.With this notation, we have BPP = BP � P, PP = P � P, and ]2P = � � P.2.3. Interactive proofs. An interactive proof system is a game betweentwo players, an in�nitely powerful prover and a probabilistic polynomial-timeveri�er. The prover and the veri�er have a conversation where the prover triesto convince the veri�er that a string x belongs to a language L: They take turnsto write messages on a board. In the public-coin version (which we shall use),all messages of the veri�er are random strings. After a polynomial number ofrounds (each of polynomial length), the conversation ends and a deterministicpolynomial time \judge" declares who wins. If indeed x 2 L then the provershould be able to win against most random coin 
ip sequences of the veri�er;if x 62 L, then the prover should lose against most random coin 
ip sequences.



Arithmetization 5IP denotes the class of languages admitting interactive proof of membership.Babai [1, 5] and Goldwasser, Micali and Racko� [16] invented interactive proofsystems and formal de�nitions can be found in these papers. The two variantsde�ned in these papers were shown equivalent by Goldwasser and Sipser [17].We say a function f : f0; 1g� ! f0; 1g� has an interactive proof if jf(x)j �jxjO(1) and the graph of f has an interactive proof. Lund, Fortnow, Karlo� andNisan [20] show that every ]P function has an interactive proof. Extending theideas of [20], Shamir [23] shows that every PSPACE language has an interactiveproof. We give alternate proofs of both these results in this paper.2.4. Program self-testing. Blum and Kannan [8, 9] describe program in-stance checking. A Monte Carlo program C is a program instance checker for afunction f if the following holds. Let P be a program that claims to computef . The checker C on input x using P as a subroutine will proclaim either \Pcomputes the correct value for f(x)" or \P di�ers from f for some input" andfor every x, C will be right with high probability. A language has a programinstance checker if its characteristic function does. Blum and Kannan [9] showthat if a language L has an interactive proof where the prover only answersquestions about membership in L then L has a program instance checker.Blum, Luby and Rubinfeld [10] developed a concept which they call self-testing/correcting pairs for programs. A similar concept encompassing the self-correction feature was developed independently by Lipton [19]. We will give ade�nition which di�ers slightly from that of [10]:Let f : f0; 1g� ! f0; 1g� be a function. A self-testing/correcting pair for fis a pair (T;C) of probabilistic polynomial-time algorithms with the followingproperties for every n � 0. Let P be a program claimed to compute f . Wewould like the corrector C(P; x) to have the following property:(Cn): For every x 2 f0; 1gn, C(P; x) computes f(x) with large probability.We require the tester T to ful�ll the following requirements:1. On input (P; 1n), T outputs either \Pass" or \Fail".2. If P correctly computes f on all inputs, then T (P; 1n) always outputs\Pass".3. If property (Cn) does not hold then with large probability, T (P; 1n) out-puts \Fail".Large probability means at least 2=3 but this can be ampli�ed to 2�nc byrepeated application and majority vote. One may wish to allow an error in



6 Babai & Fortnowrequirement 2, but in every known example the tester always passes a correctprogram.Proposition 2.1. If a function f has a self-testing/correcting pair then it hasa program instance checker.Proof. Let (T;C) be the self-testing/correcting pair. The instance checkerwill work as follows: On input x, simulate T (P; 1jxj) and if T says \Fail" thenoutput \P di�ers from f". Otherwise if C(P; x) = P (x) output \P computesthe correct value on input x" otherwise output \P di�ers from f". 2Up to natural equivalence, the only previously known languages with in-stance checkers were some number theory related languages from NP\coNP[16], Graph Isomorphism [18], coset intersection in permutation groups [5], andthe languages complete for ]P [20], PSPACE [23], and EXPTIME [4]. We willshow that an in�nite set of natural and potentially inequivalent functions, the]mP-complete functions, have self-testing/correcting pairs.Details of the comparison of the above de�nition and the [10] de�nition canbe found in [4]. One aspect we should point out is that under our de�nition,the following holds.Proposition 2.2. If the functions f and g are polynomial-timeTuring equiva-lent, and f has a self-testing/correcting pair, then g has a self-testing/correctingpair, too.This may be false under the [10] de�nition.3. A characterization of ]PIn this section we introduce the basic arithmetization technique. Variationscan be found in later sections of this paper as well as in [23] and [4].We de�ne a class of straight line programs of multivariate polynomials withintegral coe�cients over the set fx1; x2; : : :g of variables.A positive retarded arithmetic program with binary substitutions (PRAB)will be a sequence fp1; : : : ; ptg of instructions such that for every k, one of thefollowing holds:(1) pk is one of the constant polynomials 0 or 1;(2) pk = xi for some i � k;(3) pk = 1 � xi for some i � k;



Arithmetization 7(4) pk = pi + pj for some i; j < k;(5) pk = pipj for some i; j such that i+ j � k (retarded multiplication);(6) pk = pj(xi = 0) or pj(xi = 1) for some i; j < k (binary substitution).(Here, pj(xi = ") refers to the polynomial obtained from pj by replacingthe variable xi by the value ".)Such a program de�nes a sequence f~pkg of polynomials in an obvious way.We note that (by induction) the set of variables involved in ~pk is a subsetof fx1; : : : ; xkg; and the degree of ~pk is � k. (The latter is a consequence of theretarded multiplication.)We say that the program P computes the polynomial ~pt, the last memberof the sequence. We use the symbol ~P to denote ~pt.A family P1; P2; : : : of PRAB's is uniform if, upon input 1n, a polynomialtime deterministic Turing machine computes the instruction set Pn and thepolynomial ~Pn computed only depends on the variables fx1; : : : ; xng. (In par-ticular, the length of the straight line program Pn is bounded by nO(1).) Aformally stronger condition would be to require the machine to be logspacebounded. We shall see that this distinction is irrelevant from our point of view.We shall use the term \family" to indicate in�nite sequences such as thosein the previous paragraph, reserving the term \sequence" for �nite ones suchas a PRAB.Let Z+ denote the set of nonnegative integers.Theorem 3.1. For a function f : f0; 1g� ! Z+, the following are equivalent.(a) f 2 ]P.(b) There exists a uniform family of PRAB's Pn such that for every stringx 2 f0; 1g�, f(x) = ~Pjxj(x):(By substituting a binary string � = �1 : : : �n into a polynomial P in n variableswe mean the substitution P (�1; : : : ; �n).)Remark 3.2. The result is valid with either notion of uniformity.Proof. I. We �rst prove the implication (a) =) (b). LetM be an NP-machinewhich on input x 2 f0; 1g� has f(x) accepting paths.Following the standard proof of the Cook-Levin Theorem (cf. [15]), forevery n we associate a 3-CNF formula 'n with M . There are two kinds of



8 Babai & Fortnowvariables in 'n: the input variables xi (i = 1; : : : ; n) and the guess variables yj(j = 1; : : : ;m = m(n)). For every input x, the number of strings y such that(x; y) satis�es 'jxj is f(x).We now view the xi and yj as arithmetic rather than Boolean variablesand associate a polynomial in the same variables with 'n as follows. Let sayC = u _ v _ :w be one of the clauses in 'n. We rewrite C as the disjunctionof 7 clauses, each clause a 3-term conjunction of the form (:)u ^ (:)v ^ (:)w.(Out of the 8 possible assignments of : in front of the variables, the only onemissing will be :C = :u ^ :v ^ w.) Then we replace each occurrence of anegated variable, say :z, by (1 � z), each ^ by multiplication and each _by addition. Finally we take the product over all clauses C of the resultingpolynomials of degree 3. The resulting polynomial qn has the property that on(0; 1) substitutions its value is 0 or 1 and agrees with the value of 'n under thesame substitution.We thus have the identityf(x) = Xy2f0;1gm(jxj) qjxj(x; y) (3:1)for all x 2 f0; 1g�.For every n = jxj, the right hand side is easily seen to be represented bya PRAB. Indeed, the polynomial qn arises using the �rst 5 instructions only.To obtain the sum, we use, for each variable yj, both binary substitutions, andadd the two results; then proceed to yj+1.For this PRAB, it is clear that Pn is computable in space O(log n).II. For the (b) =) (a) implication, we only assume polynomial time uniformity.Let P = fp1; : : : ; ptg be a PRAB such that the set of variables involvedin each pi is contained in the set fx1; : : : ; xtg. For each i, we construct anondeterministic Turing machineMi such that on input x 2 f0; 1gt, the numberof accepting paths of Mi is pi(x1; : : : ; xt).To constructMk, we distinguish 6 cases according to the type of instructionpk. Cases (1), (2), (3) are clear. In case (4) (sum), we make a nondeterministicmove from START to one ofMi andMj . In case (5) (product) we �rst runMi;and if it accepts, we run Mj. (In this case, the running time is the sum of therunning times ofMi andMj and will therefore be linear in k by the retardationrule.) Case (6) is clear: to obtainMk, we hard wire the value of xi inMj. Notethat the description of Mk is only a constant number of instructions added ontop of the instructions of earlier machines.Now the NP-machine we wish to associate with the PRAB fP1; P2; : : :gproceeds as follows. On input � = (�1; : : : ; �n) 2 f0; 1gn, it �rst computes in



Arithmetization 9deterministic polynomial time the program Pn = fpn;1; : : : ; pn;m(n)g. Then itcomputes (still in deterministic polynomial time) the description of the nonde-terministicTuring machineMn;m(n) associated with pn;m(n). Finally, it simulatesthis machine on input �.This completes the proof. 2In an earlier work, Venkateswaran [29] characterized ]P functions in terms ofcertain arithmetic formulas of polynomial depth and polynomial degree. Theseformulas may have exponential size. We note that his characterization alsofollows from our characterization of ]P by expanding the binary substitutionrule.We can also de�ne a more general class of straight line programs of multi-variate polynomials. The di�erence will be that we permit subtraction as wellas addition:(4') pk = pi � pj for some i; j < k;We call the straight line programs composed of instructions (1), (2), (3),(4'), (5), and (6) retarded arithmetic programs with binary substitution (RAB).The class Gap-P consists of all functions that are the di�erence of two]P functions. Fenner, Fortnow and Kurtz [14] show that retarded arithmeticprograms characterize Gap-P functions in full analogy with Theorem 3.1:Theorem 3.3. (Fenner-Fortnow-Kurtz) For a function f : f0; 1g� ! Z,the following are equivalent.(a) f 2 Gap-P.(b) There exists a uniform family of RAB's Pn such that for every string x 2f0; 1g�, f(x) = ~Pjxj(x):Theorem 3.3 follows directly from the following Lemma:Lemma 3.4. For a function f : f0; 1gn ! Z, the following are equivalent.(a) f is the di�erence of two functions de�ned by PRAB's.(b) f is de�ned by a RAB.Sketch of Proof. By induction on the instruction index. Sums, di�er-ences, products of two di�erences can be expressed as the di�erences of sumsand sums of products, resp. 2It is natural to also permit general (retarded) substitutions:



10 Babai & Fortnow(6') pk = pj(pi1 ; : : : ; pil) for some j; i1; : : : ; il, where k � j(i1 + : : :+ il).We call the straight line programs composed of instructions (1), (2), (3),(4'), (5), and (6') retarded arithmetic programs (RA). Suprisingly, adding theextra power of retarded substitutions does not increase the class of functionsde�ned.Theorem 3.5. For a function f : f0; 1gn ! Z, the following are equivalent.(a) f is de�ned by a RAB.(b) f is de�ned by a RA.The proof is routine.We can now categorize the class PP in terms of RAB's.Theorem 3.6. For a language L � f0; 1g� the following are equivalent.(a) L 2PP(b) There exists a uniform family of RAB's Pn such that for every stringx 2 f0; 1g�, x 2 L, ~Pjxj(x) � 0:We omit the routine proof which is based on Theorem 3.3.Remark 3.7. The celebrated proof of Beigel, Reingold and Spielman [11] thatPP is closed under union can be expressed simply in terms of RA's. Their maintrick involves using a rational function r(t) = p(t)=q(t) of a single variable twhich very closely approximates the sign function on the nonzero integers ofnc digits. Then for two RA functions f(x) and g(x) corresponding to the PPlanguages L1 and L2 respectively, the function h(x) = r(f(x)) + r(g(x)) � 1is positive if either f(x) or g(x) is positive and negative otherwise. But h(x)is a rational function, so if we multiply by the square of the products of thedenominator we get a RA that is positive if and only if at least one of f(x) org(x) is positive, i.e. x 2 L1 [ L2. The completes the sketch of the proof of theTheorem of Beigel et al. [11]



Arithmetization 114. Interactive proofsWe say that a function f : f0; 1g� ! Z has an interactive proof if thenumber of digits of f(x) is bounded by jxjO(1) and the graph of f belongs tothe class IP. Let FIP denote the class of these functions.Theorem 4.1. Let P1; P2; : : : be a (polynomial time) uniform family of re-tarded arithmetic programs. The function f : f0; 1g� ! Z withf(x) = ~Pjxj(x)has an interactive proof.Proof. The protocol is an adaptation of the interpolation idea of Lund,Fortnow, Karlo�, Nisan. Just like their procedure, this one is Arthur-Merlin(only public coins are employed.)We outline the procedure. There is a trivial exp(jxjO(1)) upper bound tothe absolute value of f(x) hence it su�ces to verify the value f(x) modulo aprime r, greater than this bound. We shall thus view the arithmetic programas referring to polynomials over the �eld Fr.Let the sequence of polynomials in the program be p1; : : : ; pt. The protocolwill run in t rounds, numbered backward (t to 1). In round k, the prover willbe requested to state the coe�cients of some univariate polynomials of theform g(z) = pj(h1(z); : : : ; ht(z)) where j � k and the univariate polynomials hiare speci�ed by the veri�er. (Clearly, g(z) has polynomially bounded degree.)Subsequently the veri�er evaluates g at a randomly selected place 
 2 Ftr andrecords the result as the stated value of pj(
).Round k thus starts by reviewing the recorded stated values of pk inheritedfrom previous rounds; suppose these are the values at 
1; : : : ; 
m 2 Ftr. (Inround t, there is one stated value: the one the protocol intends to verify.) LetLi(z) denote the Lagrange interpolation polynomial of degreem�1 which takesvalue 1 at z = i and value 0 at z = 1; : : : ;m, z 6= i. The veri�er setsg(z) = pk( mXi=1 Li(z)
i)and requests the coe�cients of g(z). Then he checks for z = 1; : : : ;m that thestated value of pk(
i) agrees with the value of the stated polynomial g at i. Incase of discrepancy he rejects. Otherwise he picks some � 2 Fr at random andrecords g(� ) as the stated value of pk at �k = Pmi=1 Li(� )
i. In distinction fromthe previous stated values, we call this the stated core value of pk.



12 Babai & FortnowNow if pk arises by rules (1),(2), or (3), the veri�er directly checks the corevalue and rejects if it is found incorrect. If pk arises by rules (4'), (5), or(6'), the veri�er requests the corresponding values of the constituents of pk andrecords them as stated values. (In case (6'), e.g., these values are �s = pis(�k),s = 1; : : : ; l, and the value pj(�1; : : : ; �l).) End of round k.Acceptance occurs at the end of round 1 unless the protocol has previouslyhalted with rejection.It is clear that the procedure is polynomial time. It is also clear that acorrect prover will make his case accepted.We have to argue that a cheating prover has slim chance of acceptance. Asin [20], the idea is that if two univariate polynomials of low degree di�er, thenthey di�er almost everywhere. So if any one of the stated values present atthe beginning of round k is incorrect, then either rejection occurs during roundk, or the core value will be misstated with overwhelming probability at least1� k(m� 1)=r since the degree of g(z) is at most k(m� 1). But then in cases(4'), (5), or (6'), the prover is forced to state an incorrect value for a lowerindex member of the sequence. Consequently, the probability of a wrong valuebeing accepted is at most tXk=1(kt=r) < t3=2rnoting that in each round, m < t. 2A self-contained proof of the [20] result is now immediate.Corollary 4.2. ]P � FIP. Consequently, P]P � IP.Proof. Clear. 2We remark that the [20] proof depended on Valiant's celebrated result [27]that the permanent of (0; 1)-matrices is ]P-complete. Valiant's proof (the onlyproof known of Valiant's Theorem) is substantially more intricate than theproof of the P]P � IP result given here.5. A characterization of BP � � �PIn a recent seminal paper, S. Toda [26] proves that the polynomial hierarchyis contained in P]P. His proof is a combination of two results, both signi�cantin their own right. He proves thatPH � BP � � � P � P � � � P � P]P:



Arithmetization 13(The inclusion in the middle is trivial.) We show, heavily drawing on details ofToda's proof, that both results tie in neatly with the retarded arithmetic pro-grams, and this connection leads to a modest simpli�cation of Toda's originalproof.First we characterize the classes BP �� �P and P �� �P in terms of retardedarithmetic programs.Theorem 5.1. For a function f : f0; 1g� ! Z2, the following are equivalent:1. f 2 BP � � � P;2. There exists a uniform family of PRAB's Pn such that the polynomial ~Pncomputed by Pn has n +m(n) variables for some polynomial m(n), andfor every x 2 f0; 1g�, f(x) = ~Pjxj(x; r) (mod 2)for at least a 2=3 fraction of the strings r 2 f0; 1gm(jxj).The fraction 2=3 can be ampli�ed to 1 � 2�nc for any constant c.The same holds for membership in P � � � P, except that marked majorityis replaced by simple majority.Proof. By de�nition, f 2 BP � � � P if and only if there exists g 2 ]P suchthat for every x 2 f0; 1g�, f(x) = g(x; r) (mod 2)for at least a 2=3 fraction of the strings r 2 f0; 1gm(jxj) where m(n) = nC forsome constant C. The fraction 2=3 can be ampli�ed to 1�2�nc for any constantc. [22] The claim is thus immediate from Theorem 3.1.The proof for P � � � P goes analogously. 2Corollary 5.2. (Toda) P � � � P � P]P.Proof. We use one of Toda's tricks. Toda shows that the polynomial T (x) =4x3 + 3x4 has the property that for every k � 1 and " 2 f0; 1g, if x � �"(mod 2k) then T (x) � �" (mod 22k). This fact is a consequence of the twodecompositions (a) T (x) = x2(4x+3x2) and (b) T (x)+1 = (x+1)2(3x2�2x+1).Let now f 2 P���P and let P1; P2; : : : denote the uniform family of PRAB'sassociated with f by the previous Theorem. Let T (s) = T � � � � � T (s times)denote the s-fold iteration of T . For s = O(log n), the polynomial ~Qn = T (s)� ~Pn



14 Babai & Fortnowis still the result of a PRAB. (Each application of T will force us to increase thelength of the PRAB by a factor of four, by padding with dummy instructions,to satisfy the retardation rule. Thus O(log n) applications of T will increasethe length of the PRAB by a polynomial factor.) On the other hand, by thecongruence property of T , for n = jxj and s > logm(n), the remainder mod2m(n) of the sum Sn(x) = Xr2f0;1gm(n)� ~Qn(x; r)counts the odd numbers among ~Pn(x; r). Hence f(x) = 1 if and only if thisremainder is greater than 2s�1.Observing that �Sn is described by a PRAB, it follows that the function�Sjxj(x) belongs to ]P, hence f belongs to P]P. 26. Retarded arithmetic programs for the polynomialtime hierarchyIn this section we reprove Toda's result that PH � BP � � �P. We use someof his intuition; in particular we, too, use the following Lemma of Rabin (see[28]). Apart from this Lemma, the proof given below is self-contained.Lemma 6.1. (Rabin[28]) Let S be a nonempty subset of Fn2 . Let us select nvectors w1; : : : ; wn 2 Fn2 at random. Let Uk denote the subspace of Fn2 de�nedby the equations x�w1 = : : : = x�wk = 0 (k = 0; : : : ; n), where the dot indicatesthe standard inner product. Then with probability � 1=4, we have jUi\Sj = 1for at least one of the Ui.The characteristic function of a subset S of a universe X is the function�S : X ! f0; 1g taking value 1 on S and 0 elsewhere.Proposition 6.2. Let U be a subspace of Fn2 de�ned by the equations x �w1 = : : : = x � wk = 0, where wi 2 Fn2 and the dot indicates the standardinner product. Then the characteristic function of U can be represented as apolynomial of degree k (over F2, in n(k+1) variables, namely the componentsof x;w1; : : : ; wk).Proof. Clearly, �U(x) = kYi=1(1 + x �wi): 22



Arithmetization 15We now wish to encode quanti�ed boolean formulas with a bounded num-ber of quanti�er alternation as retarded arithmetic programs over F2. Let usconsider a sequence of partially quanti�ed Boolean formulas de�ned by i(xi+1; : : : ; xd) = Qixi i�1(xi; : : : ; xd);where the xi are strings of variables of length ni and the Qi are quanti�ers.  0is a 3-CNF formula.We prove by induction on i that  i has mod 2 PRAB's in the probabilisticsense.Theorem 6.3. Partially quanti�ed Boolean formulas with a bounded numberof quanti�er alternations can be represented probabilistically by PRAB's mod2 in the sense that for any  i there exists a PRAB P i such that~P i(xi+1; : : : ; xd; r1; : : : ; ri) =  i(xi+1; : : : ; xd)for all but an arbitrarily exponentially small fraction of the rj 's where rj is astring of variables bounded in length by a polynomial in n.Proof. We prove the Theorem by induction on i. The case i = 0 is immediatefrom Theorem 3.1. Assume a PRAB P i�1 represents  i�1.Assume Qi = 9i. Let Tk(xi; wk) be the characteristic function of the sub-space de�ned in Proposition 6.2 where wk = (w1; : : : ; wk). By Proposition 6.2,this function can be represented by a polynomial of degree k. By Lemma 6.1,if we choose wni at random then with probability at least 1=4 we will haveSk(wni) = �xiTk ~P i�1 have value one for some k if  i�1 is satis�able. Let~P i(wni1 ; : : : ; wnin ) = 1 + �j;k(1 + Sk(wnij ))Then with exponentially high probability, ~P i will be one if  i�1 is satis�able.Note that we have to create each Sk(wnij ) separately since they use di�erentvariables. Also by the retardation restriction for multiplication we may have tocreate several dummy polynomials in the PRAB before we can do the requiredmultiplication above. This process may increase the length of the PRAB bya polynomial factor. This increase is the main reason we can only apply thisinduction a constant number of times.If Qi = 8i rewrite  i = :9: i�1and proceed as above, adding one for negation.



16 Babai & FortnowThe probability that at each iteration P i correctly represents  i is expo-nentially high and since we are only repeating a constant number of iterationsthe induction follows. 2The fact that PH � BP � � � P follows now from Theorems 5.1 and 6.3.Toda's main result that PH � P]P follows now by Corollary 5.2.7. A characterization of ]mPNext we give a characterization of the class ]mP in terms of retarded arith-metic programs.Theorem 7.1. For a function f : f0; 1g� ! Zm, the following are equivalent:1. f 2 ]mP;2. There exists a uniform family of PRAB's Pn such that for every x 2f0; 1g�, f(x) � ~Pjxj(x) (mod m);3. There exists a uniform family of retarded arithmetic programs Qn suchthat for every x 2 f0; 1g�,f(x) � ~Qjxj(x) (mod m):Proof. The equivalence of (1) and (2) follows from the de�nition by The-orem 3.1. We only need to prove that for any uniform family of retardedarithmetic programs Qn there exists a uniform family of PRAB's Pn such that~Pjxj(x) � ~Qjxj(x) (mod m).To simulate a retarded arithmetic program P by a PRAB Q (mod m), weproceed as follows. Q will refer to the same set of variables. Instructions pk =pi�pj will be replaced by pk = pi+(m�1)pj; the constant (m�1) is obtained byO(logm) repeated additions starting from the constant 1. To achieve a generalsubstitution (instruction (6')), we run the program that constructs pj but usethe polynomials pi` in place of the variables x`. The retardation conditionassures that this simulation will at most square the length of the program. 2Remark 7.2. This equivalence remains true even if the integer m dependson the length of the input (in a polynomial time computable way). For afunction m(n), computable in polynomial time from 1n, we can thus de�ne inthe natural way the class ]m(n)P of functions f over the domain f0; 1g� suchthat the value f(x) belongs to Zm(jxj). The above characterization then extendsto these classes.



Arithmetization 178. Prover power and checkability of ]mPIn this section we will show that ]mP has interactive proofs requiring ]mP-powerful honest provers only. Consequently, ]mP-complete functions have aprogram instance checker in the sense of Blum-Kannan [9].We will also show that ]mP-complete languages have a self-testing/correctingpair in the spirit of Blum, Luby and Rubinfeld [10] (cf. our modi�ed de�nitionand discussion in Section 2.4).First we solve the problem when m is prime, using extensions of �nite�elds. An extension to any square-free m is then immediate via the ChineseRemainder Theorem. Finally we will use Beigel-Gill-Hertrampf [7] to extendthe result to all m.For the proof, we have to consider PRAB's over k�k matrices. In this case,the variables stand for variable matrices; and in rule (6), 0 and 1 represent thezero and the identity matrices, resp.Lemma 8.1. Let fp1; : : : ; ptg be a PRAB where the variables represent k � kmatrices. Then one can construct in polynomial time a PRAB for the entriesof these matrices fp1(1; 1); : : : ; pt(k; k)g where pj(r; s) is the entry of pj in rowr and column s. Also pj(r; s) is de�ned only in terms of pi(r0; s0) with i < j.Proof. Rules (1),(2),(3),(4) and (6) are straightforward. For rule (5), noteif pk = pipj then pk(r; s) = P1�`�k pi(r; `)pj(`; s). We leave it to the reader toconvert this to a PRAB keeping the retarded multiplication requirement. 2Theorem 8.2. There exists a single-prover interactive proof system for ]mPfor any �xed m > 1 where the prover need only answer ]mP questions.Proof.I. First we assume m is prime. Let f 2 ]mP. By Theorem 7.1 we have auniform family of PRAB's Pn such that f(x) � ~Pjxj(x) mod m. Suppose weregard ~Pn as polynomials over the extension �eldGF (mk). Then f(x) = ~Pjxj(x)in this �eld.The need to extend the �eld GF (m) arises because in order for the proto-col used in Theorem 2 to work, the random choices have to be made from asu�ciently large �eld.The �eld GF (mk) is a k-dimensional vector space over the �eld GF (m).Multiplication by an element a 2 GF (mk) is a linear transformation Ta ofthis vector space. The algebra of the matrices Ta is isomorphic to GF (mk),hence we can represent GF (mk) by k � k matrices over GF (m) (the regular



18 Babai & Fortnowrepresentation). Thus using Lemma 8.1 we have that any PRAB over a �eldGF (mk) has an equivalent PRAB over the �eld GF (m). This holds for anypolynomial k(jxj).If we choose k such that mk is greater than the square of the length ofthe given PRAB then the protocol used in Theorem 4.1 will be an interactiveprotocol for f(x) if we choose the 
 randomly from GF (mk). We can thenconvert this to a PRAB over the �eld GF (m) as described above. Since GF (m)is isomorphic to Zm for prime m, the prover need only answer ]mP questionsto give the value of this PRAB.One comment on how to construct the �eld GF (mk). This requires �ndingan irreducible polynomial of degree k over GF (m). This can be accomplishedin Las Vegas time, polynomial in k logm so the veri�er is capable of construct-ing it even for large k. (Alternatively, the prover could provide it. Checkingirreducibility is in P.) In our case even this is not necessary: mk is so small, theveri�er can check all cases and �nd the desired polynomial deterministically.This concludes the proof in the case when m is prime.II. Now we assume m is square free: m = m1 : : :mr with each mi a distinctprime. Then using the Chinese Remainder Theorem we can compute a func-tion g(x) mod m from the values g(x) mod m1; : : : ; g(x) mod mr. Also everyfunction in ]miP is computable (trivially) from a function in ]mP.III. Finally we turn to the case of general m > 1.Recall that for any constant m we have P ]mP = P ]m0P where m0 is theproduct of prime divisors (the square-free part) of m [7]. We convert the ]mPfunctions into ]m0P questions and by part II of this proof we have our protocol.2 This result was independently obtained by Peter Shor (oral communication).Theorem 8.3. Every ]mP-complete function has a self-testing/correcting pair.This theorem refers to our de�nition of self-testing/correcting pairs given inSection 2.Proof. In order to create a self-testing/correcting pair (T;C) for a ]mP-complete function f , we have to go through the same phases as the previousproof. According to the remarks in Section 2, it su�ces to prove the resultfor a single ]mP-complete function such as the number of satisfying instancesmodulo m of a Boolean formula. The sole feature of this particular function fwe require is that it is ]mP-complete under many-one reductions.



Arithmetization 19I. Assume m is prime. Suppose we have a program P that claims to computef . For input length n, create the PRAB for n variables which computes f . Letnc be the length of this PRAB. Select k such that mk > 2n. The self-testingprogram T will just check P on n2c randomly chosen instances from GF(mk)n,using the instance checker provided by Theorem 8.2. We note that each queryto a value over GF (mk) of a polynomial in the PRAB is a ]mP-query accordingto Lemma 8.1 and can therefore be transformed into a single query to P .Following the ideas of Beaver-Feigenbaum [6] and Lipton [19], one recognizesthat low degree polynomials over �elds automatically have the self-correctingfeature.Indeed, if m is prime, we create the correcting program C as follows. Letf(x1; : : : ; xn) be the the polynomial computed by the PRAB over GF(mk)n.We note that its degree is at most nc.Suppose we wish to compute f(�1; : : : ; �n). Choose elements r1; : : : ; rn atrandom from GF(mk)n and let ri = (�1 + ir1; : : : ; �n + irn) for 1 � i � nc + 1.Let g(y) = f(�1 + yr1; : : : ; �n + yrn) for all y. With probability greater than1� nc+1n2c , the value of P on ri is the value of the PRAB since each ri is randomand uniformly distributed over GF(mk)n. However, g(y) is a polynomial ofdegree at most nc and we have nc + 1 points of its graph, g(1); : : : ; g(nc + 1).Interpolate this polynomial and compute g(0) = f(�1; : : : ; �n). If we repeatthis process n times then with extremely high probability a majority of theanswers from this process will be the proper value of f .II. If m is square-free, we recreate the value of f from its values modulo theprime factors of m as in the previous proof.III. By the above quoted polynomial time Turing equivalence of ]mP and ]m0P,where m0 is the square-free part of m [7], the general case follows in view ofthe comments in Section 2. 2Feigenbaum and Fortnow [13] use the ideas of this section to show that]mP-complete languages are random self-reducible.9. Characterizations of PSPACE functionsIn this section we exhibit rules for straight line programs that characterizePSPACE functions.The �rst ingredient is a simple characterization of PSPACE languages. Wethen employ a simpli�ed (linear) version of Shamir's trick of renaming vari-ables, and obtain a modi�ed characterization where each of the polynomials



20 Babai & Fortnowhas low degree: at most quadratic in each variable. We remark that this char-acterization combined with the protocol of Section 4 immediately yields theIP=PSPACE result.The following set of rules de�nes what we call incomplete arithmetic pro-grams with binary substitution (IAB) (incomplete because addition is not per-mitted; however, the retardation condition is dropped).(1) pk = 1(2) pk = xi for some i � k;(3) pk = 1 � pi for some i < k;(4) pk = pipj for some i; j such that i; j < k (Note: not retarded);(5) pk = pj(xi = 0) or pj(xi = 1) for some i; j < k.Theorem 9.1. For a function f : f0; 1g� ! Z, the following are equivalent.(a) f is the characteristic function of some language L in PSPACE.(b) There exists a uniform family of IAB's Pn such that for every string x 2f0; 1g�, f(x) = ~Pjxj(x):Proof. The proof is similar to the proof of Theorem 3.1 with the followingchanges:I. Assume we have a language in PSPACE. We can reduce this problem to aQBF formula much like in the proof of Theorem 3.1 we reduced to a 3CNFformula. Replace every a _ b by :(:a ^ :b). Likewise replace 9� by :8:�.Now our formula has only variables, ^, : and 8. To arithmetize the formula,we handle variables by rule (2), : by rule (3), ^ by rule (4) and 8 by rules (5)and (4).II. Suppose we have an arithmetic program P created with the rules above.We can build a polynomial time alternating Turing machine M to decide ifthe �nal value is 1. By Chandra-Kozen-Stockmeyer [12] we can simulate thisalternating Turing machine by a PSPACE machine.First we observe that on (0; 1)-substitutions, each polynomial in P takes(0; 1)-values.The machine M will proceed backward in stages starting with stage t (thelast stage), attempting to verify that pt(x) = 1.



Arithmetization 21In stage k, M will proceed depending on the rule de�ning pk. For rules(1) and (2) M will just verify the correct value. For rules (3) and (5) M willcompute what value pi should have and veri�es that value. For rule (4), Mwill existentially guess the values of pi and pj and will universally verify eachof them. 2Notice that if we disallow rule (5), we get all the uniform polynomial sizecircuits and thus exactly the languages in P.A slight change of the rules will su�ce to yield all PSPACE computablefunctions. (Note that a PSPACE computable function may output an expo-nential number of bits.) In order to allow addition and subtraction, it su�cesto replace rule (3) by (3') below:(3') pk = pi � pj for some i; j such that i; j < kThe rules (1), (2), (3'), (4), and (5) de�ne the arithmetic programs withbinary substitution (AB).The price we pay for omitting the retardation requirement of Section 3 isthat the degrees of the polynomials involved can be exponentially large.Before proving that AB's characterize PSPACE-computable functions, weshow, adapting and simplifying Shamir's trick, how to reduce the degree of thepolynomials to multi-quadratic (degree at most two in each variable).We note that for any �eld F, every function f : f0; 1gn ! F has a uniquemultilinear extension to a function Fn ! F. We shall see that every AB canbe modi�ed so as to yield this unique multilinear extension of f .Suppose we have a polynomial p(y) in a single variable. We can create a newlinear polynomial that has the same value as p on f0; 1g by using interpolationas follows: q(z) = (1� z)p(0) + zp(1)We can extend this idea to multivariate polynomials.Lemma 9.2. Given an AB fp1; : : : ; ptg, one can compute in polynomial timeanother AB, fq1; : : : ; qrg such that(a) xj has degree at most two in qk for all i; j.(b) qr(�1; : : : ; �n) = pt(�1; : : : ; �n) for all (�1; : : : ; �n) 2 f0; 1gn.(c) qr is the unique multilinear function satisfying (b).



22 Babai & FortnowProof. Polynomials pk created by rules (1), (2), (3') or (5) do not in-crease the degree. After each application of rule (4) to obtain a polynomialpk(y1; : : : ; yk) = qk0(y1; : : : ; yk), de�neqki(z1; : : : ; zi; yi+1; : : : ; yk) =(1� zi)qk;i�1(z1; : : : ; zi�1; 0; yi+1; : : : ; yk)+ziqk;i�1(z1; : : : ; zi�1; 1; yi+1; : : : ; yk)Clearly we can de�ne each of the qki using the AB rules. Moreover, restrictedto f0; 1gk, pk agrees with each qki. (In particular, on f0; 1gn, the values of allthese polynomials lie in f0; 1g.) This process does not increase the degree ofany of the variables. Also qk := qkk is a multilinear function. We then replaceall occurrences of the yi's by zi's in all pv's for v > k and have the pv appliedto qk instead of pk.Rule (4) will be applied to multilinear functions only and therefore thedegree of any variable will always be at most two. The �nal polynomial qr willbe multilinear and will agree with pk on f0; 1gn. 2The proof of Theorem 4.1 will now work directly for these modi�ed AB'sto yield:Theorem 9.3. (Shamir) Every language computable in polynomial spacehas an interactive proof.Note that in the proof of Theorem 4.1 we do the computation modulo asuitable prime (not too large), so we don't need to worry about the blowup ofthe sizes of numbers involved.Now we can state the main result of this section.Theorem 9.4. For a function f : f0; 1g� ! Z, the following are equivalent.(a) f is PSPACE-computable.(b) There exists a uniform family of arithmetic programs with binary substi-tution Pn such that for every string x 2 f0; 1g�,f(x) = ~Pjxj(x):(c) There exists a uniform family of AB's as described under (b) with theadditional properties that each variable has degree at most two in everypolynomial in the straight line programs; and the last polynomial of eachstraight line program, ~Pn, is multilinear.



Arithmetization 23Sketch of Proof. The equivalence of (b) and (c) follows from theLemma. We only need to prove the equivalence of (a) and (b).I. Suppose f is a PSPACE-computable function and jf(x)j � 2q(jxj) for somepolynomial q(jxj). Let h(x; i) be the ith lowest order bit of f(x). Let n(x) = 0if f(x) < 0 and n(x) = 1 otherwise. Since h and n are PSPACE-computableand zero-one valued, by Theorem 9.1 we have IAB's and thus AB's computing hand n. We de�ne a set of functions g0; : : : ; gp(jxj) by the following top-to-bottomrecurrence: gk(y1; : : : ; yk) = gk+1(y1; : : : ; yk; 0)+ 22kgk+1(y1; : : : ; yk; 1)gp(jxj)(y1; : : : ; yp(jxj)) = h(x; y1 : : : yp(jxj))Note that we can create each gk using an AB and f(x) = (2n(x)� 1)g0.II. We can compute the sum and product of two n-bit numbers in O(log n)space. We can adapt these algorithms to give PSPACE algorithms to computethe values of AB's.Suppose we have an AB of polynomials fp1; : : : ; ptg. Let g(k; i) be theith bit of the value of pk. We can compute g(k; i) recursively in terms ofg(j; r) for j < k using the well known logspace algorithms. Since we havea potentially exponential number of bits we will need polynomial space tocompute these values. A little care will show we can compute all the bits ofPjxj(x) in polynomial space. 2AcknowledgmentsThe �rst author was partially supported by NSF Grant CCR-8710078. Thesecond author is partially supported by NSF Grant CCR-9009936.References[1] L. Babai, Trading group theory for randomness, in Proc. 17th Ann. ACMSymp. Theory of Computing, 1985, 421-429.[2] L. Babai, E-mail and the unexpected power of interaction, in Proc. 5thAnn. IEEE Structures in Complexity Theory Conf., 1990, 30-44.[3] L. Babai and L. Fortnow, A characterization of #P by arithmeticstraight line programs, in Proc. 31st Ann. IEEE Symp. Foundations ofComp. Sci., 1990, 26-34.
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