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Abstract. The Max-Min Fairness problem is as follows: Given m indivisible goods and k players,
each with a specied valuation function on the subsets of the goods, how should the goods be
split between the players so as to maximize the minimum valuation. Viewing the problem from
a game theoretic perspective, we show that for two players and additive valuations the expected
minimum of the (randomized) cut-and-choose mechanism is a 1=2-approximation of the optimum.
To complement this result we show that no truthful mechanism can compute the exact optimum.
We also consider the algorithmic perspective when the (true) additive valuation functions are part
of the input. We present a simple 1=(m  k + 1) approximation algorithm which allocates to every
player at least 1=k fraction of the value of all butthe k 1 heaviest items. We also give an algorithm
with additive error against the fractional optimum bounded by the value of the largest item. The
two approximation algorithms are incomparable in the sense that there exist instances when one
outperforms the other. We conclude with a 1 =2 + " factor NP-hardness of approximation result.

1 Introduction

The need for fair division of a set of objects among several pies emerges naturally in many real-life
scenarios, ranging from inheritance and divorce settlemes to border disputes. Naturally, the political
science and economic literature addresses the issues offdivision under various assumptions and objec-
tives (see, e.g., Brams and Taylor [2]). But few of the method view the problem from a computational
perspective and most assume the existence of several dib objects or the possibility of a monetary
compensation in order to achieve a balanced division. In céain situations such as some inheritance
disputes the items are often indivisible, of di erent value to each of the parties, and the parties might
not be able to compensate the other players nancially.

General Max-Min Fairness Problem. There are k players and a setA of m indivisible objects.
Player i has a non-negative valuation functionv; : 2* I R which is normalized to vi (A) = 1. The goal

The inspiration for the Max-Min Fairness problem comes fromits divisible counterpart: the cake-
cutting problem. Initiated by the Polish school of mathematicians in the 1950's, in the cake-cutting
problem k parties attempt to divide a cake between them in a fair manner Generally, one of two
objectives comes under consideration: envy-freeness orilfdractions. A division is envy-free if every
player thinks she got at least as much as any other player. A diision is divided into fair fractions,
if each person gets at least 2k of the whole cake (from her perspective). The cake-cutting epresents
a problem from the class of divisible fair allocation problens and several solutions for both objective
functions are well-known (see, e.g., Robertson and Webb [R]Perhaps the most interesting aspect of the
cake-cutting solutions is their truthfulness; in other words, players are given guarantees if they do not
lie about their valuation functions.

Lipton, Markakis, Mossel and Saberi [6] studied the indivisble variant of the envy-free cake-cutting
problem. Under the assumption that players reveal their true valuation functions, Lipton et al. presented
a simple polynomial-time algorithm producing an allocating with an absolute bound on the envy. Their
envy is guaranteed to be at most the maximal marginal utility de ned as the largest value by which a
value of a set increases after enlarging it by exactly one eteent. Their algorithm works for (essentially)
unrestricted classes of valuation functions, with the cavat that the true valuation functions are known
to the algorithm. It is not known whether there is a reasonabke mechanism when the players can lie
about their valuations in order to obtain a larger portion.

The Max-Min Fairness problem is an indivisible analogue of he fair-fractions cake-cutting problem,
and it has been proposed by Liptonet al. as an open direction. We note that this problem and the envy-
minimization problem are of di erent nature as there exist i nstances when the minimum value obtained by
the envy-minimizing splits is arbitrarily worse than the mi nimum in the max-min allocations. Similarly,
the envy of the max-min allocations might be much bigger thanthe envy in the envy-minimizing splits.



We consider two di erent input settings. In the \ known valuations' setting the algorithm is given an
oracle access to they;'s. In the opposite \unknown valuations' setting, the algorithm asks the players
directly for the v; values. This setting is conceptually more di cult, since th e players might opt to lie in
the hope of achieving a better split for themselves. We assumthat the players do not know anything
about the other players' valuations.

A general valuation function assigns a real number to everysbset of A, and one may need to specify
2™ numbers to describe it. Therefore we will work with two restricted but natural classes of valuations.
We call a valuation additive if the value of a set equals the sum of the values of the individal items.
A valuation is maximal if the value of a set of items equals the value of the most expesive item in the
set. This situation corresponds to a set of items of similar dinctionality such as nding a full-time job.
Notice that the above valuations are induced bym real numbers, the values of single items fromA.

In the case of known additive valuations, the Max-Min Fairness problem is a special case of a schedul-
ing problem where the completion time of any single machines maximized. Woeginger [11] and Epstein
and Sgall [3] presented polynomial-time approximation sckemes for uniformly related machines. These
results immediately translate to instances of the Max-Min Fairness problem where all the players have
equal valuations. Woeginger [12] gave a pseudo-polynomialgorithm for constant number of machines

(players).

1.1 Our Results

Mechanism design. In the case of unknown valuations, the mechanism needs to eit relevant infor-
mation from the players who might try to play deceitfully. Ou r main result is a randomized allocation
procedure for two players, which achieves at least half the gtimum for both players in expectation. This
result might not sound surprising. A trivial algorithm give s all the items to a single player, determining
the recipient by an unbiased coin ip. Every player expects E2 value of the goods, so the minimum of
the expected values is £2. However, the expected minimum is 0O, since the other playedoes not get
anything. We want to avoid this situation.

We say that a randomized algorithm for the Max-Min Fairness problem c-approximates the optimum,
if the algorithm guarantees that the expected minimum (as ogposed to the minimum of the expected
values) is within a c factor of the deterministic optimum. Our algorithm, a rando mized cut-and-choose
mechanism, is an expected #2-approximation, provided that the players play rationall y. However, full
rationality requires the cutter to solve an NP -complete problem: nding the optimal cut. Fortunately
this is not necessary. We show that it su ces to be rational in a limited sense: the cutter needs to
nd a locally optimal cut for which we provide a polynomial-t ime algorithm. This is the rst truthful
mechanism with provable guarantees for a problem of fair abbcation of indivisible goods.

Omniscient algorithms.  We present a simple polynomial matching-based algorithm foknown maximal
valuations. Building on this algorithm we obtain a 1=(m k+1) approximation of the optimal allocation
for known additive utilities. Iteration of a variant of this algorithm guarantees a Xk fraction of all but
the k 1 heaviest items to every player. More precisely, every plagr gets a bundle that is at least as
good as getting everyk-th item, where the items are sorted decreasingly by their imividual values.

We also present an algorithm based on an integer rounding oftte corresponding linear programming
relaxation, which allocates to every player the fractional optimum value minus the heaviest item. The
rounding technique is inspired by the work of Lenstra, Shmog and Tardos [5]. They considered the
makespan-minimization problem when scheduling a set of jab on unrelated machines. Their rounding
method is based on the insight that the graph underlying the factional solution is a bipartite pseudo-
forest, which may then be rounded to a matching. We use the sam framework for the rst part of our
rounding scheme. However, since our problem is of an oppositnature (a maximization rather than a
minimization), we need to round the pseudoforest edges to atsicture which has a matching-like be-
havior for one partition of the underlying bipartite graph w hile in the other partition it behaves like an
\anti-matching". Our contribution consists of nding such a structure, described in Lemma 4.

We note that the two algorithms we exhibit for the additive va luations are complementary, in the
sense that each outperforms the other on some inputs.

Our algorithms are not only polynomial time but are e cientl y implementable.

Finally, using an idea similar to that of Lenstra et al. [5], we prove that no approximation algorithm
exists for > 1=2 unlessP = NP . A linear factor approximation algorithm and a 1 =2+ " hardness result
were obtained independently by Markakis and Saberi [7].



1.2 Related Economic Work

In the economic and political sciences literature (see, e.gBrams and Taylor [2]) the goal di ers somewhat
from ours: the quality of an allocation is measured in terms & equitability (did the players get the
same utility?), envy-freeness, and e ciency (no other allocation gives a larger utility to all players
simultaneously). Probably the most well-known method is the so-called adjusted winner procedure. It
uses a monetary rebalancing in order to satisfy the equitallity, envy-freeness and e ciency conditions
simultaneously.

Moulin [8] considered a related problem wherem identical indivisible objects need to be allocated
to k parties, each of which speci es a request for a certain numlreof objects. He gave a proportional
allocation method and proved that it is the only fair method (in the sense of \Equal Treatment of
Equals", i.e., two agents with identical claims should recéve the same random allocation) satisfying
other desirable structural invariance properties.

2 Notation

The valuation functions can be expressed conveniently as aomplete weighted bipartite graph which we
refer to as the valuations graph One partition represents the set of players and the other tothe set of
goods where the weight of the edgeiyj ) is vi(j ).

We denote the optimum value by OPT. We say that a randomized algorithm is an expectedc-
approximation of the optimum if E(min; vi(A;)) cOPT.

3 Known maximal valuations

In this section we present a polynomial-time algorithm to nd a fairness maximizing allocation for known
valuations of maximal type. This problem is equivalent to the following matching problem applied to
the valuations graph of the Max-Min Fairness instance whereA is the set of goods andB is the set of
players.

Max-Min Matching Problem.
Input: A bipartite graph G = (A [ B;E) and edge-weightsw : E ! R . Goal: A matching M E
such that

1. M coversB, i.e. for everyb2 B there existsa s.t. (a;b) 2 M,
2. minimum weight edge inM is as large as possible, i.e., for everi ° covering B, minez;m w(e)
Mingz v o W(eE).

Lemma 1. There is a polynomial-time algorithm for Max-Min Matching.

Proof. The algorithm works as follows: Choose a threshold and create an unweighted graphG; by
omitting edges in G of weight < t. Check whether G; contains a perfect matching. ThenG has a max-
min matching t if and only if G; contains a perfect matching. We can now nd the optimal t by binary
search. u

4 Known additive valuations

In the case of known additive valuations, nding a fairness naximizing allocation is NP -complete since
the SUBSET SUM problem (see, e.g., Garey and Johnson [4]) is special case for 2 players and identical
valuations, i.e., vi  Vvo. We present an approximation guarantee of ¥m Kk + 1) where m is the
number of items and k the number of players. Moreover every player gets at least th value of every
k-th item if items are sorted decreasingly by this player's vduations. Inspired by the work of Lenstra
et al. [5] we analyze an LP based algorithm with an additive guaranee against thefractional optimum.
Our algorithm gives a utility of at least the fractional opti mum minus the player's largest item to every
player. These two algorithms are incomparable, in the sens¢hat neither performs consistently better
than the other (as discussed in Appendix 7.2). We note that itis NP-hard to approximate the optimal
solution to the Max-Min Fairness problem to within factor ~ for any > 3. This can be be seen via a
reduction from 3-MATCHING; the details are in Appendix 7.3.



4.1 An approach via Matching

Lemma 2. Max-Min Matching gives al=(m k+ 1) approximation to the Max-Min Fairness problem
with additive valuations.

Proof. Let OPT be the value of the optimal solution for a Max-Min Fairness instance with additive
valuations and let A; be the set of items allocated to playeri in the optimal solution. Without loss of
generality, we can assume that every person is allocated aeast one object. Otherwise, the optimum is 0
which happens if and only if the graph obtained from the valuaions graph by deleting edges of 0 weight
does not have a matching of siz&. This can be checked in polynomial time.

Let x; 2 A;j be the largest object in thei-th player's valuation. By the pigeon-hole principle v; (x;)
vi(A))FAij and jA;jj (m k+1). We create a matching M ° by matching up the i-th player with
Xij. SupposeM is an optimum matching in the Max-Min Matching problem. Then min; yom Vi(j)

min(i;j )2M°Vi(j) OPT:(m k+1) u
The instance of two players with valuationsv; = (™-2—; 1-:0;0;:::;0)and Vo = (2= & =500 = mmTZ))

for m items shows that the approximation ratio 1=(m k + 1) is tight for this algorithm, and cannot
be improved even by assigning the remaining items. However evdo get an absolute guarantee when the
input does not contain a large item.

Theorem 1. Let x;.1;:::;Xim be a decreasingly sorted sequence of goods according to thid player's
valuation, i.e., vi(Xij )  Vi(Xij +1 ) for everyj. There exists a polynomial-time aIgoBthm which produces
B partition of the goods such that each playei is guaranteed a value of at least . vi(xik ) (1

}(:11 Vi (Xij ))=k. Moreover, the algorithm has al=(m k+1) approximation guarantee, wherem is the
number of goods andk is the number of players.

Before we prove the theorem, it will be advantageous to statea generalization of the Max-Min
Matching problem.

Generalized Max-Min Matching Problem. Input: A bipartite graph G = (A [ B;E), edge-weights
w:E! R g, and vertex valuesv(b) 2 R* for everyb2 B. Goal: A matching M  E such that

1. M coversB, i.e. for everyb2 B there existsa s.t. (a;b) 2 M,
2. minimum weight edge in M, together with the value of the adjacent vertex, is as large a possible,
i.e., for every M ° covering A, MiN(apy2m W(A; D) + v(b)  mingpy2omow(a; b) + v(b).

Lemma 3. There exists a polynomial-time algorithm for the Generalied Max-Min Matching problem.

Proof. We will reduce the Generalized Max-Min Matching to the Max-Min Matching problem. Given
an input instance to the Generalized Max-Min Matching problem G, w and v, we create an instanceG,
wP of the Max-Min Matching by letting w%a;b) = w(a; b) + v(b). Then the optimum solutions for both
instances, respectively, are identical. u

Proof of Theorem 1. We run the Generalized Max-Min Matching algorithm iterativ ely. We start with
the valuations graph of the Max-Min Fairness instance with player vertices valued initially at 0. After
nding the max-min matching M, we assign the goods irM to the corresponding people. We update
the vertex values to Vpew (i) = Voig (i) + wW(i;j ) where (i;j ) 2 M and we erase the used itemsGpey =
Golg NGoodgM ) where GoodgM ) is the set of goods covered byM . We nd the Generalized Max-Min
of the new instance and continue until the number of goods isdss than people.

Since we use the original Max-Min Matching algorithm in the rst iteration, the 1=(m Kk + 1)
approximation factor follows from Lemma 2. Notice that the rst Generalized Max-Min Matching always
matchesi with an item x;; wherej k. In general, the “-th Generalized Max-Min Matching matches

i with xi; where | k™. The worst such allocation for i would be getting xjc for * = 1;:::;bm=kc.
But X is the largest item amongx;; forj = k';:::;k(" +1) 1. Thereforei gets a value of at least
@ il )=k, u

The guarantee to playeri is tight for the algorithm, as can be seen from the following &ample of
k players having identical valuations, with k 1 items of value Ek each andnk + 1 items of value
1=(nk? + k) each, so that their total value is 1=k. Then the above algorithm (assuming every iteration
matches maximal matching), gives value £k+ n=(nk?+ k) to k 1 players, while the remaining player
gets (n + 1) =(nk? + k). This converges (for largen) to 1=Kk?.



4.2 Linear Programming Relaxation

Another approach to solving the Max-Min Fairness problem isto formulate it as an integer program.
Let x;; denote the indicator variable for \player i gets itemj". Then x;; 2 f 0;1g. The constraints on
the program are that each item must be allocated exactly onceand that each player's utility must be at
least as much as the objective function. Thus the optimal albcation for the Max-Min Fairness problem
instance is the solution to the integer program:
X X
Maximize ! subject to: x;; 2f0;1g; 8j : Xij =1 and 8i:! vi(j) Xij
[ i
We consider the linear programming relaxation that allows factional allocations, or in other words,
arbitrarily divisible goods.
X X
Maximize ! subjectto: 0 x;; 1; 8 : Xij =1 and 8i:! Vi(J) Xij
[ i
Note that the optimal value of ! for the linear program, henceforth denotedF OP T, is at least 1=k where
k is the number of players. Moreover the optimal (fractional) allocation satis es the property that all
players in a connected component of the valuations graph regve the same total value.
Given a feasible solutionx = (Xij )1 i k1 j m to the above linear program, Ietig =(Xij)1j m
denote the items allocated to playeri. By abuse of notation, we'll usev;(x;) to denote | Vi (i) xij , the
utility to player i from this allocation.

Theorem 2. Let ® be an optimal (fractional) solution of the above program, wih FOPT; = v;(Rj).
Then there exists an integer solutiony such thatv;(y;) max(0;FOPT; max; vi(j)). It follows that
min; vi(y;) max(0;FOPT max; vi(j)). Moreover, y can be found in polynomial time.

We credit part of the proof of the above theorem to Lenstra, Stmoys and Tardos [5] who used a
similar theorem in a di erent scheduling context. The Max-M in Fairness is a special case of a scheduling
problem on unrelated machines where the minimum machine copletion time is maximized. The op-
posite problem of minimizing the maximum machine completian time (also called makespan) has been
extensively studied. Lenstraet al. [5] provided a 2-approximation algorithm for unrelated machines, as
well as a 43 " factor non-approximability result if P 6 NP . Their algorithm is based on an inte-
ger rounding of the corresponding fractional solution. Ourcontribution is summarized in the following
lemma.

Lemma 4. Let G be a bipartite pseudotree, i.e., a connected graph with at nsd as many edges as
vertices. Let A and B be the vertex sets of5 and let E be the edge set. Then there is a s& E such
that for all j 2 A, S coversj by exactly one edge, and for everiy2 B, S coversi by at leastdeg() 1
edges. This set can be found in polynomial time.

Proof. First of all, note that a graph G is a pseudotree if and only if it has the property that it is either a
tree or a tree plus one edge. IG°is the graph obtained by deleting from G a vertex of degree 1 together
with the (unique) edge incident with it, then GPis also a pseudotree. The following procedure constructs
the required setS E.

{ Case 1:G contains a degree 1 vertew 2 A. In this case let e be the edge incident withv. Let G°
be the graph obtained by removingv and e from G. Let S° E be the set of edges obtained by
recursively applying this procedure to G (Note that if G®is a two vertex graph with a single edge,
then we can setSP to contain the single edge.) SetS = SO[f eg.

{ Case 2:G contains no vertices of degree 1 iMA, but does contain a degree 1 vertew 2 B. Note
that such a vertex v can a ord to have no edge incident with it in S. As before, let G° be the graph
obtained by removing v and its incident edge fromG, and S° be the recursive solution forG°% Then
setS= SC

{ Case 3:G contains no vertices of degree 1. In this cas& could not have been a tree, so it must be a
tree plus one edge. Moreover, it must in fact be a cycle. (A tre always contains at least two vertices
of degree 1; the only way for a tree plus one edge to have no degr 1 vertices is if the tree had exactly
two degree 1 vertices and the extra edge connected these twim this case it is a cycle). Finally, since
G is bipartite, it must be an even cycle. Thus we can setS to be either set of alternating edges inG.

This completes the proof. u



Sketch of the proof of Theorem 2(complete proof can be found in the Appendix 7.1). We dene a
bipartite graph G with partitions |, the set of users, and], the set of goods. An edge;j is included if
Rij > 0. The technique of Lenstraet al. implies that G is a pseudoforest (each component is either a
tree or a tree with an additional edge).

Using the Lemma 4, we can round into (integer-coordinate) y as follows: For every componenC of
G let Sc be the set of edges de ned by applying Lemma 4 tcC. Let y;; = 1 if and only if it corresponds
to an edge from anSc. Clearly, rounding y;; to 1 does not decrease the value for player and since we
round at most one edge incident to every player down to 0, the fayer loses at most max v; (j ). u

5 Unknown Additive Valuations

We now consider the case where the algorithm does not know thelayers' true valuations as part of
its input but must instead elicit information about them fro m the players. Thus the task of nding an
optimal allocation becomes a mechanism design problem. Inhis setting, one cannot assume that the
players will not try to cheat to their own advantage. Ideally, one would like a mechanism which forces all
the players to be truthful (by arranging the payo s so that re vealing their true valuation is the players'
best strategy). Unfortunately, as the next example shows, 0 mechanism (deterministic or randomized)
for the Max-Min fair allocation problem can be truthful.

Example 1. SupposeM is a mechanism to compute a Max-Min fair allocation. Conside two players
with the following valuations for three items.

O % O
Alice|2/31/3 0
Bob | 0 1/21/2

M will allocate g; to Alice and the rest to Bob, giving Alice a utility of % However by declaring her
valuation as (%; %;0) Alice can trick the mechanism into giving Bob only gs, and increasing her utility
to 1.

In light of this, we would like to examine what can be accomplshed by mechanisms which elicit
only partial information about the valuations from the play ers. In the spirit of the classical cake cutting
problem of Banach, Knaster, and Steinhaus [10] we would likedo have a mechanism that gives each
player a guarantee based on the information received from ta player, such that deceitful play always
results in a worse guarantee to the player, even if not a worspayo in every instance. Also, we would
like deceitful play by one player to a ect the guarantees of dher players as little as possible. We would
like the guarantee provided by the mechanism to be as nice asgssible.

As a rst attempt, we consider mechanisms that get no informaion from the players. This does not
give the players any opportunity to cheat. Consider the mectanism that simply assigns all the goods to
a single player chosen uniformly at random. Then each playés expected utility is 1=k and hence the
minimum expected utility is 1 =k. However the mechanism always gives nothing to all but one plyer.
Thus the actual minimum utility (and hence also the expected minimum utility) is always 0, which is
rather unsatisfactory.

We can try to x this problem by assigning the goods at random, but having a separate lottery for
each item. Thus the mechanism throwsm unbiasedk-sided dice and thereby comes up with an allocation.
Again, by linearity of expectation, each player's expectedutility and the minimum expected utility are
1=k. As the following example shows however, this mechanism alsdoes not have a very good guarantee
on the expected minimum utility.

Example 2. Consider k players andk items. Suppose for each, 1 i Kk, player i's valuation is given
by vi(i) =1, vi(j) =0 for all j 6 i. The optimal allocation is to assign each item to the unique payer
desiring it, so that everyone has utility 1. The randomized mechanism described above achieves this
allocation 1=k of the time. The rest of the time it gives at least one item to a \wrong" player, so that
the minimum utility is 0. Thus, the expected minimum utility is 1=k¥.

Thus, unless the players provide some information about th& valuations, no reasonable guarantee
can be made for the the expected mininum utility.

In Section 5.1 we present a randomized mechanism for two pl&ys which with some assumptions on
the players' strategies, gives an expecteé-approximation to the optimal allocation, while simultane ously
guaranteeing each player at least £2 of what they would have got in the optimal allocation. How to
extend this to more than two players is as yet unclear.



5.1 Two Players: Cut-and-Choose

In this section we investigate the cut-and-choose mechanis for two players. In the basic cut-and-choose
mechanism player 1 divides the goods into two parts, and plagr 2 chooses one of the parts. Player 1
then receives the other part. Even in the case of divisible gods, player 2 may have an advantage in this
game. We'll consider the more symmetric version in which therst player (\cutter") is chosen by a fair
coin ip. (We do not assume that the players have the same valations.)

We take the standpoint that each player wishes to optimize he worst case outcome against adversarial
play by the opponent. Thus the cutter's goal is to divide the goods as equally as possible. However, the
cutter's optimization problem is NP-hard by reduction from SUBSET SUM. With this in mind we
introduce the following notion of local optimality.

Denition 1.  We will call a partition ( S;T) of the goodslocally optimal for valuation v if moving a
single item from either side to the other does not decrease thdisparity of the partition, jv(S) v(T)j.
Moreover we require that whenever the disparity is positive all items of zero value are on the smaller
side.

We now observe that a locally optimal partition can be computed in nearly-linear time.
Proposition 1.  Given any valuation v, a locally optimal partition can be computed in time O(m logm).

Proof. Sort the goods in decreasing order of value. Iteratively asgn the most valuable remaining good
to the less valuable ofS and T, breaking ties arbitrarily. The sorting requires O(m logm) time, and the
assignments take onlyO(m) time. All that remains is to check that the resulting partit ion is locally
optimal.

First note that if moving the smallest good on the bigger sidedoes not shrink the gap, then neither
will moving any other good. This smallest good,j, was the last good to be added to the bigger side.
Without loss of generality, assumev(S) > v (T). Let Sy = Snfjg,and let Ty T be those goods inT
which were allocated beforg . Then v(Sg)  v(Tp), or the algorithm would have assignedj to T. Thus

V(S) V(T)= Vv(So)+ v(j) V(T) V(So)+ Vv(j) V(To) V();
which implies movingj from S to T would not decrease the gap. u

Our main result in this section is that, assuming both players produce locally optimal partitions when
cutting and select the larger piece when choosing the randoined cut-and-choose mechanism produces
an allocation whose expected minimum utility is at least haf the maximum minimum utility. Moreover,
it guarantees each player at least half what they would have eceived in an optimal solution. Note also
that these guarantees are preserved if the players are trulyational, i. e., unhindered by computational
constraints, since the true optimal partition does satisfy the local optimality conditions.

Theorem 3. Let players P; and P, have additive valuation functionsv; and v,. Let A;; A, be the
optimal allocation for these valuations, i.e., the allocaion maximizing min; vi(A;) and let OPT =
min; vi (Aj). Then, assuming both players produce locally optimal parions, the randomized cut and
choose mechanism produces an allocatio8;; S, such that

E minv(S) %OPT and for eachi  E (vi(S)) %vi(Ai)
I

Proof. Suppose playeP; cuts. Let (S; T) be the cut made byP; and let v1(S) = % andvy(T) = %+
Player P, may now choose either of the sets, andP; gets the other. Note that in this protocol P, is
guaranteed a utility of at least 3, which is at least v,(A»).

{ Case 1:P, choosesS. This means that v,(S) % Thus the allocation S; = T, S; = S satises
min; vi(Si) 3. SinceOPT 1 we have minvi(S)) 3OPT in this case.

{ Case 2:P, choosesT and jTj = 1. This means that the single item j in T is valued by both players
at at least % In this case, the optimal allocation is to give| to the player valuing it more and the
rest of the items to the other player. The allocation S; = S, S, = T achieved by the mechanism is
the same as this optimal allocation whenv,(j)  vi(j), and otherwise it is ipped, in which case

mini Vi(Si) 0.



{ Case 3:P, choosesT and jTj= m® 2. This means thatv,(T) 3.Letj 2 T be the item that P;
values least, so thatvy(j) (% + )=m® Since P; cannot improve the split by moving j from T to

S, it follows that vi(j) or in other words, v1(j) 2 . These two inequalities, together with
the fact that m® 2 imply that Z.
We haveS; = S, S; = T and min; vi(Si)) = 3 . In order to show this is at least OP T it su ces

to show that OPT 1 2 . We will show this by contradiction. SupposeB ;B is an allocation in
which min; v;(Bj) > 1 2 .Thenvy(B1) > 1 2. SinceP; values every item inT at least 2 , it
follows that T  Bj. But this means that B, S, sothatv,y(B2) V2(S)=1 vu(T) % <1 2

since % This gives the desired contradiction. In fact, the above agument shows that P; cannot

get more that 1 2 in the optimal allocation, so that we also havev; (S;) %vi (A)

By symmetry, all of the above holds if we switch playersP; and P,. In cases 1 and 3 we achieVéOPT
and each player gets at least half what they would have in the ptimal allocation, regardless of who
cuts. In case 2 we achieve the optimal allocation with probability% and give each player something non-
negative otherwise. It follows that using an unbiased coin ip to determine who cuts gives an allocation
with the desired property. u

Note that the above analysis is tight: suppose there are fouitems that the players value at (%; %; 0;0)
and (0; 0; %; %) respectively. Assuming that the players do not know each ohber's valuations and that the
cutter makes a locally optimal cut, no matter who cuts, in the resulting allocation both players get utility
%. On the other hand, the optimal allocation gives both players utility 1.

6 Conclusions and Open Problems

We presented a linear factor approximation algorithm for the Max-Min Fairness problem with additive
valuations, and a corresponding hardness result of factor=22. We also analyzed a (deterministic) rounding
technique which obtains an integer solution with an additive guarantee against the fractional optimum.
Can randomized rounding be used to give a better-than-lineaapproximation guarantee? Can we get a
better non-approximability factor using Probabilistical ly Checkable Proofs [1]?

We showed that the randomized cut-and-choose mechanism gi¢ an expected %2-approximation
guarantee against the deterministic optimum for two players. Can we obtain an improved approximation
factor for two players? How can one generalize the two playemechanism for three or more players?
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7 Appendix

7.1 Complete proof of Theorem 2

Proof of Theorem 2. Since the inequalitiesx;; 1 are redundant, we havekm + k + m inequalities
de ning the polytope of feasible solutions of the linear pragram. There arekm variables x;; and one! .
Supposer is an optimal solution located in the \corner" of the polytop e. Therefore at leastkm + 1 of
the inequalities de ning the polytope are satis ed as equalties, implying that at most k+ m 1 of the
variables are non-zero.

We de ne a bipartite graph G with partitions |, the set of users, andJ, the set of goods. An edge
i;j is included if ®;; > 0. We will show that G is a pseudoforest (each component is either a tree or a
tree with an additional edge).

Let C be a connected component o, let | ¢ ; Jc be the corresponding partitions. Let (©) be the part
of ® restricted to C. Letus x 4 and® except for the variables fromC and let L be the linear program
restricted to variables de ned by C. We will prove that ®(€) is an extreme point ofLc. Suppose not, then
there exist feasible pointsy;y» in L¢ such that (y1 + y2)=2 = (€, Let z; be a vector identical toX but
with ®(©) replaced with y;. Then z; is a feasible point of the original linear program and® = ( z1 + z,)=2,
a contradiction with its extremity.

Sincex (©) lies in the \corner" of Lc, by the above argument at mostjlcj+ jJcj of the corresponding
variables are non-zero, i.e. there are at mosficj + jJcj edges inC. Therefore C is either a tree or a tree
with one additional edge.

Using this structure and Lemma 4, we can round® into (integer-coordinate) y as follows: For every
component C of G let Sc be the set of edges de ned by applying Lemma 4 tcC. Let y;; = 1 if and
only if it corresponds to an edge from anSc. Clearly, rounding y;; to 1 does not decrease the value for
player i and since we round at most one edge incident to every player an to 0, the player loses at most
max; Vi (j). u

7.2 Why Two Algorithms?

In Section 4 we presented two approaches for approximatingte optimal solution to the Max-Min Fairness

problem. The guarantees of these two algorithms are of di eent types. Whereas the rst approach,

based on matching, gives a multiplicative guarantee, the lear programming approach gives an additive
guarantee against the fractional optimum, which is at leastas good as (and often signi cantly better

than) the integer optimum. These algorithms are not comparale, in the sense that neither performs
consistently better than the other in all situations as the following examples demonstrate.

Example 3. Consider four items and two players with the following valuations:

O @ B
Alice|2/31/3 0 0
Bob (1/3 1/4 1/4 1/6

The matching algorithm allocates g, and g, to Alice and g; and gz to Bob, resulting in a minimum value
of % The corresponding linear program actually has an integer ptimal solution in which Alice gets g;
and Bob gets the rest and they both get a value 0f§.

Example 4. Consider ve items and three players with the following valuations:

O 9 03 U O
Alice 1 O 0 O
Bob |0 1/3 1/3 1/3 0
Caroll0O O O 1

where < % For this example, the matching algorithm nds the optimal s olution, which is to allocate
g; and g, to Alice, gz to Bob, and g4 and gs to Carol, with a minimum value of % The linear program
produces the fractional allocation depicted in gure 1 the fractional edges depend on the exact value of

. Our rounding procedure then assigngy; to Bob, g; to Alice, gs to Carol, g, to Bob(!) and g4 to Carol,
resulting in a minimum value of . Since is arbitrary, this allocation could be very poor.



Alice Bob Carol
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Figure 1: The LP solution. Grey edges denote fractional allocations.

7.3 Non-approximability

In this section we analyze a £2+ " factor hardness result under the assumptior 6 NP . Our argument
uses a re nement of a reduction due to Lenstraet al. [5].

Proposition 2.  There is no polynomial-time -approximation algorithm for Max-Min Fairness for >
1=2 unlessP = NP.

Proof. We present a reduction from 3-matchings. In the 3-matching poblem, the input consists of disjoint
setsX;Y;Z,each of sizen,andasetE X Y Z.The goalisto decide whether there existd E
of sizen such that [ (xy.zy2m fXy;zg= X [ Y [ Z. This problem is known to be NP-complete.

For a 3-matching instance we create the Max-Min Fairness innce as follows. Every player corre-
sponds toe 2 E, thus k = jEj. The items areX [ Y and a set of \dummy" items. For every z 2 Z there
will be mz = jf(x;y;z) 2 Ejx2 X;y 2 Ygj 1 copies of dummies corresponding t@, denoted d;; .
(Without loss of generality, we can assume thatm, > 0. Otherwise either there is noe 2 E incident to
z, which is a clear NO for the 3-matching, or there is a singlee 2 E incident to z and it must be included
in M.) Thereforem =2n+(jEj n). Player e = (x;y;z) has the following valuations: ve(X) = ve(y) =1,
Ve(dzj ) = 2k=m; for everyj m;, and ve(X% = Ve(y%) = Ve(dzoj) =0 for every x°6 x, y°6 vy, z°6 z
andj mgo.

Let OPT denote the optimum of the Max-Min Fairness instance. We clam that there exists a 3-
matching if and only if OPT 2. To see this, suppose there is a 3-matchin{yl . Then we can assign
items x;y to every (x;y;z) 2 M. For (x;y;z) 2 E nM we assign one of the dummiesd,; . Since all of
the dummies are valued at 2 by the corresponding players, every player is given a value 2.

On the other hand, supposeOPT 2. There are at leastn people without a dummy in the optimum
solution. Every (x;y; z) without a dummy must get both x andy. This is possible if and only if the set
of no-dummy people is a 3-matching of the original instance.

Notice that if OPT < 2, it is indeed 1. Therefore having a -approximation for the Max-Min
Fairness for > 1=2 would imply a polynomial-time solution for the 3-matching problem. u
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