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Abstract

We study the problem of counting and randomly sampling
binary contingency tables. For given row and column sums,
we are interested in approximately counting (or sampling)
0=1 n m matrices with the specied row/column sums.
We presert a simulated annealing algorithm with running
time O((nm)?D 3dmax log®(n+ m)) for any row/column sums
where D is the number of non-zero entries and dmax is the
maximum row/column sum. This is the rst algorithm to
directly solve binary contingency tables for all row/column
sums. Previous work reducedthe problem to the permanert,
or restricted attention to row/column sumsthat are closeto
regular. The interesting aspect of our simulated annealing
algorithm is that it starts at a non-trivial instance, whose
solution relies on the existence of short alternating paths in
the graph constructed by a particular Greedy algorithm.

1 Intro duction

Counting and randomly sampling binary corntingency
tables is an important problem in Statistics. Various
methods have beenproposedin the literature (e.g., see
[6, 1, 4, 17]for recert work related to the classicalprob-
lem of \Darwin's nc hes"), but the desired theoretical
work on the e ciency of theseapproadcesis lacking.
The problem can be formalized as follows. Given a

m
0=1 matrix wherethe i-th row sumsto r(i) and the j -th
columnsumsto c(j), foralll i n;1 j m. An
ecient (approximate) sampling schemethen yields an
approximation algorithm to count the number of tables
with the desiredrow/column sums. Graph theoretically,
we are generating a random bipartite graph with vertex

andv; hasdegreec(j). We will primarily usethe graph
theoretic view in the presenation and analysis of our
algorithm.

Our emphasisis on algorithms that are provably ef-
cient for arbitrary degreesequences.More precisely
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we are seeking an algorithm which approximates the
number of tables within a multiplicativ e factor 1 "
with probability at least 1 and runs in time polyno-
mial in n; m; 1=" and log(1=). Currently the only such
method reduces cortingency tables to the permanert
[11, 10). The reduction results in a permanert compu-
tation of an”~ * matrix where® = (( n+ m)?). The
quadratic blowup in the size of the instance is particu-
larly unappealing in light of the large running time for
permanert algorithms. The best known algorithm for
computing the permanert of ann  n 0=1 matrix runs
in O(n” log* n) time [3].

We presert a new algorithm for sampling and count-
ing binary cortingency tables with arbitrary degreese-
quences,by directly exploiting the combinatorial struc-
ture of the problem. The resulting algorithm is consider-
ably faster than permanert basedalgorithms, although
our new algorithm is still far from practical.

Before giving a high level description of our re-
sults, it is important to highlight seweral alternativ e ap-
proaches for binary cortingency tables. Two popular
approachesare a Markov chain, known as the Diaconis
chain, which walks on the set of tables with the desired
row/column sums [7], and importance sampling, e.g.,
see[6].

The Diaconis chain is known to cornverge to a
random table for regular degreesequencegi.e., r(i) =
c(j) for all i;j) and sequencessu cien tly close to
regular, see Kannan, Tetali and Vempala [13], and
Cooper, Dyer and Greenhill [5]. An alternative (non
Markov chain) approach for regular degree sequences
with degree O(n'=%) was preseried by Kim and Vu
[14]. No theoretical results are known for either of
these approadhes for arbitrary degreesequences. The
importance sampling approach appears to work well
in practice, but there are no theoretical results on its
e ciency . We refer the readerto [15] for a discussionof
importance sampling, and [6] for recert re nements of
the approad.

Our new algorithm is inspired by the permanert
algorithm of Jerrum, Sinclair, and Vigoda [11], but
requires an interesting algorithmic twist. The new
algorithmic idea relies on a combinatorial property of
bipartite graphs satisfying a given degreesequence.

The basis of our algorithm is a Markov chain



which walks on bipartite graphswith the desireddegree
sequenceand graphs with exactly two de ciencies. We
s&y a graph has a de ciency at vertices u; and v; if
they havedegreer(i) landc(j) 1, respectively, and
all other vertices have the desireddegree. The number
of graphs with the desired degree sequencemight be
exponertially fewer than the number of graphs with

two de ciencies. Thus, we needto weight the random
walk de ned by the Markov chain so that graphs with

the desireddegreesequenceare likely in the stationary

distribution.

Let w(i; j ) denotethe ratio of the number of graphs
with the desired degree sequenceversus the number
of graphs with de ciencies at u; and vj. It turns
out that given rough approximations to w(i;j), for
all i;j, the Markov chain weighted by these ratios
quickly readchesits stationary distribution, and samples
from the stationary distribution can then be used to
get arbitrarily close estimates of w(i; j). This type
of bootstrapping procedure for recalibrating the ratios
w(i; j) wascertral to the algorithm for the permanert.

For the permanert there is an analogousMarkov
chain on perfect matchings and matchings with at most
two unmatchedvertices(or holes)wherethe correspond-
ing ratios, denoted asW(i; j ), are the number of perfect
matchings divided by the number of matchings with
holes at u;;vj. In the caseof the permanert, a boot-
strapping algorithm for computing the ratios W yields
a natural simulated annealing algorithm. Consider an
unweighted bipartite graph G that we wish to compute
the number of perfect matchings of. In the complete
bipartite graph, denoted as Gy, it is trivial to exactly
compute the ratios W(i; j) for every i;j. From Gg, we
then slightly decreasethe weight of edgesnot appear-
ing in G, giving a new weighted graph G;. Using W for
Go we usethe bootstrapping to closely estimate W for
Gi1. Then we, alternately, decreasgslightly) the weight
of non-edgesof G creating a new graph G;, and then
usethe estimatesof W for G; 1 to bootstrap W for G;.
A crucial elemen of this algorithmic approac is that
the quantities W(i; j) are trivial to compute in the ini-
tial graph, which in this caseis the complete bipartite
graph.

For contingency tables, what is a starting instance
wherewe can easily estimate the ratios w(i; j )'s? Recall
that our nal goal is to sample subgraphs of the

complete bipartite graph with given degree sequence.

It is not clear that there is sometrivial graph which
we can useto start the simulated annealing algorithm.
This is the key problem we overcome.

We prove that if we construct a graph G with
the desired degreesequenceusing a particular Greedy
algorithm, we can estimate the ratios w(i;j) in the

weighted complete bipartite graph where edgesof G
have weight 1 and non-edgeshave su cien tly small
weight. The algorithm to estimate the ratios follows
immediately from the following property of G . For
every pair of vertices u;;v;, there is a short alternating
path between u; and vj, or there is no graph with
the degree sequencewith de ciencies at u;;Vv;. (An
alternating path is a path which alternates between
edgesand non-edgesof G .) Moreover, the alternating
path is of length at most 5, which implies a trivial
algorithm to count the number of minimum length
alternating paths. This combinatorial fact is the main
result of this paper. It is interesting to note that
this combinatorial property fails to hold for many
natural variants of Greedy and max- o w algorithms for
constructing a graph with a speci ed degreesequence.
To the authors knowledge, this is the rst exampleof a
simulated annealing algorithm which starts with a non-
trivial instance.

The algorithmic consequenceof our work is an
O((nM)2D 3dnmax log®(n+ m)) time algorithm to approx-
imately court the number of bipartitg, graphs,gvith the
desireddegreesequencewhereD = r(i)= c¢(j) is
the total degreeand dmax = maxfmax; r(i); max; c(j)g
is the maximum degree. In the worst casethis trans-
lates to an O(n'! log® n) algorithm for ann  n matrix
sinceD = O(n?) and dmax = O(n). Moreover, we can
count subgraphsof any input graph (seeSection2.5 for
a discussionof this extension). The following is a precise
statemert of our main result.

Theorem 1.1. For any bipartite graphG = (U[ V;E)

0 < " < 1, we can approximate the number of
sulgraphs of G with the desired degree sequene (i.e.,
u; has degree r(i) and v; has degree c(j), for all i;j)
in timg O((NM)?B *dmax log®(nm=")" 2log(1= )) where
D= r(i)= i c(j) is the total degree and dmax =
maxf max; r(i); max; c(j )g is the maximum degree. The
approximation is guaranteed to be within a multiplicative
factor (1 ") of the correct answer with probability
1

Sincewe can considersubgraphsof any bipartite graph,
the above formulation generalizesthe permanenrt, and
matches the running time of the fastest algorithm for
the permanert [3], since for the permanert, we have
D = n;dmnax = 1.

The paper is organized as follows. In Section 2 we
give the basic de nitions and presert a high level de-
scription of our simulated annealing algorithm. This
section aims to motivate our work on the Greedy algo-
rithm. We prove our main result about short alternating



paths in the graph constructed by a particular variant
of Greedy in Section 3. We concludewith a breakup of
the running time stated in Theorem 1.1 in Section 4.

2 Preliminaries

2.1 Denitions. We use U and V to denote the
partitions of vertices of the bipartite graph on n+ m
vertices. Thus, the desired degreesequences denoted
by r and cwherer :U! Nyg;c:V ! Ny.

For every vertex v 2 V(G), let N(v) denote its
neighborhood set and let N(v) = V nN(v) if v 2 U,
and N(v) = UnN(v) if v 2 V. We will usea;u to
denote verticesin U and b;v to denote verticesin V.

Definition 2.1. We say that a bipartite graph with

partitions U, V corresponds to the degree sequences
r:uU! Ng c:V ! Ngif deg@@ = r(a) for

everya 2 U and deg) = c(b) for everyb 2 V. A

pair of degree sequen@sr, c is feasibleif there exists a

correspnding bipartite graph.

Let P bethe set of all graphs corresponding to r;c.
Recall, our overall aim is to approximate jPj. It is easy
to construct a graph with the desired degreesequence,
or determine that no such graph exists, using a Greedy
algorithm (there are many valid variants) or a max- ow
algorithm. We study one sud variant of Greedy in
Section 3. Hence, we can assumethat r;c denes a
feasibledegreesequence.

In our simulated annealing algorithm, graphs with
the desired degree sequence,except at two vertices,
called holes (or de ciencies), will play a certral role.
This is akin to the role of near-perfect matchings in
algorithms for the permanert.

Definition 2.2, Letu 2 U;v 2 V andletr, c be a
pair of degree sequen@s on U, V. We de ne degree
sequen@swith holesat u;v as follows:

AW (g) = ( r(a) if aé u
- re 1 fa=u

( _
&V (b = c(b) if b6 v
cb) 1 ifb=v

We say that u;v is a pair of feasible holes for the
degreesequences’, c if the pair of sqquenesr ), ¢V
is feasible.

Let N (u;v) be the set of all graphs corresponding to
r(W:c) whereu2 U,v2 V,andlet N = [ 4y N (u;Vv).
Let =P[ N.

2.2 High-lev el Algorithm Description. We now
give a rough description of the simulated annealing
algorithm. This is not the novel aspect of our paper,
the algorithmic approach is very much inspired by
algorithms for the permanert. Our emphasisin this
section is to motivate our main result about the graph
constructed by the Greedy algorithm.

The simulated annealing algorithm will considera
sequenceof activities on edgesof the complete bipartite
graph. There will be a subgraph corresponding to the
Greedy algorithm which always has activity 1 on each
edge, and the other edgeswill initially have activities

0, and these edges will slowly increase their
activities to 1. More precisely let G denote the
graph with the desired degreesequenceconstructed by
Greedyalgorithm which is formally de ned in Section3.
(The details of this graph are not relevant at this stage.)
For a positive parameter , we de ne the activit y of edge
e= (x5y),x2U,y2V, as:

1 ife2 E(G)

() = if e 62E(G )

The activity of agraph G 2  is then de ned as:

(e) =

(G) = JE (G)NE (G )j

e2E (G)

Einally, the activity of a set of graphs is
c2s (G)-

(S) =

2.3 Bootstrapping.
ing ideal weights

A key quartity are the follow-

(P)

W (uv) = (N (u;v))

It turns out that given close approximations to these
weights, there is a Markov chain which can be used
to eciently generate samples from P weighted by

Thus, using these ideal weights for 1 we
can e cien tly sample graphs with the desired degree
sequence.By a standard reduction [12] approximating
jPj can be reduced to sampling almost uniformly at
random from P.

Given a constart factor approximation to the ideal
weights w , samples from the Markov chain can be
used to boost these weights to an arbitrarily close
approximation. This is the bootstrapping procedure.
The same approad is used for the approximation of
the permanert. Using the bootstrapping procedure
to re ne rough estimates of the ideal weights we can
obtain a simulated annealing algorithm for sampling
binary cortingency tables. We start with o close
to O (specically with o = "(nm) P), where, for a



particular choice of G , it turns out to be possibleto
compute a (1 ") approximation of the ideal weights
w  in a straightforward manner. We will then raise
slightly to a new value ;. The ideal weights w for

o Will be a rough approximation to the ideal weights
for ;. Then, we can usethe bootstrapping procedure
to boost these to get arbitrarily close estimates of
w . We cortinue to alternately raise slightly, and
then bootstrap new estimates of the ideal weights.
Evertually, becomesl and we will have a suitable
approximation of the ideal weights for = 1.

Algorithms for the permanert use a similar simu-

lated annealing approach, but instead start at the com-
plete bipartite graph and slowly remove edgesnot ap-
pearingin the input graph. We instead start at a graph
which dependson the desireddegreesequence We then
slowly add in non-edgesuntil we reach the complete bi-
partite graph. In some sensewe are doing a reverse
annealing.

2.4 Estimating Initial Weights. Now we can ad-
dresshow we estimate the ideal weights for  su cien tly

small. Note, (P) and (N (u;v)) are polynomialsin
In particular,
® D k
P)= P ;
k=0

where px denotesthe number of graphs corresponding
to r; c which contain exactly k edgesof G . Similarly,

1

(Nuv) = p* °tk

k=0

where p,"’ is the number of graphs corresponding to
r(W); ) which contain exactly k edgesof G .

For sucien tly small, to approximate thesepoly-
nomialsit su ces to determine the lowestnon-zerocoef-
cient. The graph G constructed by Greedy hasdegree
sequence; ¢, and henceit hasexactly onesubgraph (G
itself) that hasthis degreesequence.Thus, the absolute
coecient of (P)is1andwecanapproximate (P) by
1. Foru2 U;v 2 V, if (u;v) 2 E(G ), then the sub-
graph with edgesk(G ) n(u;v) has holesat u;v, and
this is the only subgraphwith degreesequence (“); ¢().
In this casewe can also approximate (N (u;Vv)) by 1.

If (u;v) 62E(G ), then there is no subgraph of G
with holesat u;v, i.e., degreesequence (W):c¥). Note,
we can not approximate (N (u;v)) by 0, sincewe need
an approximation that is closewithin a multiplicativ e
factor. We instead needto determine the lowest non-
zero coe cien t of the polynomial. The lowest degree
with a non-zero coe cien t is dependert on the length

of the shortest alternating path betweenu and v in
G . We prove that for our particular choice of G ,
for every u;v there is an alternating path from u to
v of length at most 5, or u;v are infeasible holes (in
which casewe do not needto considertheir polynomial).
Sincethesealternating paths are soshort, in polynomial
time we can simply enumerate all possiblesuch paths,
and exactly determine the lowest non-zero coe cien t,
thereby obtaining a good approximation to (N (u; v)).
This will result in the following lemma:

Lemma 2.1. Let r;c be a feasible dggree sequene and
let " > 0 and W There exists a graph

G (independent of " and ) such that for any pair

of feasible holes u; v we can compute a weight w(u; v)

satisfying
@ "w(uv) w (uv) @+ "w(u;v):

in time O(nmd2,,). Overall, the construction of G

togetherwith the computation of w(u; v) for all feasible

holesu; v takestime O((nMdmax )?).

2.5 Subgraphs of Arbitrary Input Graph. The
above high-level algorithm description applies to the
contingency tables problem, where we are generating a
random subgraph of the complete bipartite graph K .,

with the desireddegreesequence.Our approac extends
to subgraphsof any bipartite graph G = (V;E).

The general algorithm proceedsas in Section 2.2.
Thus, regardlessof G, we construct G usingthe Greedy
algorithm and approximate the initial weights. For non-
edgesof G , their activity is slowly raised from 0
to = 1. At this stage all edgeshave activity = 1,
and thus we can generate random subgraphs of K n.m
with the desired degreesequence. Then for non-edges
of G, i.e., (u;v) 62E, we slowly lower their activity from

(u;v)=1to (u;v) O.

Lowering the activities is analogousto raising them,
and only requires that the weights w at the previous
activities can be used to bootstrap the weights w
at the new activities. The algorithm ends with close
approximations to the weights w for the graph with
activities of (u;v) = 1forall (u;v) 2 Eand (u;v) O
for all (u;v) 62E. Thus, we can generate random
subgraphsof G with the desired degreesequence.

2.6 Algorithm Analysis Due to spaceconstraints,
we have omitted the precisedescription and analysis of
the Markov chain and simulated annealing algorithm.
The analysis is technical and builds on the following
recernt works. The mixing time of the Markov chain
is analyzed using the multicommodity ow approac
of Diaconis and Stroock [8], and Sinclair [18]. We



de ne a canonical ow similar to the construction by
Cooper, Dyer, and Greenhill [5]. The analysis of the
0 ws usescombinatorial identities motivated by those
recently usedin [3] for the permanert. We also usethe
faster cooling schedule of [3] for the simulated annealing
algorithm. The details of the algorithm and its analysis
can be found in the full version of this paper [2].

3 Greedy graph

In this section we prove that in the graph constructed
by Greedy, a standard greedy algorithm with a specic
rule to break ties, for all u;v there is a short alternating
path from u to v or there is no graph with holesat u;v.
This immediately implies Lemma 2.1.

Definition  3.1. Let G = (U;V;E) be a bipartite graph
with partitions U;V and edge set E, and let u 2 U,
v 2 V. We say that there exists an alternating path
from u to v of length 2k + 1, if there exists a sequen@
of vertices u

The Greedy algorithm depends on an ordering of
the vertices. We need an ordering which is consisten
with the degreesequencen the following sense.

Definition 3.2. Fix c:V ! Ng andlet be a total
ordering on V. We saythat is consistert with c, if
for every by; by with c(by) > c(lp), vertex by precedesh,
in  (i.e. b ).

We now de ne the Greedy algorithm which is the
focus of our analysis. It can be viewed as a recursive
procedure which matches the highest degreevertex in
U, say X, to r(x) highest degreeverticesin V. Then
the procedurerecurseson the residual degreesequence
obtained from the original sequenceby setting the
degreeof x to zero and decremening the degreesof
all its neighbors, until all residual degreesequal zero.
However, we needto specify how to break ties when two
verticeshave the sameresidual degree. This turns out to
be the crucial aspect of our algorithm. For this purpose
we intro duce an additional parameter of the algorithm,
a preferencerelation  which is initially consistent with
c. For the recursive call we use a relation ” induced
by on the residual sequenceé¢. Here is the formal
description of the algorithm:

Pro cedure Greed y(r;c; ),
wherer : U! Ng, c:V ! Nj are degreesequences
and is atotal ordering on V consistert with ¢

Let G = (U;V;;) be a bipartite graph with parti-
tions U, V and no edges.

If P aul(a)é P p2v C(0), return \Sequencesnot
feasible‘l':,

If  _,,r(@ = 0,retun G.

Let x 2 U be a vertex for which r(x) is maximum
(if there is more than one, choosearbitrarily).

Let Y V bethe rst r(x) verticesin the order-
ing

If Y contains a vertex of degreeO, return \Se-
quencesnot feasible".

For every y 2 Y, add the edge(x;y) to G.

Let G := Greed y(f; &;”), where

1 b2y
b2VnY

(
c(b)
c(b)

r(a a2uUnx

Na) = 0

&(b) =

a= X
and ~ isatotal orderingonV dened by: by ~ b
if and only if &(by) > €(I) or

&by) = &(by) and by by

Add the edgesof G to G and return G.

It can be shown that the Greedy algorithm does
indeed output a graph corresponding to the desired
degreesequencd it is feasible(seethe full version [2]
for the proof). The correctnessof the algorithm appears
to be a folklore result. A related, standard algorithmic
result is a max- ow characterization for the existence
of graphs satisfying a given bipartite degreesequencen
[9, 16].

Now we are ready to presert our main result. We
claim that in the graph constructed by Greedy there
is a short (constant-length) alternating path between
any two feasible holes. One such graph is depicted in
Figure 1. It shows a pair of feasiblevertices as, bs and
an alternating path as; by; as; bs; az; bs betweenthem of
length 5. Notice that the holes a7, b; are infeasible,
thus there is no alternating path between them. In
contrast with our main result, it is possibleto construct
a family of graphs which require alternating paths of
linear length for certain pairs of holes. Each graph in
this family is an output of a greedy algorithm which
breaks ties arbitrarily . The construction can be found
in [2].

Theorem 3.1. Letr;c be a pair of feasible degree se-
quenes and let  be a total ordering on V consistent
with ¢. Let G = (U;V;E) be the graph constructed by
Greed y(r;c; ). Then for any pair of feasible holes
uz2 U, v 2V in G there exists an alternating path
fromu to v of length 5.

Proof. We prove the Theorem by induction on the
number of non-zeroertries in r. In the basecase,there
is a single non-zeroertry in r. For any pair of feasible
holes u; v, the non-zero ertry is r(u) and G contains



u=a,

Figure 1: The Greedy graph
on the sequence(l;2;2;3;4;5;7),
(1;2,2;3;4;5; 7). Y

the edge(u;v). Thus u;v forms an alternating path of
length 1.

For the inductive hypothesis, assume that the
Lemmais true for every triple (r%c% 9, wherer® c®are
feasibledegreesequencest ° cortains fewer non-zeroen-
tries than r, and ©is a total ordering consistert with
c®. Let u2 U, v 2V bea pair of feasibleholesfor r;c.

to a 2 U are addedin the i-th iteration (or recursive
call) of Greed y(r;c; ). We say that this is the recur-
sive call when a; is processél. In the rst recursive call
X = a;. Recallthat Y denotesthe setof a;'s neighbors.

If u= a;, we construct a short alternating path
from u to v asfollows (Figures 2,3).

{ If v2Y,then (u;v) is an edgein G and thus
u; v forms an alternating path of length 1.

{ If v2Y,let wbeany neighbor of v. Such
a neighbor exists since deg(v) > 0, sinceu; Vv
are feasibleholes. Sinceu is the vertex of the
highestdegree,degiw) deg(u). Hencethere
exists a vertex z 2 Y which is not a neighbor
of w. (If not, then deglw) 1+ jY]j> deg(),
a contradiction.) Then u;z;w;v forms an
alternating path of length 3.

Supposeu 6 a;. Recall that f, ¢ are the reduced
degree sequencescorresponding to the graph G
obtained from G by removing all edgesadjacert
to a;.

{ If u;v are also feasible holes for f; ¢, then we
may usethe inductiv e hypothesisto conclude
that there existsan alternating path from u to
vin G oflength 5. Note that the correctness
of Greed y and the assumption that r;c are
feasibleimply that r; ¢ are feasiblesequences,
and " is consistert with € by de nition. Hence

Figure 2: u= a; andv 2

Figure 3: u= a; andv 2
VnY

we can indeed apply induction. SinceG and

G dier only in edgesadjacert to a; and the

path in G doesnot usea; (because(a;) = 0),

the path is also an alternating path of length
5in G.

Supposethat u; v are not feasibleholesfor ; €.
We usethe following claim:

Claim 1. If u;v are not feasibleholesfor f; ¢,
then v 2 Y is of dggree c(v) = 1 and there
existsv®2 V nY also of degree ¢(v0) = 1.

Before we prove the claim, we chedk what it

implies about the existence of a short alter-

nating path betweenu and v.

By the claim, v 2 Y and there exists another
v0 2 VnY with ¢v) = ¢v9 = 1. If u

has an edgeto a vertex b 2 V nY, then
u; b;a;; v forms an alternating path of length
3 (see Figure 4). Therefore, we may assume
that all of u's neighbors lie in Y. Let rj;g

be the residual degree sequencegust before
the greedy algorithm for r;c starts adding
edges adjacert to u = &g (i.e, rj;q are
Greed y's inputs to the recursive call in which
u is processed).In other words, rj; ¢ arethe
parametersof the j -th recursive call originated

from Greed y(r;c; ). Let bbe avertex of the
highest remaining degreein V nY at the start

of the j -th recursive call (notice that V nY is
nonempty sinceVv® 2 Y). The existenceof a
short alternating path follows from this claim:

Claim 2. If u;v are feasible, then ¢; (b) = 1.

The proof of the claim is included in Section
3.1. By the claim, for feasible u;v there
is a vertex a 2 U adjacent to b which is
processedafter u (seeFigure 5). This follows
from the fact that all of u's neighbors are in



Y

Figure 4: u has a neighbor b 2

VnY residual degree

Y. Hence, dega) deg(u), and therefore,
there existsy 2 Y which is a neighbor of u
but it is not a neighbor of a. (If not, then
deg@ 1+ deg(u), a cortradiction.) Then
u;y; a;b;ap; v is an alternating path of length
5.

3.1 Proofs of Claims and Main Lemma. To
nish the proof of the Theorem 3.1, it remainsto prove
the two claims. We re-state both claims, together with
their assumptions.

Claim 1. Recallthat f; ¢ denotethe residual sequences
after the greedy algorithm matches the rst vertex

a; 2 U. Assumethat u;v are feasible holes for r;c,

whereu 6 a;. If u;v are not feasible for f; ¢, then

v 2 Y = N(a;) and there exists a vertex v 2 V nY

sud that ¢(v) = ¢(v9 = 1.

Proof. Since u;v are feasible for r;c, there exists a
graph with degreesequence (“); ) (the sequencawith
holes at u;v). Let G(“V) be the graph returned by
Greed y(r;cv); (Uv)) where (V) jsthe total order
obtained from by repositioning v right after all the
vertices of degreec(v) (thus v comesbefore all vertices
of degreec(v) 1). We will compare G(“V) with G to
establishconditions under which u; v are feasiblefor f; €.

Notice that if v 62Y or if v 2 Y but c(v) > c(b)
for every b2 V nY, then the neighborhoods of a; in G
and G("V) are identical (becausethe rst r(a;) = jYj
elemeris of and (V) are the same). Thus, in this
case, &) (the sequence¢ with hole at v) is identical

to the sequenceEtV), the residual sequenceusedin the
recursive call of Greed y(r(");c"); (Wv)). Moreover,
sinceu 6 a;, we have W) = fAu) By the correctnessof
the greedy algorithm, Aw; @Y are feasible. Therefore,
if a; has the same neighbors in G and G(“¥), we can
concludethat u;v are feasibleholesfor ;€.

Figure 5: Vertex b 2 V nY of

Figure 6: Neighborhoods of v, v°

1 are identical

We are left with the casewhenv 2 Y and there
exists v°2 V nY of the samedegreec(v®) = ¢(v). We
will show that if ¢(v) > 1, the holesu; v are feasiblefor
f; €. This implies the claim.

Supposec(v) = ¢(v) > 1forv2 Y andv®2 V nY.
Sinceu; v are feasiblefor r; ¢, by symmetry u; v°are also
feasiblefor r; c. However, v®62Y and thus, asbefore,we
can concludethat A(W; &V") are feasibleand there exists
a corresponding graph H. Notice that 6V) = ¢(v® 1
(becausev® 62Y is a hole) and that &) = c(v) 1
(becausev 2 Y). Sincec(v% = ¢(v) > 1, verticesv and
v? have the samenon-zerodegreein H. We will modify
H to obtain H® agraph correspondingto ~Y); &), This
will prove the feasibility of u;v for f;¢. To get H®, we
needto decreaseahe degreeof v and increasethe degree
of vO by one while keepingthe other degreesintact.

If there is a vertex a 2 U which is adjacert to v but
not v0in H, we may simply setH%= H [ (a;v9) n(a;v).
If there is no such a, then the neighborhood sets of v
and v0 in H are identical (see Figure 6). If there is
a vertex y 2 Y for which there exists a neighbor a of
v? (and v) in H which is not adjacert to y, then we
construct H° as follows. Sincey 2 Y, and v 2 Y is of
the samedegreein G asv 2 Y, by the de nition of Y
we have c(y) c¢(v) = c(v9. Therefore the degreeof
y in H is not smaller than the degreeof vin H, i.e.
eI (y)  &v)(v9. Thus there must exist y's neighbor
a’in H which does not neighbor v°. It suces to set
HO= H [ f(ajy);(@%v9gnf(a;v);(a%y)g (seeFigure
6).

The last casehappenswhenv and v®sharethe same
set of neighbors in H and every y 2 Y is adjacert to
every neighbor of v0 (see Figure 7). By contradiction
we will show that this casenever happens. Notice that
sincer(a) r(ap) for every a2 U and the degreeof a
in H remainsr(a) exceptfor u 6 a; which decreasedy
one, the degreeof every a2 U in H is upper bounded
by r(a), i.e. for all a 2 U, AW(@) jYj. Let a



Figure 7: Everyy 2 Y is adjacert
to a

be any neighbor of v° (by the assumption c(v% > 1,
the neighborhood set of v° is non-empty). Then a
is adjacert to every vertex in Y [ fv% and therefore
AW (a) > jY]j, a cortradiction.

Claim 2. Let u6 a; andv 2 Y be sudc that c(v) =
c(v9) = 1for somev®2 V nY. SupposeGreed y(r;c; )
Let
ri;C; i bethe parametersto the i-th recursive call of
Greed vy, i.e. the call when a; is processed.Let u = g;.
If g(b)=Oforall b2V nY, then u;v are not feasible
forr;c.

Proof. Sincec(v) = 1, for every b 2 V nY we have

c(b 1. Let bhax 2 V nY be the vertex of degreel
orderedlastin (there is at least one such vertex, since
c(v9 = 1). We create ° by swapping the positions

of v and bnax in Notice that this ordering is
consistert with ¢), the sequenceobtained from ¢ by
decreasingthe degreeof v by one. We will comparethe
executionof Greed y(r;c; ) and Greed y(r(W);c¥); 9
(seeFigure 8). The idea is that both executions will
behave similarly, with the roles of v and byax reversed.
OnceGreed y(r;c; ) getsto matching bynax to avertex
ax from U, Greed y(rW);c; 9 will attempt to match
ax to a vertex in V of residual degreezero and it will
fail. Thus, by the correctnessof Greed y, u; v cannot
be feasibleholesfor r;c. We describe the idea in detail

below.
Notice that Greed y(r;c; ) and
Greed y(r;cv); 9 process all vertices a for

i < j in the same order (assumethat if the second
executionhasmultiple choicesfor x, it choosesthe same
X asthe rst execution, if possible). This follows from
the fact that the only vertex whose degreeis changed
is vertex g and its degreeonly decreased. Moreover,
the order of processingvertices of U is independen of
¢ (or ), assumingthe executionsdo not fail.

(W, be the parameters of

Let ri;c; ; and r;c"); ©
the i-th recursive call originated from Greed y(r;c; )

Y

Figure 8: Constructing G and G(*V) in k-th iteration

and Greed y(r(W;c"); 9, respectively. Let a, 2 U be
the vertex matched to bynax by Greed y(r;c; ). By the
assumptionof the claim, ¢; (bmax) = 0, and hencek < j,
i.e. ac is processedbeforeu = a;. By induction on i
one can verify that for i < k the following hold:

1. r(@) = ri(a) for a 2 Unfug and r'*(u) =
ri(uy 1.

2.¢"(0) = a(b) for b2 V nfv;bmag, & (ba) =
G (v), G (bmax) = 1and ¥ (v) = 0.
3. Let supp(f) = fx j f(x) & Og.

If v 2 supp(c), then supp(ci) = supp(c)) [
fvg. The total order ; restricted to supp(c)
andthe total order Crestricted to supp(ci("))[
fvg are identical except that the positions of
V; bnhax are reversed.

If v 2 supp(c), then supp(c) nfbnaxg =
supp(ci(")), and the orderings ; restricted to
supp(c) and P restricted to supp(ci(")) [ fvg
are identical exceptthat bhax appearsin

wherev appearsin .

4. Forevery b | bmax, Gi(b) = 0. In words, bnax is
the last vertex of degreelin ;.

For the induction, the basecasei = 1 is clearin eath
case. The caseof i = 2 alsofollows in ead case,and it
can be cheded that it holds for the secondclaim in 3.
Now assumethe claimsaretrue upto some2 i Kk 2.
We shaw that they hold for (i + 1).

1. This part holds since only the degreeof a; 6 u
decreasesn both sequencedy ri(a) = ri(“)(ai).

2. Since bmax is matched only in the k-th recursive
call, Gi+1 (bBnax) = G(bnax) = 1. Also, ¢¥) (v) =
™(v) = 0. Fori = 1, when v is matched by



the outermost recursive call of Greed y(r;c; ),
bmax is matched by Greed y(r();c"); 9, hence
01(1)1 (bmax) = Gi+1 (V). We can seethat C.(X)l (b) =
Gi+1 (b) for b2 V nfv; byax g sinceif the statemert is
true for i and the orderingsare identical on vertices
of non-zeroresidual degreeother than v; bnax by 3.,
then exactly the same set of vertices are used by

both in the i-th recursive call.

3. This part is true by the de nitions .1 = #; and
9, = 7Pand the fact that 1, 2, and 3 hold for i.

4. This is clear by the de nition of the ordering .1

and the fact that ¢ (bnax) = 1.

Therefore ay is joined to the rst r(ax) elemens in
by Greed y(r;c; ), and by 4. the last of them is byax .
Howevwer, by 3., the execution of Greed y(r(");c); 9
will attempt to connectay to v (or somevertex with
remaining degree0), which is impossiblesincec(kv) (v) =
0. Thus, Greed y(r(W;cV); 9 fails to construct a
corresponding graph, and hence u;v are not feasible
holesfor r;c.

This nishes the proof of Theorem 3.1. As mentioned
earlier, Lemma 2.1 is a corollary of Theorem 3.1.

Proof of Lemma2.1. We will prove that for the greedy
graph G for any " > 0 and any oo We can
eciently estimatew (u;v) = (P)= (N (u;Vv)) (within
al " factor) for every feasibleu;v. We have already
obsenedthat (P)and (N (u;v)) arepolynomialsin
We will shav how to approximate (P) and (N (u;V)).

First we obsene, that eac of (P) and (N (u;V))
has a positive small-degreecoe cien t. In particular,
the absolute coecient of (P) is 1, since Gq is the
only graph corresponding to r; c sharing exactly D edges
with G . Moreover, by Theorem 3.1, there exists a
graph G°2 N (u; v) which can be obtained from G by
swapping the edgesof an alternating path of length 5.
Therefore G° sharesat least D 3 edgeswith G and
thus the coe cien t of x¢ for somed 2in (N (u;V))
is positive. Moreover,

nm

D (nm)®;

IP]

wherethe rst inequality followsfrom the fact that [

courts the number of bipartite graphs (with partitions

of sizesn; m) with exactly D edges.Thus,

x 1
1 (P) = 1+ p Bk

k=0
I;( 1

1+ Px
k=0

1+ (nm)® 1+

To approximate (N (u;v)), we will enumerate all

graphs corresponding to r(W; c) which share at least
D 3edgeswith G . This canbedoneby goingthrough
all possiblealternating paths from u to v of length 5
and through all alternating cycles of length 4 (corre-
sponding to the casewhen the symmetric di erence of
G and the graph with the degreesequencer(");c(¥)
consistsof the edge(u; v) and a 4-cycle). This way, for
xed u;v, in time O(nmd2,.,) we can compute

— uv UV uv 2.
Xuw = Pp 17 Pp 2 tPp 3 °:

We will show that x,, is a (1 + ")-approximation of

(N (u; v)).

Q( 4
Xuy (N(u;v)) = Xuy + plkj'v D 1k
k=0
X 4
Xuy + p‘k‘;"
k=0
Xu;v + " 2 (1+ ")Xu;v

where the last inequality follows from Xy, 2 since
there existsj 2 [3] for which py*; 1.

Therefore in time O((nmdax)?) we can compute
Xuv for every u;v and 1=x,. isa (1+ ")-approximation
of w (u;v).

4  Pro of of Main Theorem
We now recall the statemert of our main theorem, and

outline its proof.

Theorem 1.1. For any bipartite graph G = (U [

0 < ", < 1, we can approximate the number of
subgraphsof G with the desired degreesequence(i.e.,
u; has degreer(i) and v; has degree c(j), for all
i;j) in time @((nm)?D3dmax log®(nm=")" 2log(1=))
where D = ir@) = j c(j) is the total degree
and dmax = maxf max; r(i); max; c(j)g is the maximum
degree. And, the approximation is guaranteed to be
within a multiplicativ e factor (1 ") of the correct
answer with probability 1



The Theorem states that we can approximately
court the number of bipartite graphs with a given
degree sequencewhich are subgraphs of any given
bipartite graph G. In the previous sections we dealt
with the casewhen G = K, , the complete bipartite
graph on n + m vertices. If G is not complete, we can
perform the annealing algorithm in two stages. In the
rst stage, we run the simulated annealing algorithm
described previously. Thus, we estimate the ideal
weights for = 1 for the complete graph at the end of
the rst stage. In the secondstage,we do the simulated
annealing starting with the weights at the end of the
rst stage (notice that now all edge activities are 1).
However, the annealing will decrease the activities of
edgesnot presentin G from 1 to 0 (hence,we may
be decreasingthe activities of di erent edgesthan the
oneswhose activities were previously increased). The
analysisof the annealingalgorithm and the mixing time
of the Markov chain remain the same. Thus, the two
stage processonly doublesthe running time.

Next, we will give a high-level breakup of the
running time for the rst stagefor which we will assume
the results bounding the running time of various stages
of the algorithm from [2].

Initially , we spend O((nmdmax )?) time to construct
the Greedy graph G and to approximate the ini-
tial weights, by Lemma 2.1. We need O(D log?(nm))
intermediate temperatures for the simulated anneal-
ing. At ead temperature we need to generate
O(nm log(nm)) samplesfrom the stationary distribu-
tion of the Markov chain in order to do the boot-
strapping. Each sample takes O(D?nmdmax log(nm))
steps of the Markov chain. With probability 4=5in
time O((nm)2D3dmax log*(nm)) we can compute cor-
rect approximations of the ideal weights w for = 1.
Therefore, we can generate a random bipartite graph
with the desired degree sequence,from a distribution
within variation distance of uniform, in time
O((nM)2D 3dmax log*(nm=)). The computation of the
initial weights is absorbed by this quartit y.

By the reduction from courting to sampling,
to get a 1 " approximation to jPj takes time
O(D3(nM)2dmax log®(nm=")" 2).  Thus, the nal
running time of the approximate cournting algo-
rithm including the weight estimation phase is
O(D3(nM)2dmax log®(nm=")" 2). With probability
2=3 the algorithm outputs a (1 + ") approximation of
the number of bipartite graphswith the desired degree
sequence.This canbe boostedto probability 1 by
running the algorithm O(log 1) times and outputting
the median of the resulting values.
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