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Abstract relativized world where theris a sparse set that collapses.

This is in fact the first relativized world in which any set has
We consider the question whether there exists adset been shown to collapse.
such that every set polynomial-time Turing equivalentto In Section 2 we give some background and formal defi-
is also many-one equivalent té. We show that i = nitions of our problem. Section 4 shows that no sparse set
NE then no sparse set has this property. We give the firstcollapses unlesE # NE. Section 5 describes the rela-
relativized world where there exists a set with this property, tivized world giving a sparse collapsing set.
and in this world the sefl is sparse.

2 Preliminaries

1 Introduction We say a setl <P B (“A many-one reduces tB") if
there exists a polynomial-time computable functjpauch
thatz € A < f(x) € Band asetd =, B (“A is many-
one equivalent t&3”) if A < BandB <I, A. Similarly
a setA <% B (“A Turing reduces td3") if there exists a
polynomial-time oracle Turing machin® such thatd =
L(MP),and asetd =1, B (“Ais Turing equivalent td3”)
if A<} BandB </ A.

The seminal papers of Cook [Coo71] and Karp [Kar72]
defineNP-completeness differently based on the kind of
reductions used. Cook allows Turing reductions, where one
can decide an instance of one problem by asking an arbi-
trary collection of instances of a second problem. Karp al-
lows only the more restrictive many-one reductions, which
require mapping an instance of one problem into a single in- Hypothesis 2.1 (Collapse)There exists adl not in P such
stance of the second. Computational complexity theory hasihat for all B, if A =F Bthend =?, B.
often looked at the relationship between these two notions
of reducibility. We call a set4 fulfilling Hypothesis 2.1 aollapsingset.

In this paper, we will focus on a fundamental question The condition thatd is not inP is not strictly necessary—
along these lines: Does there exist adatuch that all sets  for any A # 0 in P, () is Turing equivalent te4, but is
Turing equivalent to4 are also many-one equivalent &2 not many-one equivalent td. Nevertheless we will carry
We say that such a setllapsesor has thecollapsingprop- along this condition for clarity.
erty. While there has been some work on this problem, most  Collapsing is invariant under Turing equivalenceAlfs
notably by Selman [Sel79] and by Ambos-Spies, Bentzien, collapsing andB is Turing equivalent tod then B is also
Fejer, Merkle and Stephan [ABMO], three decades after collapsing.
the work of Cook and Karp this question remains open. The join of two setsd @ B is the set{0z | x € A} U

Selman [Sel79] shows that no tally set collapses. Un- {1z | « € B}. The setA @ B is many-one reducible to
der the assumptioll = NE we show that no sparse set any other set” such thatA many-one reduces t6' and
collapses either. B many-one reduces t0'. A similar statement holds for

Some assumption appears to be necessary: We give during reductions.

A set A is sparseif for some polynomialp, there are at
mostp(n) elements ofA of lengthn, for all n. A setA is P-
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3  Previous Work

The setD is Turing equivalent taB so if B is collapsing
then D is collapsing. ButD is a tally set saD is not col-

Selman [Sel79] looked at whether collapsing sets could |apsing by Theorem 3.1]

be tally sets, i.e., subsets bf.

Theorem 3.1 (Selman)No tally set is collapsing.

We also use the following lemma from Hartmanis, Im-
merman and Sewelson [HIS85]:

Lemma 4.3 (HIS) If E = NE then all sparse sets iNP

Since we make use of Theorem 3.1 in this paper, we give aare P-printable.

proof here for completeness.

Proof of Theorem 3.1: Supposed C 1* is a collapsing
set. Consider the following sé& (known as the left-cut of
A):

B={ze¥" |z<A()A)A(1L)--- A(1lI=1)}

where< denotes lexicographic ordering.
One can easily Turing reducB to A. A also Turing
reduces taB by using binary search to find(e) A(1) - - -
The setsB and B are both Turing equivalent td so

they are Turing equivalent to each other. By assumption

this means there is a many-one reductforeducingB to
B.

Note that ifr € B andy < x theny € B. Since
exactly one ofr and f(z) could be inB, it must be the

lexicographically least one. This lets us test membership in

B in polynomial-time. Sinced is equivalent taB we also
haveA in P. O

Ambos-Spies,  Bentzien, Fejer, Merkle and
Stephan [ABF00] proved many other results about
collapsing sets including the following:

Theorem 3.2 (ABFMS) If A is a collapsing set then
1. Ais computable, and

2. Ais not hard forEXP.

4 Separations

In this section we show that under a hard-to-disprove as-
sumption, no sparse set can be collapsing. Section 5 indi-

cates that some assumption appears to be needed.
Theorem 4.1 If E = NE then no sparse set is collapsing.

To prove Theorem 4.1 we first need the following
lemma:

Lemma 4.2 No subset of &-printable set is collapsing.

Proof: Let B be a subset of ®-printable set”. Let
h(1™) = {yn.1,-.-,yn.i} list the elements of of length
n. Define the seD as

D= {1" |y, € B}.

Proof. Let A be a sparse set INP. Consider the setB
andC defined as

= {(n,w) | There existr; < zo < -+ < Ty
of lengthn in A}

{(n,w,,j) | There existr; < z3 < -+ < @y,
of lengthn in A with the jth bit of z; is 1}

C:

where the numbers, w, i andj are written in binary. The
setsB and E are inNE = E. In particular, in polynomial
in n time we can find the maximurw such that(n, w) is
in B. This tells us how many strings of lengthare in A.
Note that there is only one possible choice fgr. .., z,,.
We now determine whethén,w, i, ;) in C for all of the
appropriate andj to reconstruct the strings,, ..., x, in

Proof of Theorem 4.1: Supposd = NE and letA be
a sparse collapsing setl is Turing equivalent tod so by
assumption there is a functighreducingA to A. Consider
the set

B ={(1",z)| 3y)[lyl =nandf(y) = =}.

The setB is in NP.

We also claim thaB is sparse. The number of strings in
B of lengthn is bounded by~ . |f(X™)], so it suffices
to show that|f(X")| is polynomially bounded. We have
|£(Z™)] < |f(ANE™)|+]|f(ANX™)|. Each of those terms is
polynomially bounded because A is sparse #nd) C A.

By Lemma 4.3,B is P-printable. Conside€ C B de-
fined as

C={(1"z)| (1",x2) € Bandz € A}.

The setC' is Turing equivalent tod: C' is reducible toA
becauseB is in P; for the other direction, we havg €
A= (W fy) ¢ cC.

Since A is collapsingC is also collapsing. But' is
a subset of @-printable set sa” does not collapse by
Lemma 4.2

5 Collapse

In this section we present the first relativized world
where there exists a collapsing set, i.e., where Hypothe-
sis 2.1 holds.



Theorem 5.1 There exists an oraclé and a sparse set We sayu andwv are connectedf the value of A(w) is

A ¢ PB such that for every set forced by setting € A, given the other conditions we have
. . already currently set.
Cc=l A = Cc= A The first set of conditions we use will require thate
A<s vy, +1¢ Aforeachi.

Proof: Let My, Ms,... be an enumerationB of Eventually we will connect all the membersiéf For all
polynomial-time oracle Turing machines. Note that}. pairsu andv of elements i/ we will encode aB({u, v))
A is the same as saying there exist machifgsand 1 whetheru € A ve Aorue A& v ¢ A
such thatC' = L(MP®") and A = L(MP®Y). Let We will now work in substageg = 1,...,s. In each
Ry, Ry,...andS, Ss, ... be enumerations of polynomial-  substage we will handle requiremeht
time machines such that for eveiyand;j there is ak such In substagej and later we guarantee not to add any
that R, = M; andS;, = M;. We assume without loss of  strings toB of length less thami"’. Thus DTIME(n?)
generality that)/;, R; and.S; run in time at mosk’ forn machines or even a composition of five of them acting on
the length of the input. strings of lengthn will not be affected by strings we add to

We need to fulfill the following requirements: B.

We first describe how to construct the many-one reduc-
tion from C to A. Fix an inputw and simuIateSJB@A(w),
2. Fy: If C = L(RB®4) andA = L(SP®C) thena <¢” the potential Turing reduction fror@' to A. If .S; makes a
' B . ¢ -m guery toB we just query it. Now consider all of the queries
CandC <7, A. made toA. Since we have encoded the relationship between

. . B A .
The E; requirements guarantee thdtis not in P% while &l Pairsu anduv in U, we can reducé;”*(w) to a single
the F; requirements guarantee thatis collapsing relative ~ dUeryy: in A. If S; accepts or rejects regardless of whether
to B. y; is in A then just accept or reject respectively. Slf ac-

cepts iffy; is in A then we have our many-one reduction.
Otherwise reduce tg; + 1.

1. E;: There is anc such thatr € A < MP(z) rejects.

When we fulfill our F; requirements we will allow our
many-one reductions to occasionally just accept and reject.

Since ourE; requirements will guarantee that is not in ~ We now describe how to construct the many-one reduc-
P5 we can just map to fixed strings known to be in or out tion from A to €. Fix aw of lengthn. Check withB to see
of A andC. if wisinU. If not then we just reject.

We will define our oracléB as a functions : {0,1}" — SimulateRf@c(u), the potential reduction from to C.

Consider the strings it queries @ in order. Letw be the

k
0,1} for some fixedk. One can use standard codin : . .
{0, 1} g next string queried and consider the reducnﬁﬁﬁ@f‘(w).

ideas to create a subset{df, 1}* equivalent taB.

We build the oracle in stages. In each stagee will Note thaTSJB@A cannot query any string & not connected
pick ng = 271, to u or we would violate the randomness of the string used
ns—1 to generate theg;’s.

lo

We will setB(lns—g1 ) to be a list of the elements of
AN Xm-1. This guarantees that any reduction that looks at
previous strings iM can just find them easily .

Fix s and letn = n;. In stages we will fulfill require-
mentE, for some string of length. We will also guarantee
thatF, ..., F, hold for strings of length betweerLo_gl"S*1
andn'ems. At the end of the construction, each require-
mentF; will have been fulfilled for all but a finite number
of strings.

Choose a Kolmogorov random string of length and
break it inton pieces of lengtm each and call these strings
Y1, Yn. LU = {y1,y1 + 1,...,yn,yn + 1} where
y; + 1 is the lexicographically next string aftgy. We will
guarantee thatl N X" is a subset of/.

We setB(u) = 1 for eachu in U.

We will put conditions onA of the formu € A & v ¢
A. The construction will not build a contradictory set of o . 410
conditions and will allow some freedom so at the end we connection in the oracle by setting((1" ,u)) = v and
can choose to fulfill E;. B((1™ ,v)) = u. We then have the many-one reduction

By the above argument we have only three possibilities.
If S; accepts or rejects regardlessAthen we answeR;
accordingly and go td;’s next query. IfSJB@A(w) accepts
iff w € A then we just outputv as our many-one reduction
and we then go on to the nextn U.

The problem occurs i§; accepts iffu ¢ A. Setw = w,
and we’ll handle this case later. Go on and handle the next
winU.

Suppose for some, Rf@A(u) runs out of queries and
just accepts or rejects. We then sein A to diagonalize
againstR; and go on to the next substage.

Now consider thev,,’s. If we have aw,, and aw, (with
u connected taw) such thatu € A <= v ¢ A, then
we can just use the many-one reductiorvdb w, andu
to w,. Otherwise pick av, and aw, not connected, and
add the conditionr € A < v ¢ A. We encode this



map all of ther withr € A <— u € Atow, and all of [Kar72]
theswiths € A <— v € Atow,. We then remove from
consideration all of these,’s andw,’s and repeat.
If we have onaw,, remaining without av, to connect to
it then just setz € A and encode all of the connected to
[Sel79]

win BasB({(1"°,u)) = TRUE or FALSE as appropriate
and have the many-one reductionwjust accept.

At the beginning of stagewe haven connected compo-
nents of elements df . In each stage we shrink the number
of components in at most half and possibly determine the
elements of one component. Sinc& log n, we still have
components remaining after substag®ick some. in one
of these components and setn A to diagonalize against
the M (u) to fulfill Ey. O

6 Further Research

Of course, the question whether there exists a collapsing
set still remains open. In particular can one modify the ora-
cle construction in Section 5 to simply create a (honsparse)
collapsing set without needing a relativized world?

Another related question is whether all Turing complete
sets forNP are many-one complete. This question is in-
comparable to the existence of a collapsing set since in this
case we restrict ourselves to sets in the clN&%, which is
not necessarily closed under Turing reductions. Neverthe-
less, perhaps our techniques could also shed light on that
problem.
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