
CMSC 23710/33710
Winter 2015

Scientific Visualization Homework 2
Assigned Jan 17
Due 11:59pm Jan 22

Updated Jan 19: clarified when matrix representations or bases are allowed, and added that explanation of solution is needed for question 5.

Your repositories should now have a hw2 directory in which you will submit your work for this homework. It
has a math part (questions 1 through 4) and a unu hacking part (question 5). Question 4 and two parts of question 5
are for 33710 students. The math part should be written up in a PDF file, called hw2.pdf. The unu hacking part
is answered by modifying and committing some script files, as described in question 5.

For the math questions, you need to show the steps of finding your answer, methodically using the equations and
formulae you learned in class and in the FSV notes. Showing how you get the answer is as important as getting the
right answer. This homework should help increase your facility with (coordinate-free) direct notation; note when the
question says “no matrices” or “no basis”.

(1) (20 points) Consider a 2-dimensional space W with basis B = {x,y} that is orthonormal (see FSV §1.9).

1. Let h = x + y, and ĥ = h/|h|. What is [ĥ]B? (give a column 2-vector)

2. Assuming the h from above, what is [I + βĥ⊗ ĥ]B? (give a 2-by-2 matrix)

3. What is [I + (α− 1)x⊗ x]B? (give a 2-by-2 matrix)

4. What is [I + βx⊗ y]B? (give a 2-by-2 matrix)

5. For an arbitrary v ∈W , simplify the expression (x⊗ x + y ⊗ y)v as much as possible. No matrices!

(2) (10 points) Suppose we have a unit-length û; |û| = 1⇔ û · û = 1. û can be in any space of any dimension. The
FSV notes (§1.5) and class lecture asserted that û⊗ û is a projection. Prove this by showing that û⊗ û is idempotent
(applying the operator twice is the same as applying it once), by showing that for any v

(û⊗ û)(û⊗ û)v = (û⊗ û)v.

You may not resort to some basis in some dimension to show this; it is just a matter of manipulating the definition
of ⊗ and the property of being unit-length.

3) (15 points) Let W be a vector space with orthonormal basis B = {x,y}, and let

T = x⊗ y − y ⊗ x. (1)

1. Prove (Tx) · x = 0 without resorting to matrix representations.

2. Prove TTx = −x, again with no matrices. Using a result from the previous part is okay.

3. Suppose we consider W to be a flat vertical surface in front of us, with x pointing right and y pointing up.
What, geometrically, is T doing to W ? Give a short phrase, not a long description or a proof.



4) (15 points) For 33710 students only: This question is about operations on (geometric, coordinate-free) vectors,
versus operations on (“bag of numbers”) coordinate vectors, with a lengthy set-up. Recall that FSV §1.2 defined
the dot product between vectors as x · y = |x||y| cos θ, where θ is the angle between x and y. We then found
(FSV eq. (1.59)) how to compute the dot product as an operation on the coordinates in any orthonormal basis B:
x · y =

∑
i xiyi, with [x]B = [x1, x2, . . .]

T and [y]B = [y1, y2, . . .]
T .

Suppose instead we had defined a basis-specific dot product by x •B y =
∑

i xiyi in terms of the coordinates
xi, yi in an orthonormal basis B. Someone could reasonably ask, “Weird. Is your dot product invariant?” If a
different orthonormal basis had been chosen, could the result have been different? We can show that, no, it is
invariant to the basis choice. In another orthormal basis C, let the coordinates of x and y be x′i and y′i, respectively,
so x •C y =

∑
i x
′
iy
′
i. FSV §1.9 describes in detail the matrix M that transforms between coordinate vectors:

[x]C = M [x]B ⇔ x′i = ([x]C)i =
∑
j

Mij([x]B)j =
∑
j

Mijxj (2)

FSV §1.9 also shows that M is orthonormal: M−1 = MT . Then,

x •C y =
∑
i

x′iy
′
i by definition

=
∑
i

(
∑
j

Mijxj)(
∑
k

Mikyk) (2) above

=
∑
ijk

(MT )jiMikxjyk rearranging summations, def. of transpose

=
∑
ijk

(M−1)jiMikxjyk M orthonormal

=
∑
jk

Ijkxjyk M−1M = I

=
∑
j

xjyj Ijk = δjk; FSV (1.80)

= x •B y. by definition

We have proven the invariance of •B. This ends the question set-up.

Let us define a basis-specific vector product x ∗B y that produces a new vector in terms of the coordinates xi, yi
of x and y in an orthonormal basis B = {b1,b2, . . .}, according to

[x ∗B y]B =

x1y1x2y2
...

 ⇔ x ∗B y =
∑
i

xiyibi (3)

Is ∗B invariant? If yes, prove it, using a proof as methodical as the one above. If not, prove it, by demonstrating a
single counter-example: define two orthonormal bases B and C, and define two vectors x and y (in terms of one or
the other of those bases), and show that

x ∗B y 6= x ∗C y. (4)

Finding a specific counter-example in two-dimensions is sufficient, and simpler than in higher dimensions: you only
need to describe two basis vectors each for B and C, and to draw a picture illustratating how C is oriented relative to
B. This question takes more space to ask than to answer; don’t make it harder than necessary.



5) (5 points each part) This question uses the unu program demonstrated in Lab1 and in class. On the CSIL Macs,
you can use the same setup script to get unu into your path (as you did for Lab1). In your hw2 directory, the tile
subdirectory contains 24 grayscale images of the numbers 0 through 23; each one 140 pixels wide by 160 pixels
high. There are also 5 short shell scripts tile1.sh, tile2.sh, ... (one for each question part) that you will edit
and commit to answer these questions. In addition to completing the shell scripts, you should provide in hw2.pdf
a short explanation (two or three of your own sentences) of how you found the solution.

Each script starts with “unu join -i tile/??.png -a 2”, in order to join the series of 2D grayscale
images into a 3D array, with the 24 images along the slowest axis: the data for the 24 images is merely concatenated
in memory. Every script ends with a unu reshape saving the data to a PNG image, with a filename corresponding
to the script name (tile1.sh generates tile1.png).

Your goal is to make each script produce the image shown below, using a restricted set of unu commands. You
may only use the unu commands permute, reshape, and axsplit. Actually, just permute and axsplit
are sufficient, but reshape may be convenient. You will add unu commands by adding lines to the script, at the
indicated location (as in Project 1). In order for the script not to break, you must begin each added line with “unu”,
and end it with “|” followed by the newline. For example, one attempted solution for tile2.sh is:

#!/usr/bin/env bash
unu join -i tile/??.png -a 2 |
# v.v.v.v.v.v.v.v.v.v.v.v.v.v.v.v.v.v.v begin student code
unu permute -p 2 0 1 |
# ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ’ˆ end student code
unu reshape -s 840 640 -o tile2.png
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