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Surface volumes

A natural measure of the quality of a cut in binary
classi cation is its volume. If data points are from

an open set in RY, this cut is the boundary of an

open set, and the computation of its volume is of
Interest.

Approximating the surface volume of convex bodies —



Complexity of surface volumes

The following i1s known about the hardness of

approximating the volume of a convex set
deterministically.

Theorem 1 (Barany-Furedi) There is no
polynomial time deterministic algorithm that
would compute a lower bound vol(K) and an

upper bound vol(K ) so that

(<) uc , 'ITn.
vol(K ) logn




Complexity of surface volumes

Let K be a convex body and C(K) be the
cylinder over It of height h. Then

vol K = YL@ WOI@K. Eor small h, this
approximates the volume of K. So approximating

the surface volume is at least as hard as
approximating the volume.

Figure 1: A cylinder of height h over K



Randomized algorithms for volume

The volume of a convex body can be computed
In randomized polynomial-time as shown by
Dyer, Frieze and Kannan [2]. Their algorithm
took O(d?®) steps. In a series of papers, this was

brought down to the current best - O”(d*) by
Lovasz and Vempala.



Random algorithms for surface volun

Grotschel, Lovasz and Schrijver (1987) mention
computing the surface volume of a convex body
to be an open problem. The rst and to our
knowledge only work on surface volumes of
convex bodies is by Dyer, Gritzmann and
Hufnagel (1998), who gave a randomized
polynomial time algorithm for this task. Their
complexity analysis is sketchy.



Random algorithms for surface volun

The time complexity Is
f time for volumegc¢ftime for a quadratic programg:

This appears to be O(d®) (d = dimension) with
present technology. On the other hand our
running time is (in a restricted setting)
H 4 3.5 CBﬂ
o d " d>°R :

2@ @, 1B

where 1=¢ 1s a condition number.



Diffusion and Surface Volume

The heat equation

4 U= U:
u(x; 0) = f (x):

has the solution u(¢t) = f (x) e K(Xx; §; where
Ki(X;y), the heat kernel is

A d=24ili Xi yij*=4t.



Diffusion and Surface Volume

Let f be the function that takes the value 1 on
points In M and O outside, i.e.u = 1y, : Then,

ux;t) =1y e K{(¢Xx):

De ne
Z

n
Fi(M) = Y=t " u(y; t)dy:



Diffusion and Surface Volume

In other words, we are assuming that the initial
heat content per unit volume of M Is 1. The
guantity of heat that diffuses across the
boundary fromtime Otot is

Z Z 0
Ki(X;y)dxdy = t=Y4k(M ):

Rd{M M



Diffusion and Surface Volume

We prove that
H'T(‘) Fi«(M )= vol @M

If the condition number of @Mis ¢, =1

Theorem 2 3 5
vol @M= 1+ O d%% tin(l=t) F(M)+

o(& '”<&§°>d:2)vo| M




Condition Number

The Condition Number of a submanifold X of
RYis de ned to be 1=¢where ¢ is the largest
number satisfying the following property: The
open normal bundle about X of radiusr Is
imbedded in RY for every r < ¢, .
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Condition Number

Figure 2: M and two tangent spheres of radius ¢,
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Condition Number

Alternate Definition when X Is the
boundary @/ of an open set M:

De ned to be 1=¢ where ¢ Is the largest number
satisfying the following property:

Foranyr <g¢ ,toevery pointpon @ itis
possible to draw two tangent spheres Si(p;r)
and Sy(p; r) such that Si(p;r) uM and
S(p;r)\M = ;.



.vol@/l and F{(M )

Proposition 1 Let the dimensiond, 3, and let
t< e ! satisfy
P - 20

tln < —p— :
() 40 2032

Then,

220 20
(1i 2IRM) <j@M< 1+ 5)F(M):
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Computing vol@ MwhenM Is convex

Let M be a convex body in RY. Let O be a point
inside M with the property that a ball B (r9 of
radius r%and centre O is contained entirely inside
M and a concentric ball B (RY of radius R®
contains M .



Computing vol@ MwhenM Is convex

Consider the random variable z°de ned
according to the following process.

De nition 1 1. Choose a random point X out of
the convex body M, from the uniform
distribution.

2. Add to x a Gaussian random variable n

-
having density function K(0; n) = 211/]1)":42:

3. If x + nis outside M , set z%to 1, else set z°to
0.

Approximating the surface volume of convex bodies — p. 1



Computing vol@ MwhenM Is convex

Lemma 1

(vol MA WgzY
t

= F(M):

Proof:

z  Z
E[z] = Ke(X;y)(

Rdi M M VOI M

)dxdy:

The lemma follows, since

r VZ Z
4
Fi(M) := T Ki(x;y)dxdy:

R M° M’



Computing vol@ MwhenM Is convex

Unfortunately, we cannot sample exactly from the
uniform distribution. So, consider the random
variable z de ned according to the following
pProcess.

Choose a random point x out of the convex
body M, out of some xed distribLaion with

of the

density % that is within grairze v,

uniform distribution on M In variation
distance.

Approximating the surface volume of convex bodies — p. !



Computing vol@ MwhenM Is convex

Add to x a Gaussian random variable n
having density function

ejj nj>=4t

K(0;n) = (41/4Dd=2:

If X+ niIs outside M, setzto 1, else set z to O.



Computing vol@ MwhenM Is convex

Lemma 2 Let z be the random variable de ned
above. Let the dimensiond, 3, andlett< el

satisfy

Then,

(vol M)" 7.E7]

P— < 1+2%10:
tF¢«(M)

1;i 2%10<




Computing vol@ MwhenM Is convex

Compute an estimate ¢(M ), of the volume of
M to within a multiplicative error of 2=3 with
con dence 7=8.

Compute an estimate E[z] of E [z] with error

2=3, con dence 7=8. Call this estimate E[z].
Using a form of Hg)eg)ding's iInequality, we nd
that this takes O B9 samples.

Output P ZE[Z]0(M).



Computing vol@ MwhenM Is convex

Theorem 3 Let M be a convex body in RY. Let O
be a point in M such that the ball of radius r°
centered at O Is contained in M, and the
concentric ball of radius R®contains it. Let the
condition number of @ Mbe 1=¢. Then, itis
possible to nd the surface area of M In time
H 4 3.5 CBﬂ
o d ' d>>R> "

2@ [®; AB

within an error of 2°with probability greater than
3.

Approximating the surface volume of convex bodies — p. -



' R
Upper bound for |, K (X;y)dx



Upper bound

Z Z
K(xy)dx - K (X;y)dx
\Y/ ZRdi B1
K (x; y)dx
Z Z

< K (X;y)dx + K (X;y)dx
H1 B

Hi[ RYj BY



Upper bound

Choose R = P 2dt In (1=t). Let the mass outside
the ball of radius R that the gaussian with density

e X*=4t he 2 Then

3

2= 0 (etIn(1=t))%2 :

B? has radius > R and so
Z Z

K (X;y)dx < K(X;y)dx + 2
M Hq
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R
Lower bound for , K (Xx;y)dXx



L ower bound

Z Z

K(x;y)dx | K (X;y)dx(since Bou M)

\Y ZBZ
K (x;y)dx

~H2\ B i

K (X;y)dx K (x;y)dx
> M2\ BS
> K (X y)dx K (x;y)dx

H>



Bounds for F{(M )

R
Let | K(x;y)dx =: h(r).



Bounds for F{(M )

Then, we have shownl_\ghat
1. h(r + R%=2)j 2< . K(x;y)dx
R
2. 1fr>R 4 h(ri R®=2)+2> | K(x;y)dx.




Bounds for F{(M )

De nition 2 Let [M ], denote the set of points at
a distance of - r to the manifold M . Let ¥4 be
map from @M ], to @ Mthat takes a point P on
@M |, to the foot of the perpendicular from P to
@M

Lemma 3 Lety 2 [M];. Let the Jacobian of a
map f be denoted by Df .

(1i r)%t-j DYa(y)j- (1+ )4



Bounds for F{(M )

Figure 4: M and two tangent spheres of radius ¢,



Bounds for F{(M )

Lemma 4
Z Z

K (X;y)dxdy - 2vol M:
Rdj Mr M
Lemma 5
Z ®

1; € ®Zi“)p Y=t. h(r)dr - ° Yj=t:
0)
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