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Abstract

We study a simple Markov chain, known as the Glauber dynam-
ics, for randomly sampling (proper) k-colorings of an input graph G
on n vertices with maximum degree ∆ and girth g. We prove the
Glauber dynamics is close to the uniform distribution after O(n log n)
steps whenever k > (1 + ε)∆, for all ε > 0, assuming g ≥ 11 and
∆ = Ω(log n). The best previously known bounds were k > 11∆/6
for general graphs, and k > 1.489∆ for graphs satisfying girth and
maximum degree requirements.

Our proof relies on the construction and analysis of a non-Markovian
coupling. This appears to be the first application of a non-Markovian
coupling to substantially improve upon known results.
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1 Introduction

1.1 Overview

Given a graph G = (V, E) with maximum degree ∆, is there an algorithm
which randomly generates a k-coloring whenever k > ∆ and runs in time
polynomial in the size of G? A k-coloring is an assignment of colors to
vertices σ : V → [k] such that each pair of adjacent vertices receives two
distinct colors. Although constructing such a coloring is trivial provided
k > ∆, even with this many colors the sampling problem seems difficult.

This problem has received considerable attention in the Computer Sci-
ence, Discrete Mathematics and Statistical Physics communities. (In Statis-
tical Physics jargon, we want to efficiently simulate the Gibbs distribution
of the zero-temperature anti-ferromagnetic Potts model [19].) Efficient sam-
pling algorithms are central to approximation algorithms for the correspond-
ing #P-complete counting problem (estimating the number of k-colorings),
see [15].

It is widely believed there is an efficient scheme for sampling colorings
whenever k ≥ ∆ + 2. Surprisingly, the following very simple Markov process
likely suffices. The Markov chain, popular in the Statistical Physics commu-
nity, is known as the Glauber dynamics (Metropolis version). From a coloring
Xt ∈ Ω, we perform the following transition Xt → Xt+1:

• Choose a vertex v and color c uniformly at random from V and [k]
respectively.

• Set Xt+1(z) = Xt(z) for all z 6= v.

• If no neighbors of v have color c in Xt+1, then set Xt+1(v) = c, otherwise
set Xt+1(v) = Xt(v).

It is straightforward to verify that the Glauber dynamics for all k ≥ ∆ + 2
is ergodic and time-reversible with unique stationary distribution uniformly
distributed over Ω.

Our goal is to analyze the mixing time of the Glauber dynamics. Roughly
speaking, the mixing time is the number of transitions until the chain is close
to stationarity from an arbitrary initial coloring; see Section 2.1 for a formal
definition. Fast convergence of the Glauber dynamics has implications for
phase transitions in the Potts model, e.g., see [3, 10].
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The first significant progress was by Jerrum [15], proving the mixing time
is O(n log n) whenever k > 2∆. Independently, Salas and Sokal [19] proved
closely related results about phase transitions in the Potts model. Vigoda
[20] improved these results to k > 11∆/6 via analysis of a more complicated
Markov chain, which implied O(n2) mixing time of the Glauber dynamics.

Dyer and Frieze [7] focused attention on locally tree-like graphs with
large maximum degree, specifically ∆ = Ω(log n) and girth g = Ω(log ∆).1

Under these assumptions, they proved O(n log n) mixing time of the Glauber
dynamics when k > α0∆, where α0 ≈ 1.763. Molloy [18], under the same
assumptions, proved the same conclusion when k > α1∆, where α1 ≈ 1.489.
Very recently, Hayes [12] reduced the girth requirement in Molloy’s result to
g ≥ 6.

All the aforementioned analyses of the Glauber dynamics use an ap-
proach known as the coupling method (see Sections 1.3 and 2.1), and more
specifically a “maximal one-step coupling”. Molloy’s result seems to be the
best possible using this approach; it appears that no one-step coupling, also
known as a Markovian coupling, coalesces in polynomial time beyond Mol-
loy’s threshold (see [18, Section 4]). In fact, Molloy raises the question of
whether the constant α1 can be improved at all, and still have polynomial
mixing time.

We give a positive answer, and in fact prove for all ε > 0 that k >
(1 + ε)∆ suffices, assuming sufficiently large girth (11 suffices) and ∆ =
Ω(log n) (the implicit constant depends exponentially on 1/ε). Our proof uses
a new coupling, defined with respect to the Cn-step evolution of the Glauber
dynamics, for some C > 0 (where C also grows exponentially with 1/ε.). Our
coupling is an example of a non-Markovian coupling of the Glauber dynamics.
The non-Markovian aspect of our coupling appears to be essential. A non-
Markovian coupling was previously used in a different context by Czumaj and
Kutylowski [4] for the analysis of a Markov chain for generating a random
permutation.

Here is the formal statement of our result.

Theorem 1. For every ε > 0, there exists C > 0 such that for every graph
G on n vertices with maximum degree ∆ ≥ C log n and girth g ≥ 11, and
for every k ≥ (1 + ε)∆, the Glauber dynamics for k-coloring G has mixing
time at most Cn log n.

1The girth of a graph is the length of the shortest cycle.
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Before presenting our results we state some related results that have ap-
peared since the preliminary version of this paper. We continue the intro-
duction with an informal exposition on the coupling technique along with its
application in related previous work. We then briefly describe the intuition
behind our improvement.

1.2 Recent Work

For k > 1.489∆, Dyer et al. [8] reduced the degree requirement to a suffi-
ciently large constant (that grows with k/∆−1.489), and still assuming girth
g ≥ 6.

There have been several works with small improvements in the girth re-
quirements. Assuming k > 1.789∆, Hayes and Vigoda [14] reduced the
girth requirement to g ≥ 4 for ∆ = Ω(log n), and this was further reduced
to “locally sparse” graphs by Frieze and Vera [11]. For k > 1.489∆, the
girth requirement was recently reduced to g ≥ 5 by Lau and Molloy [16] for
∆ = Ω(log3 n).

Finally, Hayes and Sinclair [13] have recently shown a lower bound of
Ω(n log n) of the mixing time of the Glauber dynamics for constant degree
graphs.

1.3 Coupling Idea for Previous Results

A coupling is simply a joint stochastic process (Xt, Yt) on Ω × Ω. Our only
requirement is that each of the processes (Xt) and (Yt) viewed in isolation
must be a Markov chain evolving with the same transition probabilities. No
restrictions are placed on the correlations between the two chains, a feature
essential to the power of the approach.

The goal is to design a coupling which minimizes the coalescence time,
i.e., the smallest t such that Xt = Yt with probability ≥ 1/2. The coalescence
time from the worst pair of initial states is easily seen to be an upper bound on
the mixing time (see Section 2.1). Despite several successes of this technique,
(see e.g., [15, 17]) it is often an difficult task to design and analyze a coupling
for all pairs of initial states.

The path coupling technique of Bubley and Dyer [2] is a useful tool for
simplifying the coupling method. Roughly speaking, it suffices to define and
analyze a coupling for only those initial pairs from a subset S ⊆ Ω2, assuming
the graph (Ω, S) is connected. This “partial coupling” is then extended to a
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coupling for an arbitrary pair of states. This approach has been instrumental
in simplifying and improving results obtained via the coupling method (see
e.g., [9, 20]).

In the setting of graph colorings, S is defined as the pairs of colorings
which differ at exactly one vertex. To bound the coalescence time it suffices to
define a joint evolution where a distance metric (such as Hamming distance)
decreases in expectation.

A naive one-step coupling works when k > α∆ where α = 3. Consider
a pair of states Xt, Yt which only differ at vertex w, say Xt(w) = cX and
Yt(w) = cY . The naive coupling chooses for both chains the same vertex v
and color c for the attempted update. Observe that if v /∈ N(w) = {z ∈
V : (w, z) ∈ E)} or c /∈ {cY , cX} then the attempted recoloring works or
fails in both chains. Thus, there are at most 2∆ transitions which might
increase the distance. Conversely, after any successful recoloring of w the
two colorings are identical, and there are at least k − ∆ such recolorings.
For this coupling the condition k − ∆ > 2∆ implies the Hamming distance
decreases in expectation. Hence, we have O(n log n) coalescence time, and
the same bound on the mixing time.

Jerrum [15] reduced α to 2 via a simple modification of the above coupling.
First, choose a random vertex and color, say (v, c). If v ∈ N(w) and c ∈
{cY , cX}, then set c′ = {cY , cX} \ c. Otherwise, set c′ = c. Jerrum’s coupling
attempts the recoloring (v, c) in Xt and (v, c′) in Yt. There is now at most
one coupled color pair per neighbor of w which might increase the distance
(namely c = cY ). For Jerrum’s coupling, the condition k − ∆ > ∆ implies
O(n log n) mixing time of the Glauber dynamics. In fact, Jerrum’s analysis
is tight for a worst pair of initial states.

Dyer and Frieze [7] avoid the worst-case scenario in Jerrum’s analysis by
running the chains for a “burn-in period” before attempting the coupling.
The burn-in period is sufficiently long for most vertices in the neighborhood
of w to be recolored at least once. Assuming girth g = Ω(log log n), the color
choices on the neighborhood of w will be roughly independent, as there is
insufficient time for the dynamics to communicate the color choices along a
path of length at least g. It then follows that the expected number of available
colors for w is roughly k(1− 1/k)∆ ≈ k exp(−∆/k). Further assuming ∆ =
Ω(log n), with high probability every vertex has close to its expected number
of available colors for a polynomial number of transitions of the dynamics. It
then suffices to have k exp(−∆/k) > ∆, which reduces α to (approximately)
1.76322.
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Molloy [18] further reduced α to 1.48908. In addition to the number of
available colors, Molloy bounds the number of neighbors v of w which include
two specific colors (e.g., cY and cX) in Xt(N(v) \ {w}). Such a v can not be
recolored to cX or cY in either chain. Thus, under Jerrum’s coupling there
are no transitions which cause v to differ in the two chains, i.e., v is “blocked”
from the “bad” update in both chains.

In this paper we use the phrase “local uniformity” to refer, informally, to
several propositions about graph colorings, all of which are true with high
probability for random colorings, and so also for the Glauber dynamics, after
sufficiently many steps. Section 5 states several of these results. The word
“uniformity” refers to quantities which are about the same for all vertices of
the graph, and/or all colors in [k]. It also refers to the fact that many of the
same properties would hold for uniformly random color assignments in [k]V ,
disregarding the requirement of being a proper coloring.

1.4 Our Approach

Our focus is on those updates which succeed in exactly one of the coupled
chains, what we will call singly blocked updates. Under Jerrum’s coupling, this
type of update always increases the Hamming distance. Roughly speaking,
if we could create a coupling where updates always succeed in both chains or
fail in both chains, we would eliminate half of these increases. This is exactly
what we do. Let us examine these singly blocked updates in more detail.

We are interested in coupled updates of v ∈ N(w) which succeed in
exactly one of the chains. Such a v has one of the colors, say c = cY , in
its neighborhood N∗(v) = N(v) \ {w}, but not c′ = cX . In this scenario
the attempted update of v to cY fails in Xt (i.e., it is blocked by some
vertex in N∗(v)), but the update of v to cX succeeds in Yt. Hence, the
coupled (attempted) recoloring of v increases the Hamming distance. In the
symmetric scenario where c = cX and c′ = cY , the update of v succeeds in
Xt, but fails in Yt.

Our aim is to couple these “singly blocked” scenarios together. As a
result, the attempted update of v (albeit to different colors in the two chains),
will succeed in both chains or fail in both chains. Such a coupling necessitates
having different colorings on the neighborhood N∗(v). The high-level idea is
to introduce temporary disagreements on two vertices, say z and z′, in N∗(v).
Vertex z will block the update of v in Xt, while z′ will block the update in Yt.
Surprisingly, we can guarantee that the temporary disagreements we create
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will disappear before their disagreement propagates. This requires examining
the vertex-color choices at many future times. This is the crucially non-
Markovian aspect of our coupling. In some sense we look into the future
evolution to find a suitable z and z′, then revisit past decisions.

Here is a more precise (although still vague) picture of our non-Markovian
coupling. Consider a pair of evolutions X0, . . . , XT and Y0, . . . , YT , coupled
under Jerrum’s coupling. Suppose these chains only differ at vertex w up until
time t with Xt(w) = cX , Yt(w) = cY . At time t, under Jerrum’s coupling,
we attempt to update v ∈ N∗(w) to cY in Xt and cX in Yt, and there is a
unique z ∈ N∗(v) colored cY , but no z′ ∈ N∗(w) colored cX . We will modify
the coloring on N∗(w) in Yt so that the attempted update fails in Yt as well.

Let S(cX) denote those z′ ∈ N∗(v) whose current color can be replaced by
cX and such a change might only affect the update at time t. In other words,
suppose at the last successful recoloring of z′ we had instead successfully
updated z′ to cX ; if this modification does not affect the coloring of any
neighbors in N∗(z′) = N(z′) \ {v} at any time, then we include z′ in S(cX).
A vertex z′ ∈ S(cX) can be used to block the attempted update in Yt without
direct “side effects.”

After the burn-in period, we have |S(cX)| ≈ |S(cY )| with sufficiently high
probability. We define a bijection (in fact, a “near-bijection”) between the
set S(cX) and the analogous set S(cY ). Given z ∈ S(cY ), the bijection defines
an associated z′ ∈ S(cX). We now modify the evolution of Y at earlier times,
specifically at the previous updates of z′ and z. At the last (prior to time t)
successful recoloring of z′ we still recolor it to Xt(z

′) in X, but we recolor it
to cX in Y . Consequently, the attempted update of v at time t fails in both
chains.

In order to ensure our partial coupling is valid, we make it “reversible”.
This requires also modifying the last update of z in a reverse manner to z′.
In particular, let S−1(z′) denote those colors c for which z′ ∈ S(c). These
are the colors which can be “swapped” with the current color of z′ and not
affect the coloring on N∗(z′). We define a bijection between the set S−1(z′)
and the analogous set S−1(z). (This requires that we choose a z′ such that
|S−1(z′)| ≈ |S−1(z)|.) Given the color of z′ at time t in X, the bijection
defines a complementary color, say c, for z. We then perform the following
modification of the evolution of Y . At the last (prior to time t) successful
recoloring of z we still recolor it to cY in X, but we recolor it to c in Y .

We call such a sequence of modifications of the evolution of Y at ear-
lier times a “non-Markovian update”. Our coupling evolves X for Cpcn steps

7



where Cpc is a sufficiently large constant. We then evolve Y according to Jer-
rum’s coupling, applying non-Markovian updates whenever possible. These
non-Markovian updates are defined to be symmetric with respect to the roles
of X and Y . More precisely, if we take the final evolution of Y (after all non-
Markovian updates were applied) and evolve X under our coupling, we obtain
the original evolution of X. This reversibility of our coupling will imply it is
a valid coupling.

1.5 Outline of the Paper

The following section presents background material on the coupling tech-
nique, and defines the basic element of our non-Markovian updates. Section
3 formally presents our partial coupling. We prove the coupling is a valid
coupling in Section 4. Before analyzing the coupling in Section 6, we present
some uniformity results in Section 5.

2 Preliminaries

We begin by defining the coupling technique and some Markov chain pre-
liminaries. We then present the definitions which are our non-Markovian
updates. We will let Tpc = Cpcn denote the length of our coupling. Thus,
many of the following definitions will be a function of Tpc.

In the coupling over Tpc steps, we will not attempt any of our non-
Markovian updates during the initial Tm steps. This additional burn-in pe-
riod is needed to ensure that, for every vertex, most neighbors are recolored
at least once. This is necessary to ensure that the neighborhoods of singly
blocked vertices have the desired properties. We will set Tm = Cmn where
Cm << Cpc.

2.1 Coupling Technique

Let Ω denote the states of the Glauber dynamics, P its transition matrix,
and π its stationary distribution. For a pair of distributions µ and ν on
Ω let dTV (µ, ν) denote their (total) variation distance. The mixing time is
defined as the number of steps until the Glauber dynamics is within variation
distance 1/4 of π, starting from the worst initial state.
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We use the coupling method to bound the mixing time. A t-step coupling
is defined as follows. For every (X0, Y0) ∈ S, let (X, Y ) = (X(X0,Y0), Y (X0,Y0))
be a random variable taking values in Ωt × Ωt. We say (X, Y ) is a valid
coupling if for all (X0, Y0) ∈ Ω2, and for all 0 < ` ≤ t, the distribution of X`

is P `(X0, ·) and the distribution of Y` is P `(Y0, ·).
Every coupling satisfies the following bound, known as the Coupling In-

equality [5] (or e.g., [1]). For all X0 ∈ Ω,

dTV (P t(X0, ·), π) ≤ max
Y0∈Ω

Pr (Xt 6= Yt | X0, Y0)

Therefore, by defining a t-step coupling where all initial pairs have coalesced
(i.e., are at the same state) with probability at least 3/4, we have proved the
mixing time is at most t.

For technical reasons, for a graph G = (V, E), we consider the Glauber dy-
namics defined on the set Ω = [k]V where [k] = {1, . . . , k}. (This generaliza-
tion of the dynamics to labellings occurs in all previous works [15, 20, 7, 18].)
The definition of the dynamics is identical to the earlier definition. Observe
that the stationary distribution of this new chain is uniformly distributed
over proper colorings. Therefore, upper bounding the mixing time of this
chain implies the same bound on the mixing time of the original chain de-
fined only on proper colorings. The purpose of allowing improper colorings is
to make it easier to “interpolate” between arbitrary legal colorings, a frequent
operation in path coupling.

We will call the elements of Ω colorings, regardless of whether they are
proper or not. We define a modified Hamming distance metric, ρ, on Ω as
follows:

ρ(X, Y ) :=
∑

w∈V : X(w) 6=Y (w)

exp(d(w)/k). (1)

Note that for regular graphs, ρ is equivalent to Hamming distance. In general,
ρ gives a little more weight to vertices of higher degree.

2.2 Definitions

For X ∈ Ω, v ∈ V , denote the set of available colors for v in X by

A(X, v) := [k] \X(N(v)).

Let X0, . . . , XTpc be a sequence of colorings drawn from the Glauber dy-
namics, where the transitions Xt → Xt+1 are defined by a sequence of uni-
formly random (vertex, color) pairs (vt, ct), for 1 ≤ t ≤ Tpc.
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Definition 2. For any vertex v ∈ V , and time 1 ≤ t ≤ Tpc, we define
the t-epoch for v, denoted I(v, t) = IX(v, t), as the smallest time interval
containing t, in which v is successfully recolored twice. In other words,
I = (tv, t̂v), where tv < t < t̂v, and

tv = max{1 ≤ t′ < t : v = v(t′), t′ ∈ Tsucc}
t̂v = min{Tpc, min{t′ > t : v = v(t′), t′ ∈ Tsucc}},

where Tsucc = {t : Xt(v(t)) = c(t)} denotes the set of successful update times.
If v has not been successfully recolored at some time prior to t, then we
consider tv and I(v, t) to be undefined.

We next lay down a set of eligibility criteria which must be met in order
for a vertex to be considered for a non-Markovian update. Although they
are technical, we need them to ensure that our coupling is well-defined.

For each 0 ≤ t ≤ Tpc, let Ut be a rooted subtree of G. In our construc-
tion, Ut will be a tree rooted at the initial disagreement, which contains all
potential disagreements up to time t.

Definition 3. Fix a time t ∈ [1, Tpc]. For a vertex z ∈ Ut and a color c, we
say “c is an swappable color for z at time t” if all of the following hold:

1. I(z, t) ⊆ [t − Tm, t + Tm], where Tm = Cmn for a constant Cm which
will be specified later.

2. c ∈ A(Xt, z).

3. No child of z attempts color c (successfully or not) at any time in I(z, t).

In our application, the children of z will always be leaves of Ut.

Definition 4. Let 1 ≤ t ≤ Tpc, let c, c′ ∈ [k], and let w be a non-leaf node of
Ut. If exactly one of c and c′ appears among the colors assigned to children
of w under Xt, then we say w is singly blocked for colors c, c′ at time t. (For
our application, c and c′ will be the colors of a disagreement at the parent of
w.)

The following definition is the central component of our non-Markovian
updates.
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Definition 5. Suppose w is singly blocked for colors cb, cu at time t. Let
B = {b1, . . . , b`} 6= ∅ denote the set of children of w receiving color cb. Thus,
cb is the blocked color and cu is the color that does not appear on a child of
w.

Let A = {a1, . . . , aj} be the union of B and those children of w with color
cb swappable, sorted in decreasing order of how many swappable colors each
has (ties broken lexicographically). Similarly, let Â = {â1, . . . , âj′} be the
children of w that have color cu swappable, ordered in the same manner. Let
m = min{j, j′}.

Define the complementary blockers U as follows. If i ≤ m for all ai ∈ B,
then set

U = {âi : ai ∈ A}
Otherwise, if i > m for some ai ∈ B, then U is undefined.

For each âi ∈ U , let Ĉ be the union of Xt(âi) and the set of swappable
colors for âi. Let C be the set of swappable colors for ai. Lexicographically
sort Ĉ = {ĉ1 < · · · < ĉα′} and C = {c1 < · · · < cα}. Let ĉβ = Xt(âi). If β ≤
m, then the complementary color for ai is cβ. Otherwise, the complementary
color is undefined. If the complementary blockers and all the complementary
colors are defined, then we say w is swap-eligible at time t.

In the construction of our coupling, we will be especially concerned with
the possible propagation of disagreements when such a singly blocked vertex
w is updated to cb or cu at time t. When w is swap-eligible and singly blocked
for cb under Xt, we will ensure that w is singly blocked for cu under Yt. To do
this, we will ensure that Yt(U) = cu, and, for each ai ∈ B, Yt(ai) equals the
complementary color for ai. In the case when ct = cb, this coupling will save
a disagreement, compared with the greedy one-step coupling (when ct = cu,
the disagreement still propagates).

Our final definition captures the generalization of the Glauber dynamics
needed for our application of the path coupling technique in the proof of our
main theorem. In the proof we will consider an arbitrary pair of colorings
Q0, Q

′
0. We will then run these chains independently for Tb steps. Label

the vertex set as V = {1, 2, . . . , n}. Then for all 1 < i ≤ n, we will set
Ai = {i, i + 1, . . . , n}, and for all 0 ≤ t ≤ Tb we define W i

t to be the same as
Qt on Ai and the same as Q′

t on V \ Ai.
Note, Qt, W

1
t , . . . ,W n

t , Q′
t is a sequence of colorings where successive col-

orings only differ on (at most) one vertex. Thus, we can use this sequence as
the path in our application of the path coupling technique. For a specific i,
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the sequence W i
0, . . . ,W

i
Tb

does not evolve according to the Glauber dynam-
ics. But the final coloring W i

Tb
will still have the important local uniformity

properties that QTb
and Q′

Tb
also have. Thus, we call it a Tb-step evolution

of the generalized Glauber dynamics. Here is the precise definition of the
generalized Glauber dynamics.

Definition 6. Let A ⊆ V and 0 ≤ t ≤ T . Let Q0, . . . , Qt and Q′
0, . . . , Q

′
t be

sequences of random colorings distributed according to Glauber dynamics,
with an arbitrary coupling that preserves the vertex sequence v(1), . . . , v(t)
(and Q0, Q′

0 are arbitrary). Define a chain of colorings W0, . . . ,WT as follows.
The colorings W0, . . . ,Wt are defined by the following interpolation rule: for
every i ≤ t, w ∈ V , set

Wi(w) =

{
Qi(w) if w ∈ A
Q′

i(w) otherwise

The remainder of the evolution, Wt+1 . . . , WT is sampled according to Glauber
dynamics on (not necessarily proper) k-colorings of G, starting at Wt. We
call any such chain of colorings W0, . . . ,WT , a T -step generalized Glauber
dynamics.

3 Coupling Construction

Our coupling works by taking an arbitrary pair of colorings Q0, Q
′
0 and run-

ning them independently for Tb steps where Tb = O(n log n). This burn-in
period of Tb steps will ensure that with high probability the neighborhood
of every vertex looks close to random in both QTb

and Q′
Tb

. We then ap-
ply path coupling to QTb

and Q′
Tb

. Thus, we define a sequence of colorings

W 0
0 = QTb

, W 1
0 , ...,W `

0 = Q′
Tb

where W i
0 and W i+1

0 only differ on a single ver-

tex. Now for each pair W i
0, W

i+1
0 we define and analyze a coupling over Tpc

steps whose distance decreases in expectation. Each of these intermediate
colorings W i

0 is an “interpolation” between QTb
and Q′

Tb
. More precisely, it

corresponds to a coloring generated by Tb steps of the generalized Glauber
dynamics.

Thus, our coupling lemma will consider a pair of colorings X0 = W i
0 and

Y0 = W i+1
0 which differ at a single vertex and were generated by Tb steps of

the generalized Glauber dynamics. We will then define a Tpc step coupling
of X0 and Y0 which, in expectation, decreases their distance. After using
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this coupling to define QTb+Tpc , Q
′
Tb+Tpc

, we repeat the above procedure of
interpolation and applying our Tpc step coupling. After O(log n) repetitions
of this kind, the chains will have coalesced with probability approaching 1.

Lemma 7. For every ε > 0, there exist Cd, Cpc, Cb such that for every graph
G on n vertices of maximum degree ∆, and girth g ≥ 11, and for every
k ≥ max{(1 + ε)∆, Cd log n}, there exists a Tpc = Cpcn-step partial coupling
of Glauber dynamics, defined for all pairs of colorings which differ at a single
vertex, with the following property. Sample X0 = ZT according to a T -
step generalized Glauber distribution, where T ≥ Tb = Cbn log n. Arbitrarily
choose Y0 which disagrees with X0 at a single vertex. Then with probability
≥ 1− n−10 (over the random choice of X0),

E
(
ρ(XTpc , YTpc) | X0, Y0

)
<

1

2
ρ(X0, Y0).

where X0, . . . , XTpc, Y0, . . . , YTpc are generated according to our partial cou-
pling.

3.1 The Dominating Chain

The coupling we will construct is perhaps most easily viewed as a func-
tion ΨX0,Y0 : (V × [k])Tpc → (V × [k])Tpc , which maps each sequence of
(vertex, color) choices for the (Xt) chain to a corresponding sequence of
choices for the (Yt) chain. For such a function to be a coupling, it must be
one-to-one.

To ensure our non-Markovian updates are one-to-one, we first need to
guarantee that the coupling has certain properties. For example, given X0

and Y0 initially differ on a vertex v, we need to ensure this disagreement
spreads in a locally tree-like manner. To do this, we will employ a simple
Markov chain Z0, . . . , ZTpc , whose state space is the set of functions Z : V →
2[k]. We call (Zt) the dominating chain, because it will satisfy, for every
w ∈ V , 0 ≤ t ≤ Tpc,

Xt(w) ⊆ Zt(w),

and for all w ∈ V, 0 ≤ t ≤ Tpc where Xt(w) 6= Yt(w),

{Xt(w), Yt(w)} ⊆ Zt(w)
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Definition 8. Let X0, Y0 differ at a single vertex v, and denote a sequence
of (vertex, color) updates by s = ((v1, c1), . . . , (vTpc , cTpc)) ∈ (V × [k])Tpc . We
define the initial set Z0 by, for every w ∈ V ,

Z0(w) = {X0(w), Y0(w)}.

Note that, initially, |Z0(w)| > 1 only for w = v. For each t ≥ 1, if vt has any
neighbor w such that |Zt−1(w)| > 1 and ct ∈ Zt−1(w), then we set

Zt(vt) = Zt−1(vt) ∪ {ct}.

Otherwise, if ct /∈
⋃

w∼v Zt−1(w), we update

Zt(vt) = {ct}.

Otherwise, Zt(vt) = Zt−1(v). For all w 6= vt, Zt(w) = Zt−1(w).

Finally, let Dt = {w ∈ V : |Zt(w)| > 1}, and let D = D≤T be the union
of these.

3.2 Construction

Fix initial colorings X0, Y0. The basic idea is to define a sequence of couplings
Ψ0, . . . , ΨT , starting with Ψ0 = id, where Ψi is defined inductively in terms
of Ψi−1 by a number of “partner swaps.” In other words, for each i, there
will be some pairs of color sequences c0 and ĉ for which we will set

Ψi(c0) = Ψi−1(ĉ) and Ψi(ĉ) = Ψi−1(c0).

More precisely, there is a permutation π = πi of order 2 (or 1), such that
Ψi = Ψi−1 ◦ π, i.e., ĉ = π(c0). Since the composition of one-to-one functions
is one-to-one, this will imply that ΨT is, in fact, a valid coupling. We still
need to define the mappings π.

The coupling Ψi will differ from Ψi−1 on color choices relevant to the
attempted update at time i. In particular, typically Ψi and Ψi−1 will either
be identical, or differ only on the color choice at time i. However, when we
attempt a non-Markovian update at time i, we will also modify color choices
at other times. A non-Markovian update requires that the blocking neighbors
of vt have each been recolored at least once; otherwise, vt is not swap eligible
(see Definition 5). For this reason, we will only consider making our non-
Markovian updates after at least Tm steps have occurred. Therefore, we will
set Ψ1, . . . , ΨTm equal to Ψ0 = id. For i > Tm, we will define Ψi inductively.

14



Coupling Definition

Choose c0 randomly from ([k] × V )T . This defines the T -step evolution for
X0. We will define the coupled evolution for Y0 inductively, where Ψi will
denote the coupling in stage i, and ΨT will be the final coupled evolution for
Y0.

Let c0 = ((v1, c
0
1), . . . , (vT , c0

T )). The i-th coupling will be denoted as
ci = Ψi(c0) and ci = ((v1, c

i
1), . . . , (vT , ci

T )). Thus, all couplings will use the
same vertex selections and will only differ on the attempted new color choice.
Hence, we will ignore the vertex choice, and denote ci = (ci

1, . . . , c
i
T ).

First, work out the entire evolution of the dominating chain. If either of
the following occurs for D, then let ΨT = id:

Completing a cycle: D is within 4 edges of completing a cycle.

Repropagation: There exist times t′ < t such that

1. vt ∈ Dt′ , and

2. there exists w ∈ N(vt) such that |Zt−1(w)| > 1 and c0
t ∈ Zt−1(w).

(Condition 2 would cause vt to be added to D at step t, except it had
already been added by time t′.)

Otherwise, we say D is “well-behaved”, and we define our coupling by the
following inductive procedure. Note that the conditions for D being well-
behaved ensure that if an attempted color c0

t matches a disagree neighbor
p ∈ N(vt) (in particular, Xt(p) 6= Yt(p) and c0

t ∈ {Xt(p), Yt(p)}), then p is
the unique disagree neighbor of vt. Thus, the disagreements propagate along
an implicit tree.

Our initial couplings Ψ0, Ψ1, . . . , ΨTm are each the identity coupling. In
what follows, we assume i > Tm.

Given Ψi−1, we construct Ψi by defining a permutation π on [k]T and
setting Ψi(c0) = Ψi−1(π(c0)). For convenience, we let ĉ = π(c0).

Suppose Ψi−1 is given. Work out the T -step evolution of Y0 defined by
Ψi−1(c0). Denote this evolution as Y i−1. Define ĉi as follows:

• If Xi(p) 6= Yi(p) for some p ∈ N(vi) and c0
i = Xi(p), let ĉi = Y i−1

i (p).

• If Xi(p) 6= Yi(p) for some p ∈ N(vi) and c0
i = Y i−1

i (p), let ĉi = Xi(p).

• Otherwise, let ĉi = c0
i .
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Furthermore, if case (1) or (2) holds and vi is singly-blocked in X for colors
Xi(p), Y i−1

i (p), and vi is swap-eligible, then modify the following updates:

1. Let cb ∈ {Xi(p), Y i−1
i (p)} denote the blocking color, and cu denote the

unblocked color. Let B = {b1, . . . , b`} ⊂ N(vi) denote those neighbors
with the blocking color in Xi. Let U = {u1, . . . , u`} ⊂ N(vi) denote
their complementary neighbors, and {β1, . . . , β`} denote the comple-
mentary colors.

2. For bj ∈ B,

(a) Let t be the last successful recoloring of bj in X prior to time i.
Set ĉt = βj.

(b) For any time t ∈ EpochX
i (bj) where vt ∈ N(bj) and c0

t = Xi(bj),
set ĉt = βj.

3. For uj ∈ U ,

(a) Let t be the last successful recoloring of uj in X prior to time i.
Set ĉt = cu.

(b) For any time t ∈ EpochX
i (uj) where vt ∈ N(uj) and c0

t = Y i−1
i (uj),

set ĉt = cu.

Except for the changes above (if any), keep the rest of ĉ the same as c0.

4 Validity

We will consider the evolution of the chain for several sequences of updates.
These sequences will always attempt to recolor vertex vt at time t, and will
only differ on their attempted new color. Therefore, we omit the vertex
choice, and for σ = (c1, . . . , cT ), we let Xσ

t denote the evolution defined by σ,
starting at X0. Let c0 = (c0

1, . . . , c
0
T ) denote the initial evolution of X0, and

let ci = (ci
1, . . . , c

i
T ) = Ψi(c0) denote the i-th coupling. When σ is dropped,

we are implicity referring to the evolution defined by c0.

Observation 9. For all z, t, σ, Xσ
t (z) ∈ Zσ

t (z). Hence, if |Zσ
t (z)| = 1, then

Xσ
t (z) = Zσ

t (z).
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We begin with a few definitions. Let Dσ
t = {w : |Zi

t(w)| > 1}, and let
D = ∪tDt. Also, let Epochσ

t (z) denote the interval from the last successful
recoloring of z (under driving sequence σ, starting from X0) prior to (or equal
to) t (0 if none), to the first one after t (T if none). Let Sσ

t (w) denote the
set of swappable colors for vertex w at time t for the evolution defined by
updates c0, starting at X0.

We will primarily be interested in the evolution from X0 for sequences c0

and ĉ, hence we can simplify notation by letting Xt = Xc0

t , Zt = Zc0

t , Epocht =

Epochc0

t , St = Sc0

t , and letting X̂t = Xbc
t , Ẑt = Zbc

t . Similary, let Y i
t = Y

Ψi(c0)
t

and Ŷ i
t = Ŷ

Ψi(bc)
t .

Our proof will consider the pair of sequences c0, ĉ from round i of the
construction. These sequences might differ at time i and possibly by an
appropriate interchange of colors on some subset W of neighbors of vi, due
to our non-Markovian swap. The following definition formalizes the necessary
notion of similar sequences. On an initial reading, one can consider W = ∅,
and then the sequences only differ on their attempted recoloring of vi.

Definition 10. We call an ordered pair of color sequences c0, ĉ swappable if
there exists a time i and a subset of vertices W ⊂ N(vi) \D, such that the
following hold:

1. D is well-behaved (at least 4 edges away from completing a cycle).

2. N(vt) ∩Di = {p}.

3. c0
i , ĉi ∈ Zi(p);

4. Let w ∈ W , and let t be the last successful recoloring time of w in X
prior to time i. Define

αw = c0
t , and α̂w = ĉt.

We require that t > 0, αw 6= α̂w and α̂ /∈ Xt(N(w)). Thus, α̂w and αw

are both valid updates for w in Xt.

5. For all w ∈ W , all times t ∈ Epochi(w) such that t 6= i and vt ∈ N(w),
we require that

(a) c0
t 6= α̂w and ĉt 6= αw, and

(b) c0
t = αw if and only if ĉt = α̂w,
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(c) if vt = vi, then c0
t 6= αw, ĉt 6= α̂w

In other words, during Epochi(w), color α̂w is a swappable color for w,
and we are interchanging αw with α̂w.

6. At all other times t, c0
t = ĉt.

It is worth pointing out the purpose of the conditions in (5). Part (a)
will imply that α̂w is a swappable color for w in X, while αw is a swappable
color for w in X̂; (ii) will imply these coupled updates are blocked by w in
both chains, and the difference at w won’t propagate, and (iii) eliminates
any direct interactions (via vi) between vertices in W .

The next claim captures the essential properties of swappable sequences
which will be used in our proof that our coupling is valid.

Claim 11. For a pair of swappable sequences c0, ĉ with respect to time i,
W ⊂ N(vt), the following hold:

1. Dc0 = Dbc
2. The following pairs are identical on V \W :

Zi and Ẑi, Xi and X̂i, Yi and Ŷi.

3. For w ∈ W , Xi(w) = αw, and X̂i(w) = α̂w

4. For w ∈ W ,

α̂w ∈ Si(w) and αw ∈ Ŝi(w)

αw ∈ Si(w) ⇐⇒ α̂w ∈ Ŝi(w)

5. For y ∈ N(vi) \D,

|Si(y)| = |Ŝi(y)|

We defer the proof of the claim until the end of the section. We are now
prepared to prove our main lemma that our coupling is valid.

Lemma 12. For 1 ≤ i ≤ T , Ψi is a valid coupling (one-to-one).
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Remark 13. Recall, our definition of Ψi constructs a function π = πi :
[k]T → [k]T and sets Ψi = Ψi−1 ◦ π. In the coupling definition, π(c0) = ĉ.
The key to our proof is that π is a permutation. This then implies Ψi is a one-
to-one function by induction, since Ψ0 is the identity, and the composition
of one-to-one functions is also one-to-one. Our proof that π is a permutation
will be simplified by the fact that it is of order 1 or 2, and it respects the
subcases (A), (B), (C) (which partition [k]T ) in the proof below. In other
words, whenever c ∈ [k]T falls into case, say, (B), in step i, it will also be the
case that ĉ = π(c0) falls into the same case in step i, and that π(ĉ) = c0 (i.e.,
π(π(c0)) = c0). Note that these properties imply that π is one-to-one. Also
note that these properties can be verified for all c0 in case (B) without even
knowing the definition of π for the other cases. This allows us to analyze π
one case at a time.

Proof of Lemma 12. Suppose D has a near-loop or repropagation.
In this case Ψ(c0) = ΨT (c0) = c0 and it is clear that Ψ is one-to-one for

sequences falling into this case.
For the remaining cases, D is well-behaved. We induct on i, following the

outline in Remark 13.

(A) No change, i.e., ĉ = c0 and Ψi(c0) = Ψi−1(c0): Then it follows by in-
duction.

If c0
i ∈ Zi(N(vi) ∩ Di) then |Di ∩ N(vi)| = 1, otherwise D is not “well-

behaved”. Let {p} = Di ∩N(vi). Let δ1 = Xi−1(p), δ2 = Y i−1
i−1 (p). Recall, in

the coupling construction, in this case we are choosing the color of a parent
disagreement. Thus, c0

i ∈ {δ1, δ2}. We divide the analysis into two further
cases, either: (B) both or neither of the colors δ1, δ2 appears in N(vi) \ {p};
or (C) exactly one of the colors δ1, δ2 appears in N(vi) \ {p}.

(B) Suppose one of the following holds:

[doubly-blocked] δ1, δ2 ∈ Xi(N(vi) \ {p}), or
[unblocked] δ1, δ2 /∈ Xi(N(vi) \ {p}).

Note, ĉi = {δ1, δ2} \ c0
i , and

ĉ = (c0
1, ..., c

0
i−1, ĉi, c

0
i+1, ..., c

0
T ).

which differs from the original driving evolution at time i. By Claim 11,
part 2, ĉ also falls into this case. Then it is clear that the corresponding
sequence for ĉ is π(ĉ) = c0. This completes the proof for this case.
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(C) Suppose the following holds:

[singly-blocked] δ1 ∈ Zi(N(vi) \ {p}), δ2 /∈ Zi(N(vi) \ {p}), or
[singly-blocked] δ2 ∈ Zi(N(vi) \ {p}), δ1 /∈ Zi(N(vi) \ {p}).

As in the last case, note, ĉi = {δ1, δ2} \ c0
i . The sequences c0 and

ĉ = π(c0) also differ on a set of times depending on the singly-blocking
set. Denote the blocking color by cb ∈ {δ1, δ2}, and the unblocked color
as cu = {α, β} \ {cb}.
Now consider the non-Markovian updates where c0 and ĉ differ. Let
B = {b1, ..., b`} denote the blocking neighbors of vi, and U = {u1, ..., u`}
denote their corresponding neighbors. Also, let {β1, ..., β`} denote the
complementary colors of B, and {γ1, . . . , γ`} the current colors of U ,
i.e., Xi(uj) = γj.

The sequences c0, ĉ are swappable sequences with respect to time i
where W = B ∪ U , and the auxillary colors αw, α̂w for w ∈ W are as
follows:

For bj ∈ B, αbj
= cb, α̂bj

= βj,
For uj ∈ U , αuj

= γj, α̂uj
= cu,

Using Claim 11,part 3, we can observe the effect of the altered color
choices for B ∪ U . For all u ∈ U ,

X̂i(u) = cu,

and, for all bj ∈ B,

X̂i(bj) = βj

Combined with Claim 11, part 2, we then have that ĉ falls into the same
case, where vi is blocked (by the set U) for color cu, and unblocked for
color cb.

By Claim 11, part 5, for all y ∈ N(vi) \D,

|Sc0

i (y)| = |Sbc
i (y)|

Hence, when we order the neighbors of vi (excluding D) by the number

of swappable colors, it is the same ordering for X and X̂, i.e., in X̂
the complementary neighbor of uj ∈ U is bj. Moreover, by part 4 of
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Claim 11, the pairing between Ŝ(uj) ∪ {βj} and Ŝ(bj), is the same as

the pairing between S(uj) and S(bj) ∪ {γj}. Hence, in X̂, γj is the
complementary color of βj.

Therefore, when we apply the non-Markovian updates to ĉ, we end up
with c0. In other words, π(ĉ) = c0, which completes the proof in this
case.

It remains to prove Claim 11. The claim will follow easily from the fol-
lowing claim detailing the evolution of the dominating chain under c0 versus
ĉ.

Claim 14. Consider a pair of swappable sequences c0, ĉ (with respect to time
i). The following hold:

1. For all y /∈ W , all t, Zt(y) = Ẑt(y);

2. For all w ∈ W , all t /∈ Epochi(w), Zt(w) = Ẑt(w);

3. For all w ∈ W , all t ∈ Epochi(w), Zt(w) = {αw}, and Ẑt(w) = {α̂w}
.

Proof of Claim 14. The proof is by induction on t (the base case t = 0 is
immediate). We’ll consider three cases:

vt = w ∈ W : Note, N(w) ∩ W = ∅ by the girth assumptions. Hence, by

(1), for all y ∈ N(w), Zt(y) = Ẑ(y). Recall that if |Zt(y)| = 1 then

Xt(y) = Zt(y), and similarly for Ẑ and X̂. Thus, for all y ∈ N(w) \D,

we now have that Xt(y) = X̂(y). Since N(w) ∩D = {vi}, and vi first
disagrees at time i, then for all t′ < i we have |Zt′(vi)| = 1 and, for all

y ∈ N(w), Xt(y) = X̂(y).

There are two subcases to consider, either: (a) t is the last successful
recoloring, in X, of w prior to time i, and c0

t = αw, ĉt = α̂w, or (b)
c0
t = ĉt.

In case (a), t < i and by the above observations, we know that X and X̂
are identical on the neighborhood of w at time t. By definition neither
αw or βw appear in the neighborhood of w in Xt, and hence in X̂t as
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well. Therefore the update succeeds in Xt and X̂t, and henceforth (3)
applies.

In case (b), by (1) the neighborhood of w is identical in Zt and Ẑt and
thus the update has the same effect in both chains.

vt ∈ N(w) for some w ∈ W : Suppose t 6∈ Epochi(w). Then c0
t = ĉt. By (1)

and (2) the neighborhood of vt is identical in Zt and Ẑt, and hence the
update has the same effect in both chains, and (1) still applies to vt

after the update.

Consider if t ∈ Epochi(w). Now (1) and (3) apply. Note, either: (a)
c0
t = ĉt and c0

t /∈ {αw, α̂w}, or (b) c0
t = αw, ĉt = α̂w. In (a), by (3),

w plays no role. Moreover, by (1), Z, Ẑ are identical on N(vt) \ {w}.
Hence the update has the same effect in both chains. In (b), by (3),
the update is blocked by w in both chains.

Otherwise: In the remaining cases, c0
t = ĉt, vt 6∈ W, N(vt) ∩W = ∅, so by

(1), the neighborhood of vt is identical in Z and Ẑ. And, once again,
the update has the same effect in the two chains.

Proof of Claim 11. We prove the statements in order.
Note W ∩ Dc0 = ∅. Hence, for all w ∈ W , all t, |Zt(w)| = 1. Then by

parts 2 and 3 of Claim 14, |Ẑt(w)| = 1, hence W ∩Dbc = ∅. Then, by part 1
of Claim 14, we have that Dc0 = Dbc.

For part (2) of the claim, the statement of Z and Ẑ is implied by Claim

14 and part (1) of this claim. To prove the statement for X and X̂, note, by
(1) in Claim 14 and observation 9, we have that for all y ∈ V \ (D ∪W ), for

all t ≤ i, Xt(y) = X̂t(y). Using this, we will also prove that for all t ≤ i, Xt

and X̂t are identical on D. The proof is by induction. The base case t = 0 is
immediate. Consider an update of vt ∈ D. Its neighborhood can only differ
on N(vt) ∩W . But vi is the only vertex in D with neighbors in W . Hence,

for t < i the neighborhood of vt is identical in X and X̂, and both chains
attempt the same new color. Hence, the update succeeds or fails in both.

Now we will prove that Yi and Ŷi are identical on V \ W . Note, the set
W and its neighbors play no role in the coupling before time i. And, c0, ĉ
are identical on V \W , except for vi ∈ D. Since Xt and X̂t are identical on
V \W for t < i, the couplings for c0 and ĉ evolve the same for all t < i.
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Statement (3) of the claim follows immediately from part 3 of Claim 14,
and part 1 of this claim.

For part 4, since W ∩D = ∅, for t /∈ Epochi(w), w ∈ W , Zt(w) = Xt(w) =

X̂t(w) = Ẑt(w). Hence, Epochc0

i (w) = Epochbc
i(w). By the definition of

swappable sequences, during this epoch, we know there are no attempted
recolorings of neighbors of w to α̂w in c0 and to αw in ĉ. Hence, α̂w is a
swappable color in X for w in this epoch, and αw is a swappable color in X̂
for w. Moreover, since attempted recolorings of neighbors of w to αw in c0

correspond to attempted recolorings to α̂w in ĉ, we have the second statement
in part (4) of this claim.

For y ∈ N(vi)\ (D∪W ), since N(y)∩D = {vi}, they and their neighbor-
hood excluding vi are identical at all times. Hence, their swappable colors
are the same in X and X̂. For w ∈ W , for any color c′ 6∈ {αw, α̂w},

c ∈ Si(w) ⇐⇒ c ∈ Ŝi(w).

Combined with part 4 of the claim, we have that |Si(w)| = |Ŝi(w)|. This
completes the proof of the claim.

5 Local Uniformity Properties

In order to prove our main theorem, we require several “local uniformity”
properties of random k-colorings, which are key to showing that our par-
tial coupling decreases Hamming distance in expectation. After a “burn-in”
period of O(n log n) steps, colorings generated by a generalized Glauber dy-
namics will satisfy these properties locally, with high probability.

This approach was introduced by Dyer and Frieze [7], and subsequently
refined by Molloy [18] and Hayes [12].

The following theorem of [12] establishes two properties of random col-
orings, each of which holds with high probability for the Glauber dynamics
after O(n log n) steps “burn-in”. We will use these properties to bound the
probability of certain “bad” events, which inhibit the convergence of our
coupling.

Fix a vertex v, and a subset S ⊂ N(v). For every color c, i ≥ 0, and
coloring X, let Sc,i(X) denote the set of w ∈ S such that exactly i neighbors
z of w, excluding v, satisfy X(z) = c. We call this the subset of S which is
“i times blocked for c.”
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Theorem 15. If g ≥ 6 then for all v ∈ V and t ≥ Cn,

Pr
(∣∣|A(Xt, v)| − ke−d(v)/k

∣∣ > δk
)
≤ e−Cδ2k. (2)

Moreover, for every S ⊂ N(v), c1 6= c2 ∈ [k], non-negative integers i1, i2,
and t ≥ Cn log ∆,

Pr

(∣∣∣∣∣∣∣Sc1,i1(Xt) ∩ Sc2,i2(Xt)
∣∣− 1

i1!i2!

∑
w∈S

e−2d(w)/k

(
d(w)

k

)i1+i2
∣∣∣∣∣ > δ∆

)
≤ e−Cδ2∆. (3)

Remark 16. Although concentration inequality (3) may look ghastly, the
point is that the distribution of |Sc1,i1(Xt) ∩ Sc2,i2(Xt)| is concentrated at a
value which depends only on S, i1 and i2, not on the colors c1 and c2.

Note that the case when S = N(v) and i1 = i2 = 0 corresponds to the
local uniformity property of Molloy [18] (originally proved under the stronger
assumption k/∆ >

√
2).

Also note that if we fix S, i1, and apply (3) for each 0 ≤ i2 ≤ ∆, we can
conclude

Pr

(∣∣∣∣∣∣∣Sc1,i1(Xt)
∣∣− 1

i1!

∑
w∈S

e−d(w)/k

(
d(w)

k

)i1
∣∣∣∣∣ > δ∆

)
≤ e−Cδ2∆. (4)

In particular, when i1 = 0 and S = N(v), this says that, for every v ∈ V ,
c ∈ [k],

Pr

(∣∣∣∣∣∣∣{w ∼ v | c ∈ A(Xt, w)}
∣∣−∑

w∼v

e−d(w)/k

∣∣∣∣∣ > δ∆

)
≤ e−Cδ2∆. (5)

This will be applied in Section 6 to prove that our partial coupling is biased
toward coalescence, assuming non-Markovian moves are available at all singly
blocked steps.

Our next theorem establishes that, after sufficient burn-in, singly-blocked
disagreements are typically swap-eligible, a central result of this paper. Al-
though this is a statement about the time-evolution of the Glauber dynamics,
and so cannot be simply described as establishing a certain property of the
stationary distribution, it is nevertheless very similar in flavor to Theorem 15,
which will be the main tool in its proof. Both theorems can be viewed as
establishing that a uniformity property of the stationary chain is attained
after O(n log n) steps from an arbitrary starting distribution.
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Theorem 17. Let t ≥ Cbn log n, p ∈ V and c, c′ ∈ [k]. Then, with probability
≥ 1 − n−10, at most δ∆ neighbors of p are singly blocked for c, c′, but not
swap-eligible at time t.

Proof. Let c be any color. Let w1, . . . , w` be the neighbors of v for which
color c is a swappable color at time t. For each wi, let si denote the number
of swappable colors for that vertex at time t. WLOG, assume s1 > s2 >
· · · > s`. The main fact we need to establish is that this sequence is “more
or less the same” for every color c. More precisely,

Claim 18. For every two colors c, c′,

Pr (|`− `′| > δ∆) ≤ e−Cδ2∆,

and moreover, for every i ≤ min `, `′,

Pr (|{i : |si − s′i| > δk}| > δ∆) ≤ e−Cδ2∆.

To see this, we first argue about a simpler notion of “swappable color,”
in which we forget about the fact that dangerous vertices are disallowed, as
well as color assigned to v at time t. Moreover, we also forget about the
dependence on the t-epoch of w, instead making a time interval [t1, t2] a
parameter of the notion.

Thus, c ∈ S ′(w, t1, t2) if c ∈ A(Xt1 , w) and if no neighbor of w attempts
color c at any time in [t1, t2].

Let δ∗ > 0 be chosen suitably. For every j ≥ 0, and v ∈ V , define

N j(v) = {w ∈ N(v) : d(w) ∈ (j, j + 1]δ∗∆}.

Thus N(v) is the disjoint union of N0(v), N1(v), . . . , N b1/δ∗c(v).
By (3), in the case S = N j, i1 = 0, and summing over all i2, we know that

about exp(−jδ∗∆/k)|N j| ± δ∆ of the vertices in N j have color c available
at time t1. An easy Chernoff argument shows that, of these, almost surely
about an exp(−(t2−t1)jδ

∗∆/kn) fraction will have no neighbor attempt color
c within the interval [t1, t2]. This establishes that, with high probability,∣∣∣∣∣∣{w ∈ N j : c ∈ S ′(w, t1, t2)}

∣∣− ∣∣N j
∣∣ exp

(
−
(

1 +
t2 − t1

n

)
jδ∗∆

k

)∣∣∣∣ < δ∆,

i. e., that the number of elements of N j for which c is a swappable color, is
largely independent of c.
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Analogously combining the same Chernoff’s bound argument with (2)
instead of (3), we find that, for all w ∈ N j, with high probability,∣∣∣∣|S ′(w, t1, t2)| − k exp

(
−
(

1 +
t2 − t1

n

)
jδ∗∆

k

)∣∣∣∣ < δk.

Hence, for this simpler notion of swappable colors, the Claim holds.
From here, the key insight is that, at least over intervals of length O(n),

we can treat what happens to the neighbors of v as if it had no impact on
the evolution of Xt on the rest of G. More precisely, following [12], we define
a directed graph G∗, which is making all edges of G bi-directed, except those
joining vertices at distance ≤ 3 from v, which are oriented to point toward v.
As shown in that paper, over an interval of O(n) steps, there is a coupling of
the Glauber dynamics on G∗ with that on G, for which, with high probability,
the evolutions differ on at most ε∆ neighbors of any vertex at distance ≤ 2
from v. Consequently, it is enough to consider the Glauber dynamics on G∗.

Note that the distribution of successful recoloring times for neighbors w of
v, even conditioned on the evolutions of their neighbors, depends only on the
degree of w. Also, these recoloring times are fully independent (technically,
this requires that we work with the continuous-time version of the dynamics;
see [12] for more details). It follows that, when v is singly-blocked for colors
c, c′, even conditioned on which neighbors w do the blocking, the distribution
of the lengths of their t-epochs are basically unaffected. This implies that
the full “t-epoch” version of Claim 18 follows from the [t1, t2] version which
we have already shown.

By a similar argument, we see that, conditioned on the evolution outside
N(v), the blocking neighbors of v are nearly uniformly chosen from those
with the blocking color available. It follows by Claim 18 that, as long as the
set of blocking neighbors is of size sufficiently small compared to 1/δ, the
corresponding neighbors probably exist. This is almost certain by (4).

Finally, we argue that the corresponding colors probably exist. To see
this, observe that, for every 0 < α < 1, the set of swappable colors for each
vertex, is very likely to have about an α fraction from the set {1, . . . , bαkc}.
The same is true for its set of available colors. Now consider a complementary
neighbor z′ for a blocking vertex z. Since the actual color Xt(z

′) is essentially
uniformly random in the available colors for z′, it follows that its index among
the blocking vertex is also essentially random. Hence its corresponding color
exists with probability close to 1− δ.
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Remark 19. The proof extends to the generalized Glauber dynamics es-
sentially without modifications. This is discussed in some detail by Molloy
in [18, Section 3].

6 Analysis of our Partial Coupling

In this section, we prove Lemma 7, which says that, assuming the initial color-
ings satisfy the burn-in properties of the previous section, our non-Markovian
coupling decreases the expected value of our modified Hamming distance, ρ,
defined in (1).

6.1 Well-behaved Dominating Chain

Our first step is to prove that the dominating chain, defined in Section 3.1,
is usually “well-behaved” (see Section 3.2).

First, we prove a distributional upper bound on |D|.

Lemma 20. The distribution of |D| is stochastically dominated by the expo-
nential distribution with mean exp(Cpc).

Proof. Our goal is to prove that, for every ` ≥ 1.

Pr (|D| ≥ `) ≤ (1− exp(−Cpc))
` . (6)

Let ` ≥ 1 be fixed.
For each i ≥ 1, let ti be the time at which the i’th disagreement is gen-

erated (possibly counting the same vertex multiple times). Denote t0 = 0.
Let ηi := ti − ti−1 be the waiting time for the formation of the i’th disagree-
ment. Conditioned on the evolution at all times in [0, ti], the distribution
of ηi is stochastically dominated by the exponential distribution with mean
kn/i∆, since at each step prior to ti we have |Dt| ≤ i and thus the set Dt

increases with probability at most i∆/kn. Being somewhat generous, let us
assume each ηi is an independent variable whose distribution is exponen-
tial with mean kn/i∆. Our problem is now to bound the probability that
η1 + · · ·+ η` < Tpc.

Now, consider the problem of collecting ` coupons, when each coupon is
generated by a Poisson process with rate ∆/kn. The delay between collecting
the i’th coupon and the i+1’st coupon is exponentially distributed with mean
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kn/(` − i)∆, and each delay is independent. Hence the time to collect all `
coupons has the same distribution as η1 + · · · + η`. But the event that the
total delay is less than Tpc equals the intersection of the ` independent events
that each coupon is generated at least once in [0, Tpc].

This in turn equals (
1−

(
1− ∆

kn

)Tpc
)`

.

Inequality (6) now follows from the inequality

1− ∆

kn
≥ n

n + 1
≥ exp(−1/n),

which in turn follows from the fact that ∆ ≤ min{k − 1, n}.

We will need the following easy fact, which can be viewed as an upper
bound on any conditional expectation for an exponentially distributed ran-
dom variable.

Observation 21. Let X be a random variable, exponentially distributed with
mean µ, and let A be an event of probability p. Then

E (X 1(A)) ≤ p(µ + 1− µ ln p).

Proof. Let us denote ` = dln(p)/ ln(1− 1/µ)e and q = Pr (X ≥ `).
It is easily checked that the event A which maximizes E (X 1(A)) subject

to the constraint Pr (A) = p, is the union of the event {X ≥ `} and any
sub-event of {X = `− 1} whose probability is p− q.

In this case,

E (X 1(A)) = q(` + µ) + (p− q)(`− 1) = q(µ + 1) + p(`− 1)

≤ p(µ + 1)− pµ ln p.

Our next lemma states that, when |D| is small, it is likely that D is
well-behaved.

Lemma 22. For every ε, Cpc > 0 there exists Cd such that whenever G has
maximum degree ∆ ≥ Cd log n and girth g ≥ 11, k ≥ (1 + ε)∆, Tpc = Cpcn,
then

Pr (D is not well-behaved and |D| ≤ exp(2Cpc)) ≤
2Cpc exp(6Cpc)

k
.
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Proof. Recall that, by definition, there are two ways D may fail to be well-
behaved: repropagation of a disagreement, or nearly traversing a cycle.

Repropagation: In round t, the probability of repropagation is bounded by
|Dt|(|Dt| − 1) maxw∈V |Z(w)|/kn, since for repropagation, vt must be in Dt,
and ct must be Z(w) for some w ∈ N(vt) ∩Dt. Since |Z(w)| ≤ |D| + 1, we
conclude that the conditional probability of propagation in round t is less
than |D|3/kn, regardless of the history. Hence, by a union bound,

Pr (repropagation occurs and |D| ≤ exp(2Cpc)) ≤ Tpc exp(6Cpc)

kn

=
Cpc exp(6Cpc)

k
. (7)

Nearly Completing a Cycle:
In order for D to be within four edges of containing a cycle, there must

be some time t and vertices p, w ∈
⋃

t′<t Dt′ , such that

1. p and w are at distance 5 in G. Since G has girth ≥ 11, this implies
there is a unique path from p to w.

2. vt is the first vertex along the path from p to w, and is added to Dt.

3. p is the unique neighbor of vt in Dt−1.

There are clearly fewer than |D|(|D| − 1) candidates for p and w. Since
there are at most |D| colors which could cause vt to be added to Dt, it follows
by a union bound that

Pr (cycle nearly completed and |D| ≤ exp(2Cpc)) ≤
Cpc exp(6Cpc)

k
, (8)

the same bound as in the repropagation case.
Summing (7) and (8) completes the proof.

6.2 Non-Markovian Updates

We next prove that it is unlikely that a non-Markovian update fails, i. e.,
that any singly blocked update occurs where the vertex is not swap eligible
for the relevant colors.
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Lemma 23. Assuming girth(G) ≥ 6 and k > (1 + ε)∆, the probability that
there exists Tb ≤ t ≤ Tpc such that vt is singly blocked for c0

t but not swap
eligible is o(1).

Proof. We will prove the result under the assumptions that |D| < exp(2Cpc)
and that D is well-behaved. We will also assume that the uniformity property
of Theorem 17 holds at each step t ≥ Tb; namely, that for every vertex v and
colors c, c′, at most δ∆ neighbors are singly blocked for c, c′, but not swap
eligible. From this, the general result will follow by Lemmas 20 and 22,
together with Theorem 17.

In order for vt to be singly blocked but not swap eligible, we must choose
one of at most δ∆ neighbors of one of at most exp(2Cpc) existing disagree-
ments, and must choose a particular color. Hence, at each step, the probabil-
ity of failing to be swap eligible is at most δ∆ exp(2Cpc)/kn < δ exp(2Cpc)/n.
So the total probability of failing to be swap eligible is at most

1− (1− δ exp(2Cpc)/n)Tpc ≤ 1− exp(−δ exp(2Cpc)Cpc) ≈ δ exp(2Cpc)Cpc.

Since we are free to choose δ arbitrarily small compared to Cpc, the desired
result follows.

6.3 Finishing off the Proof of Lemma 7

Now we are ready to prove Lemma 7, which bounds E
(
ρ(XTpc , YTpc)

)
uncon-

ditionally.

Proof of Lemma 7. For 0 ≤ t ≤ Tpc, we define a “good” event G(t) as follows:

1. For 0 ≤ t < Tb, G(t) is the event that for all 0 ≤ t′ ≤ t, all the properties
of Section 5 are satisfied by Xt.

2. For Tb ≤ t ≤ Tpc, we further require that if vt is singly-blocked for color
ct, then it is swap-eligible.

Note that by the results of Section 5, together with Lemma 23, the prob-
ability of G(Tpc) approaches 1. Combining this with Lemma 20 and Obser-
vation 21, we can effectively discount the contribution of the complement of
G(Tpc) to the expectation of ρ(XTpc , YTpc).
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We will use the following notational shorthand. For 0 ≤ t ≤ Tpc, let ρ̃(t)
be defined by

ρ̃(t) = ρ(Xt, Yt) 1(G(t)) =

{
ρ(Xt, Yt) if G(t)

0 otherwise.

Note that ρ̃(0) = exp(d(v)/k), and ρ̃(Tpc) = E
(
ρ(XTpc , YTpc) 1(G(Tpc))

)
.

The broad outline of our proof is as follows. For the initial Tm steps of
the coupling, where we are not considering any non-Markovian updates, we
use the following easy bound (see, e.g., Jerrum’s paper [15]). For arbitrary
Xt, Yt ∈ Ω,

E (ρ̃(t + 1) | Xt, Yt) ≤ (1 + (3∆− k)e/nk)ρ̃(t) < (1 + 2e/n)ρ̃(t). (9)

For the final Tm steps of our coupling, it is possible that all the singly-
blocking vertices involved in our non-Markovian updates remain disagree-
ments at time Tpc. (However, we are still guaranteed that these disagree-
ments will not spread.) By (4), the expected number of blocking vertices
for any update is less than 10, conditioned on G(t− 1). This lets us make
the following upper bound on the expected change in (modified) Hamming
distance for the last Tm steps:

E (ρ̃(t + 1)) ≤ (1 + 20(3∆− k)e/nk)ρ̃(t) < (1 + 40e/n)ρ̃(t). (10)

For the middle Tpc − 2Tm steps of our coupling, we will prove that, when
Cd is chosen sufficiently large,

E (ρ̃(t + 1)) ≤ (1− δ/n)E (ρ̃(t)), (11)

for a suitable constant δ (of the same order of magnitude as ε). From (9),
(10) and (11) we then have

E (ρ̃(Tpc)) ≤ (1 + 2e/n)Tm(1 + 40e/n)Tm(1− δ/n)Tpc−2Tm < 1/4, (12)

when Cpc is sufficiently large relative to δ and Cm.
Now let Tm < t < Tpc−Tm and condition on the good event G(t). In case a

bad event occurs at time t+1, such as traversing a cycle, or a non-Markovian
update failing, then ρ̃(t + 1) = 0, which would be the best possible outcome.
Otherwise, observe that a ρ̃(t + 1) > ρ̃(t) exactly when the attempted update
(v(t), c(t)) for Xt satisfies:
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1. The color c(t) is the same as the color of the parent of v(t) in Y t
t ;

2. The parent of v(t) is colored differently in the two chains; and

3. No neighbors of v(t), excluding its parent, have color c(t).

4. G(t + 1) holds.

By (5), when Xt and Yt differ at a single vertex, the expected value of
ρ̃(t + 1)− ρ̃(t) is, with high probability, about

1

kn

∑
w∼v

exp(−d(w)/k) exp(d(w)/k)− A(Xt, v)

kn
exp(d(v)/k) ≈ d(v)− k

kn

< −ε/2n.

(Making δ sufficiently small compared to ε allows us to treat the approximate
equality above as an equality.) A similar argument shows that in general,

E (ρ̃(t + 1) | Xt, Yt) < (1− ε/2n)ρ̃(t).

Thus we have established the desired bound stated in inequality 11.

6.4 Proof of Main Theorem

We can now complete the proof of our main theorem.

Proof of Theorem 1. Given any two initial colorings Q0, Q
′
0 ∈ Ω, we be-

gin by “burning in” both colorings for Tb = Cn log n steps. Then, for
1 ≤ j ≤ 2 log n, we apply our Tpc-step non-Markovian coupling to the pair
(QTb+(j−1)Tpc , Q

′
Tb+(j−1)Tpc

) to define (QTb+jTpc , Q
′
Tb+jTpc

). Because, when non-
zero, ρ is always at least 1 and at most en, if we could show that

E
(
ρ(QTb+jTpc , Q

′
Tb+jTpc

) | QTb+(j−1)Tpc , Q
′
Tb+(j−1)Tpc

)
≤ 1

2
ρ(QTb+(j−1)Tpc , Q

′
Tb+(j−1)Tpc

), (13)

this would imply by induction that

E
(
ρ(QTb+2Tpc log n, Q

′
Tb+2Tpc log n)

)
= O(1/n),
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and hence by Markov’s inequality,

Pr
(
QTb+2Tpc log n 6= Q′

Tb+2Tpc log n

)
= O(1/n).

Although (13) is actually too strong to be true, the following weaker
statement is true, and will suffice for our purposes.

X E
(
ρ(QTb+jTpc , Q

′
Tb+jTpc

) | QTb+(j−1)Tpc , Q
′
Tb+(j−1)Tpc

)
≤ 1

2
ρ(QTb+(j−1)Tpc , Q

′
Tb+(j−1)Tpc

), (14)

where X denotes the indicator variable for the event that all colorings on the
path from QTb+(j−1)Tpc to Q′

Tb+(j−1)Tpc
satisfy the high probability statement

in the hypothesis of Lemma 7. By a union bound, with probability ≥ 1 −
n−8, X is 1 for all j ≤ 2 log n and all of the interpolated colorings between
QTb+(j−1)Tpc and Q′

Tb+(j−1)Tpc
. This will suffice for our desired conclusion.

For notational simplicity, we henceforth assume j = 1 for the rest of this
proof. The general case follows with only trivial modifications.

In order to establish (14), we first need to extend the definition of our
Tpc-step coupling to apply to arbitrary pairs of colorings, not just pairs which
differ at a single vertex. To do this, we apply the path coupling technique of
Bubley and Dyer [2].

Consider an arbitrary canonical ordering on V , say V = {v1 < v2 < · · · <
vn}, and let Vi = {v1, . . . , vi}. For T = Tb + jTpc, for each 0 ≤ i ≤ n, we
define W i

T as the interpolation between QT and Q′
T with respect to Vi (see

Definition 6). Compose the Tpc-step couplings guaranteed by Lemma 7 along
this path. Applying the triangle inequality along the path W 0, . . . ,W n, we
have

E
(
ρ(QT+Tpc , Q

′
T+Tpc

) | QTb
, Q′

Tb

)
≤

n∑
i=1

E
(
ρ
(
W i−1

T+Tpc
, W i

T+Tpc

)
| W i−1

Tb
, W i

Tb

)
.

By Lemma 7, we have

XE
(
ρ(QT+Tpc , Q

′
T+Tpc

) | QT , Q′
T

)
≤ 1

2

n∑
i=1

ρ
(
W i−1

T , W i
T

)
≤ 1

2
ρ(QT , Q′

T ).

This completes the proof of (14), and hence of Theorem 1.
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