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Abstract

We consider the question whether there exists a setA
such that every set polynomial-time Turing equivalent toA
is also many-one equivalent toA. We show that ifE =
NE then no sparse set has this property. We give the first
relativized world where there exists a set with this property,
and in this world the setA is sparse.

1 Introduction

The seminal papers of Cook [Coo71] and Karp [Kar72]
defineNP-completeness differently based on the kind of
reductions used. Cook allows Turing reductions, where one
can decide an instance of one problem by asking an arbi-
trary collection of instances of a second problem. Karp al-
lows only the more restrictive many-one reductions, which
require mapping an instance of one problem into a single in-
stance of the second. Computational complexity theory has
often looked at the relationship between these two notions
of reducibility.

In this paper, we will focus on a fundamental question
along these lines: Does there exist a setA such that all sets
Turing equivalent toA are also many-one equivalent toA?
We say that such a setcollapsesor has thecollapsingprop-
erty. While there has been some work on this problem, most
notably by Selman [Sel79] and by Ambos-Spies, Bentzien,
Fejer, Merkle and Stephan [ABF+00], three decades after
the work of Cook and Karp this question remains open.

Selman [Sel79] shows that no tally set collapses. Un-
der the assumptionE = NE we show that no sparse set
collapses either.

Some assumption appears to be necessary: We give a
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relativized world where thereis a sparse set that collapses.
This is in fact the first relativized world in which any set has
been shown to collapse.

In Section 2 we give some background and formal defi-
nitions of our problem. Section 4 shows that no sparse set
collapses unlessE 6= NE. Section 5 describes the rela-
tivized world giving a sparse collapsing set.

2 Preliminaries

We say a setA ≤pm B (“A many-one reduces toB”) if
there exists a polynomial-time computable functionf such
thatx ∈ A ⇔ f(x) ∈ B and a setA ≡pm B (“A is many-
one equivalent toB”) if A ≤pm B andB ≤pm A. Similarly
a setA ≤pT B (“A Turing reduces toB”) if there exists a
polynomial-time oracle Turing machineM such thatA =
L(MB), and a setA ≡pT B (“A is Turing equivalent toB”)
if A ≤pT B andB ≤pT A.

Hypothesis 2.1 (Collapse)There exists anA not inP such
that for allB, if A ≡pT B thenA ≡pm B.

We call a setA fulfilling Hypothesis 2.1 acollapsingset.
The condition thatA is not inP is not strictly necessary—
for anyA 6= ∅ in P, ∅ is Turing equivalent toA, but ∅ is
not many-one equivalent toA. Nevertheless we will carry
along this condition for clarity.

Collapsing is invariant under Turing equivalence: IfA is
collapsing andB is Turing equivalent toA thenB is also
collapsing.

The join of two setsA ⊕ B is the set{0x | x ∈ A} ∪
{1x | x ∈ B}. The setA ⊕ B is many-one reducible to
any other setC such thatA many-one reduces toC and
B many-one reduces toC. A similar statement holds for
Turing reductions.

A setA is sparseif for some polynomialp, there are at
mostp(n) elements ofA of lengthn, for all n. A setA is P-
printableif there is a functionh computable in polynomial-
time such thath(1n) outputs a list of all strings inA having
lengthn. EveryP-printable set is sparse.

The complexity classE = DTIME(2O(n)), andNE =
NTIME(2O(n)).

We useΣ to represent our alphabet{0, 1}.



3 Previous Work

Selman [Sel79] looked at whether collapsing sets could
be tally sets, i.e., subsets of1∗.

Theorem 3.1 (Selman)No tally set is collapsing.

Since we make use of Theorem 3.1 in this paper, we give a
proof here for completeness.

Proof of Theorem 3.1: SupposeA ⊆ 1∗ is a collapsing
set. Consider the following setB (known as the left-cut of
A):

B = {x ∈ Σ∗ | x ≤ A(ε)A(1)A(11) · · ·A(1|x|−1)}

where≤ denotes lexicographic ordering.
One can easily Turing reduceB to A. A also Turing

reduces toB by using binary search to findA(ε)A(1) · · ·.
The setsB andB are both Turing equivalent toA so

they are Turing equivalent to each other. By assumption
this means there is a many-one reductionf reducingB to
B.

Note that if x ∈ B and y ≤ x then y ∈ B. Since
exactly one ofx and f(x) could be inB, it must be the
lexicographically least one. This lets us test membership in
B in polynomial-time. SinceA is equivalent toB we also
haveA in P. �

Ambos-Spies, Bentzien, Fejer, Merkle and
Stephan [ABF+00] proved many other results about
collapsing sets including the following:

Theorem 3.2 (ABFMS) If A is a collapsing set then

1. A is computable, and

2. A is not hard forEXP.

4 Separations

In this section we show that under a hard-to-disprove as-
sumption, no sparse set can be collapsing. Section 5 indi-
cates that some assumption appears to be needed.

Theorem 4.1 If E = NE then no sparse set is collapsing.

To prove Theorem 4.1 we first need the following
lemma:

Lemma 4.2 No subset of aP-printable set is collapsing.

Proof: Let B be a subset of aP-printable setC. Let
h(1n) = {yn,1, . . . , yn,k} list the elements ofC of length
n. Define the setD as

D = {1〈n,i〉 | yn,i ∈ B}.

The setD is Turing equivalent toB so if B is collapsing
thenD is collapsing. ButD is a tally set soD is not col-
lapsing by Theorem 3.1.�

We also use the following lemma from Hartmanis, Im-
merman and Sewelson [HIS85]:

Lemma 4.3 (HIS) If E = NE then all sparse sets inNP
areP-printable.

Proof: Let A be a sparse set inNP. Consider the setsB
andC defined as

B = {〈n,w〉 | There existx1 < x2 < · · · < xw

of lengthn in A}
C = {〈n,w, i, j〉 | There existx1 < x2 < · · · < xw

of lengthn in A with thejth bit of xi is 1}

where the numbersn, w, i andj are written in binary. The
setsB andE are inNE = E. In particular, in polynomial
in n time we can find the maximumw such that〈n,w〉 is
in B. This tells us how many strings of lengthn are inA.
Note that there is only one possible choice forx1, . . . , xw.
We now determine whether〈n,w, i, j〉 in C for all of the
appropriatei andj to reconstruct the stringsx1, . . . , xw in
A. �

Proof of Theorem 4.1: SupposeE = NE and letA be
a sparse collapsing set.A is Turing equivalent toA so by
assumption there is a functionf reducingA toA. Consider
the set

B = {〈1n, x〉 | (∃y)[|y| = n andf(y) = x}.

The setB is in NP.
We also claim thatB is sparse. The number of strings in

B of lengthn is bounded by
∑
m≤n |f(Σm)|, so it suffices

to show that|f(Σn)| is polynomially bounded. We have
|f(Σn)| ≤ |f(A∩Σn)|+|f(A∩Σn)|. Each of those terms is
polynomially bounded because A is sparse andf(A) ⊆ A.

By Lemma 4.3,B is P-printable. ConsiderC ⊆ B de-
fined as

C = {〈1n, x〉 | 〈1n, x〉 ∈ B andx ∈ A}.

The setC is Turing equivalent toA: C is reducible toA
becauseB is in P; for the other direction, we havey ∈
A ⇐⇒ 〈1|y|, f(y)〉 /∈ C.

SinceA is collapsingC is also collapsing. ButC is
a subset of aP-printable set soC does not collapse by
Lemma 4.2.�

5 Collapse

In this section we present the first relativized world
where there exists a collapsing set, i.e., where Hypothe-
sis 2.1 holds.



Theorem 5.1 There exists an oracleB and a sparse set
A 6∈ PB such that for every setC

C ≡p
B

T A ⇐⇒ C ≡p
B

m A.

Proof: Let M1,M2, . . . be an enumeration of

polynomial-time oracle Turing machines. Note thatC ≡p
B

T

A is the same as saying there exist machinesMi andMj

such thatC = L(MB⊕A
i ) and A = L(MB⊕C

j ). Let
R1, R2, . . . andS1, S2, . . . be enumerations of polynomial-
time machines such that for everyi andj there is ak such
thatRk = Mi andSk = Mj . We assume without loss of
generality thatMi, Ri andSi run in time at mostni for n
the length of the input.

We need to fulfill the following requirements:

1. Ei: There is anx such thatx ∈ A⇔MB
i (x) rejects.

2. Fi: If C = L(RB⊕Ai ) andA = L(SB⊕Ci ) thenA ≤pBm
C andC ≤pBm A.

TheEi requirements guarantee thatA is not in PB while
theFi requirements guarantee thatA is collapsing relative
toB.

When we fulfill ourFi requirements we will allow our
many-one reductions to occasionally just accept and reject.
Since ourEi requirements will guarantee thatA is not in
PB we can just map to fixed strings known to be in or out
of A andC.

We will define our oracleB as a functionB : {0, 1}n →
{0, 1}nk for some fixedk. One can use standard coding
ideas to create a subset of{0, 1}∗ equivalent toB.

We build the oracle in stages. In each stages we will
pick ns = 2ns−1 .

We will setB(1n
logns−1
s−1 ) to be a list of the elements of

A∩Σns−1 . This guarantees that any reduction that looks at
previous strings inA can just find them easily inB.

Fix s and letn = ns. In stages we will fulfill require-
mentEs for some string of lengthn. We will also guarantee
thatF1, . . . , Fs hold for strings of length betweennlogns−1

s−1

andnlogns
s . At the end of the construction, each require-

mentFi will have been fulfilled for all but a finite number
of strings.

Choose a Kolmogorov random string of lengthn2 and
break it inton pieces of lengthn each and call these strings
y1, . . . yn. Let U = {y1, y1 + 1, . . . , yn, yn + 1} where
yi + 1 is the lexicographically next string afteryi. We will
guarantee thatA ∩ Σn is a subset ofU .

We setB(u) = 1 for eachu in U .
We will put conditions onA of the formu ∈ A ⇔ v 6∈

A. The construction will not build a contradictory set of
conditions and will allow some freedom so at the end we
can chooseA to fulfill Es.

We sayu and v are connectedif the value ofA(u) is
forced by settingv ∈ A, given the other conditions we have
already currently set.

The first set of conditions we use will require thatyi ∈
A⇔ yi + 1 6∈ A for eachi.

Eventually we will connect all the members ofU . For all
pairsu andv of elements inU we will encode atB(〈u, v〉)
whetheru ∈ A⇔ v ∈ A or u ∈ A⇔ v 6∈ A.

We will now work in substagesj = 1, . . . , s. In each
substage we will handle requirementFj .

In substagej and later we guarantee not to add any
strings toB of length less thannj

10
. ThusDTIME(nj)

machines or even a composition of five of them acting on
strings of lengthn will not be affected by strings we add to
B.

We first describe how to construct the many-one reduc-
tion fromC to A. Fix an inputw and simulateSB⊕Aj (w),
the potential Turing reduction fromC to A. If Sj makes a
query toB we just query it. Now consider all of the queries
made toA. Since we have encoded the relationship between
all pairsu andv in U , we can reduceSB⊕Aj (w) to a single
queryyi in A. If Sj accepts or rejects regardless of whether
yi is in A then just accept or reject respectively. IfSj ac-
cepts iff yi is in A then we have our many-one reduction.
Otherwise reduce toyi + 1.

We now describe how to construct the many-one reduc-
tion fromA toC. Fix au of lengthn. Check withB to see
if u is inU . If not then we just reject.

SimulateRB⊕Cj (u), the potential reduction fromA toC.
Consider the strings it queries inC in order. Letw be the
next string queried and consider the reductionSB⊕Aj (w).
Note thatSB⊕Aj cannot query any string inU not connected
to u or we would violate the randomness of the string used
to generate theyi’s.

By the above argument we have only three possibilities.
If Sj accepts or rejects regardless ofA then we answerRj
accordingly and go toRj ’s next query. IfSB⊕Aj (w) accepts
iff u ∈ A then we just outputw as our many-one reduction
and we then go on to the nextu in U .

The problem occurs ifSj accepts iffu 6∈ A. Setw = wu
and we’ll handle this case later. Go on and handle the next
u in U .

Suppose for someu, RB⊕Aj (u) runs out of queries and
just accepts or rejects. We then setu in A to diagonalize
againstRj and go on to the next substage.

Now consider thewu’s. If we have awu and awv (with
u connected tov) such thatu ∈ A ⇐⇒ v 6∈ A, then
we can just use the many-one reduction ofv to wu andu
to wv. Otherwise pick awu and awv not connected, and
add the conditionu ∈ A ⇐⇒ v 6∈ A. We encode this

connection in the oracle by settingB(〈1nj
10

, u〉) = v and

B(〈1nj
10

, v〉) = u. We then have the many-one reduction



map all of ther with r ∈ A ⇐⇒ u ∈ A to wv and all of
thes with s ∈ A ⇐⇒ v ∈ A towu. We then remove from
consideration all of thesewr ’s andws’s and repeat.

If we have onewu remaining without awv to connect to
it then just setu ∈ A and encode all of ther connected to

u in B asB(〈1nj
10
, u〉) = TRUE or FALSE as appropriate

and have the many-one reduction onu just accept.
At the beginning of stages we haven connected compo-

nents of elements ofU . In each stage we shrink the number
of components in at most half and possibly determine the
elements of one component. Sinces� log n, we still have
components remaining after substages. Pick someu in one
of these components and setu in A to diagonalize against
theMs(u) to fulfill Es. �

6 Further Research

Of course, the question whether there exists a collapsing
set still remains open. In particular can one modify the ora-
cle construction in Section 5 to simply create a (nonsparse)
collapsing set without needing a relativized world?

Another related question is whether all Turing complete
sets forNP are many-one complete. This question is in-
comparable to the existence of a collapsing set since in this
case we restrict ourselves to sets in the classNP, which is
not necessarily closed under Turing reductions. Neverthe-
less, perhaps our techniques could also shed light on that
problem.
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