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(Updated Jan 25: gave numbering to x · b1 = x1 and x · b2 = x2, asking for more info on question 4)

Let W2 be a two-dimensional space, in which unit-length vectors b1, b2 are orthogonal:

|b1| = 1⇔ b1 · b1 = 1 (1)

|b2| = 1⇔ b2 · b2 = 1 (2)

b1 · b2 = 0 (3)

These conditions mean that B = {b1,b2} is an orthonormal basis for W2 (“Foundations of Scientific Visualization”

(FSV) Notes §1.7). Any vector x in W2 has some coordinates
[
x1
x2

]
with respect to B:

x = x1b1 + x2b2 (4)

If you have vector x, and you want to find x1 and x2, you just use the dot product:

x = x1b1 + x2b2 HW (4) above

x · b1 = (x1b1 + x2b2) · b1 ·b1 on both sides

= x1b1 · b1 + x2b2 · b1 FSV (1.4)

= x1b1 · b1 HW (3) above

= x1 HW (1) above

You can similarly find x · b2 = x2, therefore:

x = x1b1 + x2b2 ⇒ x · b1 = x1 and x · b2 = x2 (5)

Note how proving x · b1 = x1 was done in a methodical way, in which each step was justified on the right either
as a general operation that is always ok (like applying something to both sides of an equation), or by reference to
a particular equation or definition, either here on this page or in the FSV notes. Also note that basic arithmetic
transformations do not need to be included. Changing “+x2b2 ·b1” first to “+x20”, and then dropping “+x20” was
not necessary; dropping all of “+x2b2 ·b1” is justified by “HW (3) above”. Similarly, changing “x1b1 ·b1” to “x1”
is justified by “HW (1) above”, without the need for intermediate expression “x11”.

Questions below ask that you do proofs similarly. Each proof will involve systematically transforming one side
of the equation (to be proven) into the other side. Each step needs to be justified with the same level of detail
as demonstrated above. Basically, if a transformation can be justified by reference to a numbered equation in this
homework (call them “HW (1)”, “HW (2)”, “HW (3)”, etc.), or by reference to a terminology definition or numbered
equation in the FSV notes, it should be. This may require re-reading the portions of FSV assigned to date. Once you
prove something for one question you can use it in proofs for later questions.

1. Let y in space W2 have coordinates
[
y1
y2

]
in the same basis B used in HW (1) through HW (5):

y = y1b1 + y2b2. (6)

Prove
x · y = x1y1 + x2y2. (7)

Note that this would not be true if B had not been orthonormal.



2. Suppose we have a unit-length û:
|û| = 1⇔ û · û = 1. (8)

û can be in any space of any dimension. The FSV notes and class lecture asserted that û⊗ û is a projection.
Prove this by showing that û ⊗ û is idempotent (i.e. applying the operator twice is the same as applying it
once). That is, prove that for any v

(û⊗ û)(û⊗ û)v = (û⊗ û)v. (9)

3. Considering the same space W2 with basis B and element x in HW (1) through HW (5), prove

(b1 ⊗ b1 + b2 ⊗ b2)x = x. (10)

Because x was general, this means that b1 ⊗ b1 + b2 ⊗ b2 is the identity transform on W2.

4. Considering the same space W2 with basis B in HW (1) through HW (5), and also supposing (for the sake of
this question only) that W2 is embedded in a three-dimensional or higher-dimensional space, call it Wn. What
does the transform

S = b1 ⊗ b1 + b2 ⊗ b2

do to Wn? Support your answer by describing, for a general vector p in Wn, what S does to the component
of p that is within W2, and the component that is not within W2. This answer does not require the same
methodical sequence of transformations as needed for the other questions.

5. Considering the same space W2 with basis B and element x in HW (1) through HW (5), let

T = b1 ⊗ b2 − b2 ⊗ b1. (11)

Part (a): Prove
(Tx) · x = 0 (12)

Part (b): Prove
TTx = −x (13)

Part (c): What, geometrically, is T doing, if we consider W2 to be a flat vertical surface with b1 pointing right
and b2 pointing up? We are looking for a short phrase, not a long description or a proof.


