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1 IntroductionComplexity theorists have put considerable e�ort intoinvestigating the structure and properties of sets inNP. This research led to various hypotheses. In thissurvey paper we put together, for the �rst time, sixhypotheses that we encountered in our own researchas well as in the literature. We believe that thesehypotheses are important and are closely related toeach other.The �rst hypothesis is: \P = NP." This is themost famous and important one and does not needany further introduction.Most sets in NP that arise from practice turn outto be NP-complete. Moreover since complete setsre
ect the structure of a complexity class they receiveclose attention. Three of our six hypotheses concernsets that are complete or hard for NP.Selman [Sel82] introduced the P-selective sets inanalogue of recursion theory. A set is called P-selective i� there exists a polynomial time computablefunction that from two strings x and y selects one that(if at least one belongs to A) is in A. He investigatedthe possibility for NP to have hard sets that are P-selective. He showed [Sel82] that this can not be thecase for many-one reductions (unless P =NP). Thiswas later improved to �p1�tt reductions by Buhrmanand Torenvliet [BT96b]. The hypothesis we are in-terested in is: \NP has a truth-table hard set that isP-selective."Beigel [Bei87a], looking at properties of boundedqueries to sets (in NP), developed a generalization ofP-selective sets later dubbed the approximable sets.A set A is k-approximable if there exists a polyno-mial time computable function that with k stringsx1; : : : ; xk as input, generates k bits b1; : : : ; bk suchthat for at least 1 bit it is true that bi 6= �A(xi).That is from the 2k possible settings of x1; : : : ; xk oneis excluded. Beigel, Kummer and Stephan [BKS95],Agrawal and Arvind [AA96], and Ogihara [Ogi95]
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showed thatNP can not have �pbtt -hard sets that arek-approximable for some k (unless P = NP). SinceP-selective sets are in fact 2-approximable sets thisresult also improves the bound for P-selective sets.The hypothesis related to this work is: \NP has atruth-table hard set that is k-approximable for somek."Ogihara [Ogi95] working on the hypothesis thatNP has a truth-table hard P-selective set, took itone step further and considered f(n)-approximablesets for non-constant functions f(n). He showed thatif SAT is not a log(n)-approximable for a < 1 un-less P = NP. This result subsumes the results ontruth-table reductions to k-approximable sets (seeSection 3). The hypothesis connected to this workis: \SAT is O(log(n))-approximable."The next hypothesis states that it is possible tocompute SAT in polynomial time when we only con-sider formulae with at most one satisfying assign-ment. It is possible to phrase this in terms of setsas: \Unique-SAT 2 P" (see Section 2). Valiantand Vazirani [VV86] showed that this set problem forSAT is hard for NP under randomized reductions.The last hypothesis deals with functions that arecomputable in polynomial time relative to some set inNP. There are essentially three di�erent ways to de-�ne this. The most unrestricted way is that the poly-nomial time computable function has unrestricted ac-cess to an NP oracle and is called FPNP. The nextrestriction to the oracle mechanism is that the querieshave to be non-adaptive: FPNPjj . The last andmost restrictive version is that only O(log(n)) queriesare allowed on inputs of length n: FPNP[log]. Thelast hypothesis can now be stated as: FPNP[log] =FPNPjj .These are the main characters of our paper. Weshow that these hypotheses are closely related to eachother and in Section 3 we show which of these hy-potheses implies any of the others. Furthermore wegive background information on each of them individ-ually and we indicate which problems are still open.The main open question however is to show that anytwo of these six hypotheses are equivalent.We should note that probably all of the six hy-potheses are false since all of them imply thatNP � P=poly and this on its turn implies thatthe polynomial time hierarchy collapses to its secondlevel [KL80].Until recently no oracles were known that showedthat any of these hypotheses are di�erent from eachother. However recent progress has been made in thisdirection (see Section 7).

2 PreliminariesWe assume the reader familiar with basic notions ofcomputation and complexity theory as can be founde.g. in [HU79, BDG88, BDG90, GJ79] and manyother textbooks.Central to the six hypotheses in this paper howeverare the following notions, which we will highlight hereby separately de�ning them.De�nition 2.1 A set A is called P-selective i�there exists a polynomial time computable functionf (called p-selector function) such that for any twostrings x and y, f(x; y) 2 fx; yg and if x or y is in Athen f(x; y) is in A.For a set A we will identify A with its characteristicfunction. Hence for a string x, A(x) 2 f0; 1g andA(x) = 1 i� x 2 A. For two strings x and y anda P-selective set A, a p-selector excludes one of thefour possibilities for the string A(x)A(y) (either 01or 10 is impossible). A generalization extends thisexclusion to one of the possible settings for the stringA(x1) : : : A(xk) for some function k(n). For constantk, this notion was called \approximability" of sets(see Beigel et al. [BKS95]).De�nition 2.2 A function g is called an f-approximator for a set A if for every x1; : : : ; xm withm � f(maxfjx1j; : : : ; jxmj),g(x1; : : : ; xm) 2 f0; 1gmand(A(x1); : : : ; A(xm)) 6= g(x1; : : : ; xm)A set A is then called f-approximable if it has an f-approximator. A is bounded-approximable, or A 2bAPP if A is k-approximable for some constant k.The notion f -approximability was called f -membership comparability by Ogihara [Ogi95] whowas the �rst to consider this notion for nonconstantfunctions. Beigel [Bei87a] uses the term \approx-imable" to represent bAPP. Sets which are not inbAPP Beigel calls superterse.Amir, Beigel and Gasarch [ABG90] show that ev-ery bAPP language is in P/poly. Ogihara [Ogi95]notices that their proof generalizes.Theorem 2.3 (Amir-Beigel-Gasarch-Ogihara)If A is f(n)-approximable for any polynomial f(n)then A is in P/poly.We use the function FSAT which on input�1; : : : ; �n returns a string x 2 f0; 1gn, where xi = 1i� �i 2 SAT. We will also need classes of functions
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that are computable by queries to SAT. Dependingon the number of queries and the type of oracle accessthese are de�ned as follows.De�nition 2.4 A function f is in FPNPjj if thereexists a polynomial time bounded oracle machine Mthat computes f with non-adaptive queries to somelanguage in NP.Note that FSAT is FPNPjj complete. A set is sparseif there exists a polynomial p such that for each lengthn it contains at most p(n) strings. Let SPARSEdenote the class of all sparse sets.A truth-table reduction from A to B is disjunctive(A �pdtt B) if it accepts i� one of it queries is in B.De�nition 2.5 A function f is in FPNP[log] if thereis a polynomial time bounded oracle machine thatcomputes f using O(logn) (adaptive) queries to somelanguage in NP.De�nition 2.6 Let Q denote a boolean predicate. wede�ne the set Unique-SATQ as follows.For any formula xUnique-SATQ(x) =8>><>>: 0 if x 62 SAT1 if x has 1satisfying assignmentQ(x) OtherwiseIf there exists a predicate Q such thatUnique-SATQ is polynomial time computablethen we will say \Unique-SAT 2 P ."The notion of bounded nondeterminism was intro-duced by Kintala and Fischer in [KF80].De�nition 2.7 Let f be any function. We de�neNP(f(n)) = fL j L � f0; 1g� and there is a con-stant c such that L is accepted by a polynomial timebounded Turing machine making at most f(n) c-arynondeterministic movesgKintala and Fischer denote NP(f(n)) as Pf(n).De�nition 2.8 A function f(x) is h(n)-enumerablei� there exists a polynomial-time computable functiong(x) = fy1; : : : ; yh(n)g such that for every x, f(x) 2g(x). A function f(x) is poly-enumerable f(x) is ncenumerable for some c.There is a very useful connection between FPNPjj =FPNP[log] and the enumerability of FSAT [Bei87a].Lemma 2.9 (Beigel) FPNPjj = FPNP[log] if andonly if FSAT is poly-enumerable.

Proof:(FPNPjj = FPNP ) FSAT is poly-enumerable)FSAT 2 FPNPjj , so by assumption it is in FPNP[log].There are polynomially possible answers for the oraclequeries of the FPNP[log] machine. Cycling throughthem yields an enumeration of FSAT.(FSAT is polynomial enumerable) FPNPjj = FPNP)On input �1; : : : ; �l each of size at most n one canenumerate nc vectors b1; : : : bnc such that bi = FSATfor some i. Next one can use binary search to somesuitable oracle in NP to �nd bi, using log(nc) + 1queries. 2We will need the following de�nition of the dimen-sion of a family of sets, called Vapnik-Chervonenkisdimension [VC71]:De�nition 2.10 Given a family of sets F theVapnik-Chervonenkis dimension of F or VC-dimension is the largest number d such that there ex-ists a set A with jjAjj = d and jjfA \ F j F 2 Fgjj =2d. If such a d does not exist the VC-dimension of Fis 1.Sauer [Sau72] and independently Shelah [She72]proved the following lemma. Sauer notes that PaulErd�os originally posed this as a question.Lemma 2.11 If F is a family of sets with VC-dimension at most d then for any set A with jjAjj = n:jjfA \ F j F 2 Fgjj � dXi=0 �ni�For n � d � 1, Pdi=0 �ni� is bounded by nd + 1.Moreover the proof of Lemma 2.11 is constructible:Suppose we have a polynomial-time algorithm thaton S = x1; : : : ; xd+1 computes a subset of S thatis not in fA \ F j F 2 Fg. Lemma 2.11 gives usa polynomial-time algorithm to compute fA \ F jF 2 Fg in time polynomial in n and the sizes of theelements of A.3 RelationsIn this section we will show which of the six hypothe-ses implies any of the others. The relations are givenin Figure 1.Theorem 3.1 P = NP) SAT �ptt Psel.Proof: If P =NP then SAT is in P and reduces toany set. 2
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P =NP=)SAT �ptt Psel=)SAT �ptt bAPP=)=)FPNPjj = FPNP[log]=)Unique-SAT in P=)SAT is O(logn) approximable
Figure 1: RelationsTheorem 3.2 SAT �ptt Psel) SAT �ptt bAPPProof: Note that every P-selective set is 2-approximable. 2Theorem 3.3 SAT �ptt bAPP ) FPNPjj =FPNP[log].We �rst prove the following lemma due toBeigel [Bei87a, Bei87b].Lemma 3.4 (Beigel) If A is k-approximable thenthere exists a function f which computes for any nnumbers x1; : : : ; xn a set of at mostPk�1i=0 �ni� vectorsfrom f0; 1gn which contains FAn (x1; : : : ; xn). More-over f runs in time polynomial in n and the size ofthe largest string in x1; : : : ; xn.Proof: Let g be the function that k-approximates A.De�ne the following family of sets:F = fB j g is a k-approximator for BgIt follows that the VC-dimension of F is at mostk � 1. We then apply the constructible version ofLemma 2.11. 2We now give the proof of Theorem 3.3.Proof: LetM witness the fact that SAT truth-tablereduces to a k-approximable set A. let f 2 FPNPjj viamachine Mf . On input x, Mf computes the follow-ing queries q1; : : : ; ql to SAT, for l some polynomial.Next reduce each of these queries to A withM , yield-ing a set of queries q01; : : : ; q0l0 , for l0 a polynomial.Next we apply Lemma 3.4 to generate l0k many dif-ferent vectors, containing FAl0 (q01; : : : ; q0l0). From thesevectors one can generate l0k many vectors containing

FSATl (q1; : : : ; ql). FPNPjj = FPNP[log] follows fromLemma 2.9. 2The following theorem is implicit in [Bei88,Tod91b]Theorem 3.5 (Beigel-Toda)FPNPjj = FPNP[log] ) Unique-SAT is in PProof: We have to show that there is a polynomialtime algorithm that tells formulae with exactly onesatisfying assignment apart from ones that are unsat-is�able. Consider the function f(�) that on input �with variables x1; : : : ; xk returns b1 : : : bk such thatbi = 1 i� there is a satisfying assignment to � withxi = 1. This function is in FPNPjj and hence, by as-sumption in FPNP[log]. Suppose we are given a for-mula � with exactly 1 satisfying assignment. Then fwill return exactly this assignment. Since there areonly polynomial many possible answers to the log(n)queries to SAT, one can enumerate all the possiblevalues of f in P. We can check that one of the gen-erated values is indeed a satisfying assignment to �.On the other hand if � was unsatis�able we would nothave generated a satisfying assignment, since none ex-ists. 2Theorem 3.6 FPNPjj = FPNP[log] ) SAT isO(log(n))-approximable.Proof: By Lemma 2.9 we have that FSAT is mc enu-merable for some c where m is the input length ofFSAT. Given any 2c log(n) formulae �1; : : : ; �2c log(n)each of size at most n. The size of these 2c log(n)formulae is bounded by 2c log(n) � n and thusFSAT (�1; : : : ; �2c log(n)) is 2c log(2c log(n)�n) < nc+1enumerable. Thus one of the n2c vectors for FSAThas not been enumerated. 24 Selective and ApproximableThe question whether sets that have simple structurecould be hard for NP dates back to the Berman-Hartmanis conjecture [BH77] and subsequent workby Mahaney for sparse sets [Mah82]. Following sparsesets, the �rst sets of simple structure to be consideredwere the P-selective sets introduced by [Sel79].P-selective sets, though of arbitrary complexity,are structurally simple sets. The p-selector functioninduces an ordering that reduces the number of possi-ble \membership con�gurations" of two strings. Fora P-selective set A and two strings x and y eitherx 2 A ^ y 62 A or y 2 A ^ x 62 A is ruled out
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by the p-selector. This property makes P-selectivesets structurally as simple as being Turing equiva-lent to tally sets [Sel82]. Generalizing the structuralrestriction: \Not all 2n membership con�gurationsof n strings are possible" has induced many relatednotions. Among the many notions that pertain tothis idea are: P-selective sets [Sel79, HHN+95], near-testable sets [GHJY91], k-approximable sets (seebelow), (a; b)p-recursive sets [KS91], Easily count-able sets [HN93], Cheatable sets [Bei87a, BGGO93],(a; b)p-verbose sets [BKS], and Membership compa-rable sets [Ogi95].Because of the structural relation between P-selective sets and sparse sets, one might not be toosurprised that hardness of P-selective sets for NPis as unlikely as hardness for NP of sparse sets. Itis quite easy to see that SAT itself cannot be P-selective unless P = NP. Buhrman and Toren-vliet [BT96b] showed that SAT cannot be 1-tt re-ducible to a P-selective set.Toda [Tod91a], building upon insights provided byKo [Ko83], proved that in the special case of the ex-istence of only one satisfying assignment, reductionto a P-selective set would imply polynomial time de-cidability. In fact Toda's results hold for the moregeneral k-approximable sets. In this section we citeall results for k-approximable sets. Since P-selectivesets are k-approximable sets with k = 2, all these re-sults also hold for P-selective sets. Similar ideas wereobtained independently by Beigel [Bei88].Theorem 4.1 (Beigel-Toda)1. P = UP if and only if UP �ptt bAPP.2. Unique-SAT 2 P if and only if Unique-SATQ �ptt bAPP for some Q.3. P = NP if and only i� �p2 �ptt bAPP4. P = PSPACE if and only PSPACE �pttbAPP.5. EXP 6�ptt bAPPThe Turing reduction of bAPP sets to sparse sets(Theorem 2.3) allows us to apply the famous Karp-Lipton theorem [KL80] showing a collapse of thepolynomial-hierarchy if SAT is Turing-reducible toa sparse sets.Theorem 4.2 (Karp-Lipton) If SAT �pT bAPPthen PH = �p2or in its currently sharpest form proved in [BCG+96,KW95].

Theorem 4.3 (BCGKTKW) If SAT �pT bAPPthen PH = ZPPNPBoth directions of strengthening the consequence ofSAT �pT bAPP and weakening the reduction typer in SAT �pr bAPP ) P = NP are currently thesubject of active research. Of course in the presentcontext the latter type is the more interesting. In1994 a major breakthrough was achieved by threeindependent sets of authors: Beigel, Kummer andStephan[BKS95], Agrawal and Arvind[AA96] andOgihara[Ogi95].Theorem 4.4 (AABKOS) If SAT �pbtt bAPPthen P = NPOr in its currently strongest formTheorem 4.5 (AABKOS) If SAT �pn��tt tosome k-approximable set for some � < 1k�1 thenP =NP.For P-selective sets k = 2 and hence � < 1 follows.To understand this result we �rst show a rela-tionship between reducing to bAPP and r logn-approximability.Theorem 4.6 If SAT �pn��tt to some k-approximable set for some � < 1k�1 then SATis r logn approximable for some r < 1.Proof: Note that in Lemma 3.4 the number of vec-tors is actually bounded by k�nk�1. Hence if we haver logn formulae �1; : : : ; �r logn we can reduce these toa k-approximable set A via a reduction that producesn� queries for a total of (r logn)n� < r � n� where� < 1k�1 . Applying Lemma 3.4 gives (r � n�)k�1vectors including the characteristic vector of theseformulae. Hence if 1 > r > �k�1 we can exclude atleast one possibility, which means that SAT is r logn-approximable. 2We can then apply the following result from [AA96,BKS95, Ogi95].Theorem 4.7 (AABKOS) If SAT is r logn-approximable for some r < 1 then P =NP.To give a 
avor of the proof we prove the followingweaker result.Theorem 4.8 If SAT is 2-approximable, then P =NP.Proof: Given a formula �, apply the standard self-reduction to produce four formulae �1, �2, �3, �4with the property that � is satis�able i� at least one
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of these formulae is satis�able. Now let f be a 2-approximator and let f(�1 _ �2; �1 _ �3) = (b1; b2).If b1 = b2 = 0 then � is satis�able and we're done. If(b1; b2) is (1; 0) then �2 can not be the only satis�ableformula. If (b1; b2) = (0; 1) then �3 can not be theonly satis�able formula. Finally, if (b1; b2) = (1; 1)then �1 is not satis�able.In all cases one formula in the self-reduction can bediscarded and the corresponding branch in the self-reduction tree ends. Hence the self-reduction can beexpanded always keeping only four formulae in thegame. When all remaining self-reduction branchesare extended to their full length, satis�ability of �can be decided trivially. 2A polynomial (even �xed) number of queries inTheorem 4.5 is not yet in sight, nor does the prooftechnique seem to be extendible to obtain such a re-sult. On the other hand there is no known oraclewhere P 6= NP and SAT �ptt Psel.The notion of P-selectivity has been extended toother types of selector functions ([HHN+95]) for these(mostly nondeterministic) selector types similar re-sults are known. These are however outside the scopeof this paper.The value r < 1 seems to be a real bottleneck ofthe technique (see [Ogi95] for a discussion) used forthe proof, but on the other hand no oracle is knownwhere P 6= NP and SAT is O(logn)-approximable.5 FPNPjj = FPNP[log]At �rst glance one might think that FPNPjj =FPNP[log] since this is true for the language classes:PNPjj = PNP[log] [BH91, Wag90]. Indeed this resultyields that FPNPjj = FPNP[log] when only functionsare considered that compute log(n) output bits (i.e.functions from f0; 1gn to f0; 1gO(log(n))). HoweverFPNPjj = FPNP[log] implies Unique-SAT in P andthis implies that the polynomial hierarchy collapses(see Section 6). For overview papers on functionsclasses and related problems see [JT95, JT97, Sel96].In Lemma 2.9 we saw that FPNPjj = FPNP[log]is equivalent to FSAT being polynomial enumerable.We can use these ideas to get equivalences of FPNPjj =FPNP[log] to many other hypotheses.Theorem 5.1 The following are equivalent:� FPNPjj = FPNP[log]� FPNPjj � FPX[log] for some oracle X. [Bei88]

� FSAT is polynomial enumerable.� Every NPSV function is polynomial enumer-able.where NPSV is the class of single-valued nondeter-ministic functions (see [Sel96]).Some progress has been made on showing theequivalence with P = NP. Jenner and Toran [JT95]showed that FPNPjj = FPNP[log] implies that SATcan be computed in less than 2n time. They alsoshowed that languages recognized by nondeterminis-tic polynomial time machines that make logk(n) non-deterministic moves are in P.Theorem 5.2 (Jenner-Toran) If FPNPjj =FPNP[log] then1. NP � DTIME(2nO(1= log log(n)) ).2. NP(logk(n)) � P.Buhrman and Fortnow showed that the FPNPjj =FPNP[log] question can be phrased as a question onresource bounded Kolmogorov complexity [BF97].Theorem 5.3 (Buhrman-Fortnow) The follow-ing are equivalent:1. CNDpoly(x j y) � Cpoly(x j y) + O(log(jxj)).2. CNDpoly(x j y) � CDpoly(x j y) +O(log(jxj)).3. FPNPjj = FPNP[log].The connection with Kolmogorov complexity en-ables one to use Theorem 5.2 to prove:Theorem 5.4 (Buhrman-Fortnow) If FPNPjj =FPNP[log] then the class of languages accepted bynondeterministic polynomial time machines that haveat most 2logk(n) accepting paths on inputs of length nis included in P.On the other hand it follows from [Ogi95] thatTheorem 5.5 If FPNP� logn � FPNP[� logn] for some1 > � > � then P = NP.All the above results have not established theequivalence with P = NP. We note here that inorder to obtain an equivalence it is su�cient to provethat FPNPjj = FPNP[log] ) PNP = PNPjj by the fol-lowing theorem.Theorem 5.6PNP = PNPjj and FPNPjj = FPNP[log] =) P =NP
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Proof: If PNP = PNPjj then the leftmost satisfy-ing assignment can be computed in FPNPjj and hencevia assumption in FPNP[log]. We can then cyclethrough all the possible oracle queries as in the proofof Lemma 2.9 and �nd the assignment in FP. 2Corollary 5.7 If NP = coNP and FPNPjj =FPNP[log] then P =NP.This argument shows that it is actually su�-cient to prove that FPNPjj = FPNP[log] implies thatsome satisfying assignment can be found in FPNPjj .See [WT93, BT96a] for this question. Watanabe andToda show that relative to a random oracle it is thecase that some satisfying assignment can be found inFPNPjj . However relative to a random oracle all ofthe six hypotheses fail (see Section 7).6 Unique-SAT is in PThe hypotheses \Unique-SAT is in P" is a promiseproblem. It states the existence of a polynomial timealgorithm that, under the promise that a formulahas either no or a single satisfying assignment, de-cides whether this formula is satis�able. Valiant andVazirani showed that SAT is randomly reducible toUnique-SATQ for any predicate Q.Theorem 6.1 (Valiant-Vazirani) There is a poly-nomial time randomized procedure that given a for-mula � of length n produces a list of nc formulae�1; : : : ; �nc with the property that:� � 2 SAT then with probability (1� 2�n) there isan i such that �i has exactly 1 satisfying assign-ment.� � 62 SAT then for all i, �i 62 SAT.Theorem 6.1 is the key to show that Unique-SATin P implies that NP = R.Theorem 6.2 (Valiant-Vazirani) If Unique-SATis in P then NP = R and the polynomial hierarchycollapses.Proof: Given a formula �, use Theorem 6.1 to ran-domly produce a list of nc formulae. Next for each ofthese formula �i, use that Unique-SAT is in P algo-rithm to try generate a satisfying assignment for �i.This can be done using the selfreducibility of SAT(See [BDG88] for details). If a satisfying assignment

has been found accept � and if for every i no as-signment was found reject. The fact that the poly-nomial hierarchy collapses follows since it is knownthat R 2 P=poly and NP 2 P=poly implies that thepolynomial hierarchy collapses [KL80]. 2Another consequence of Unique-SAT 2 P is thatFewP, the class of languages that are accepted bynondeterministic polynomial time Turing machinesthat have at most a polynomial number of acceptingpaths, is in P. This was essentially proved in Toda'spaper [Tod91a].Theorem 6.3 (Toda) If Unique-SAT 2 P thenFewP = PFortnow and Kummer [FK96] showed that the as-sumption that Unique-SAT is in P is linked to re-source bounded Kolmogorov complexity:Theorem 6.4 (Fortnow-Kummer) Unique-SATis in P if and only ifCDpoly(x j y) � Cpoly(x j y) +O(log jxj))We mentioned before that all the six hypothesesimply that NP 2 P=poly. This is equivalent toSAT �ptt SPARSE. Ogihara and Watanabe [OW91]showed that if SAT �pbtt SPARSE then P = NP.With a slightly weaker hypothesis Cai, Naik, andSivakumar [CNS96] proved the following:Theorem 6.5 (Cai-Naik-Sivakumar) IfSAT �pdtt SPARSE then Unique-SAT 2 P.7 RelativizationTo understand the di�culty of proving results aboutthe six hypotheses, it is useful to turn to the theoryof relativization. All of the results in this paper rel-ativize, i.e., hold if every machine has access to thesame oracle. See Fortnow [For94] for a discussion ofthe importance and limitations of relativization re-sults.In order to relativize some of the questionsrelated to the six hypotheses we need a rela-tivized version of SAT developed by Goldsmith andJoseph [GJ93]. Relativized SATA has several extrapredicates A0; A1; : : : such that Am(x1; : : : ; xm) hasthe property thatx1 : : : xm 2 A, Am(x1; : : : ; xm)For every oracle A, SATA has the following proper-ties:
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1. SATA is NPA complete.2. Whether � is in SATA depends only on stringsin A of length less than j�j.Baker, Gill and Solovay [BGS75] in their seminalpaper on relativization give an oracle A such thatPA = NPA. Relative to this oracle all of the sixhypotheses are true.All of the six hypotheses imply that NP haspolynomial-size circuits (Theorems 2.3 and 6.2) andthus �p2 = �p2. Baker and Selman [BS79] give a rel-ativized world where �p2 6= �p2 and thus all of thesix hypotheses are false. The six hypotheses also failrelative to generic and random oracles.Creating relativized worlds where some of the sixhypotheses are true while others fail appears consid-erably more di�cult. Recently Beigel, Buhrman, andFortnow [BBF97] have made some progress in thisdirection.Theorem 7.1 (Beigel-Buhrman-Fortnow)There exists an oracle A such thatPA = �PA 6=NPA = EXPAOne can use �P to solve Unique-SAT questions.Toda [Tod91b] uses this fact in his celebrated proofthat PH � P#P. Combined with Corollary 5.7, thisgives us the following conclusion.Corollary 7.2 (Beigel-Buhrman-Fortnow)There exists a relativized world where Unique-SATis in P and FPNPjj 6= FPNP[log].Other relativized separations of the six hypothesesremain important open problems.We can get some more relativized separations if weweaken some of the hypotheses.Theorem 7.3 Let f(n) = !(logn). There exists arelativized world where SAT is f(n)-approximable butP 6= NP.The proof uses ideas from Homer andLongpr�e [HL94].Proof: First start with an oracle that makes P =PSPACE. We build a new oracle on top of this one.De�ne the language L(A) =f1n j There exists a string x of length n in A.gFor all A we have L(A) 2 NPA.We diagonalize P from NP in the same way asBaker, Gill and Solovay [BGS75]. However we willguarantee that we put at most one string in at everylength and the string we put in will be among the

�rst 2f(n) � 2 strings of length n. Since 2f(n) � 2 isgreater than every polynomial, we are able to use theBaker, Gill and Solovay diagonalization technique.Suppose we are given f(n) formulae. Note thereare only 2f(n)�1 possibilities for the oracle strings oflength n (the oracle could be empty). Using our P =PSPACE base oracle we can compute some possiblesetting of the f(n) formulae that cannot occur. 2Generalizing these techniques we get additional rel-ativized worlds.Theorem 7.4 Let f(n) = !(logn). There exists arelativized world where1. P 6=NP.2. SAT is f(n)-Turing reducible to a P-selective setand thus a k approximable set for k � 2.3. FPNPjj � FPNP[f(n)].8 Open ProblemsIn this section we summarize the open problems. Formost of these problems it is not even known whetherthere are relativized worlds where they fail, so rela-tivized results are welcome too.The main open problems are the following.1. Show that any two of the six hypotheses areequivalent to each other.2. Show that SAT is O(logn)-approximable im-plies Unique-SAT is in P or vice versa.3. Show that if FPNP!(log(n))�tt � FPNP[log] thenP = NP. This is the stronger version of thehypothesis FPNPjj = FPNP[log].4. Show that if there is a �p2 -complete set that isO(logn)-approximable then P = NP. (Similarfor PSPACE).5. (related to Section 6) Is �p2 = UPNP.6. Show that if SAT �pdtt SPARSE then P =NP.AcknowledgmentsWe like to thank Richard Beigel for proof readingan earlier version of our paper. We thank Dietervan Melkebeek for helpful discussions and Sophie La-plante for useful legwork.
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