
s = 2 ~-a . For instance, consider the problem of learning 
pari ty functions that  depend on the first k bits of input for 
k = O(lognloglogn) .  In this case, if we set a = [½1glgn] 
and b = O(log n), the running time is polynomial in n, with 
dependence on rl of (l_-~n) ~¢-hg'ff. This allows us to handle r/ 

as large as 1/2 - 2 - °'/l-Q-'; and still have polynomial running 
time. While this can be improved slightly, we do not know 
how to solve the length-O(log n log log n) pari ty problem in 
polynomial time for r/as large as 1 / 2 - 1 / n  or even 1 / 2 - 1 / n  ~ . 
What makes tiffs interesting is that  it is an open question 
(Kearns, personal communication) whether noise tolerance 
can in general be boosted; this example suggests why such 
a result may be nontrivial. 

4. LIMITS OF O(LOG N)-WISE QUERIES 
We return to the general problem of learning a target con- 
cept c over a space of examples with a fixed distribution l).  
A limitation of the statistical query model is that  it permits 
only what may be called unary queries. That  is, an SQ al- 
gorithm can access c only by requesting approximations of 
probabilities of form Pr~ [Q(x, c(x))], where x is :D-random 
and Q is a polynomially evaluable predicate. A natural  ques- 
tion is whether problems not learnable from such queries can 
be learned, for example, from binary queries: i.e., from prob- 
abilities of form Pr~x,x2 [Q(xl,  x2, C(Xl), c(x2))]. The follow- 
ing theorem demonstrates that  this is not possible, proving 
that O(log n)-wise queries are no bet ter  than unary queries, 
at least with respect to weak-learning. 
We assume in the discussion below that  all algorithms also 
have access to individual unlabeled examples from distribu- 
t i on / ) ,  as is usual in the SQ model. 

THEOREM 5. Let k = O(log n), and assume that there ex- 
ists a poly(n)-time algorithm using k-wise statistical queries 
which weakly learns a concept class C under distribution 
l). That is, this algorithm learns from approximations of 
Pre [Q(£, c(Z))], where Q is a polynomially evaluable pred- 
icate, and ~ is a k-tuple of examples. Then there exists a 
poly(n)-time algorithm which weakly learns the same class 
using only unary queries, under l). 

P r o o f  S k e t c h :  We are given a k-wise query Pre [Q(£-, c(£))]. 
The first thing our algorithm will do is use Q to construct 
several candidate weak hypotheses. It then tests whether 
each of these hypotheses is in fact noticeably correlated with 
the target using unary statistical queries. If none of them 
appear to be good, it uses this fact to estimate the value of 
the k-wise query. We prove that  for any k-wise query, with 
high probability we either succeed in finding a weak hypoth- 
esis or we output a good estimate of the k-wise query. 
For simplicity, let us assume that  Pr~ [c(x) = 1] = 1/2; i.e., 
a random example is equally likely to be positive or negative. 
(If Pr~ [c(x) = 1] is far from 1/2 then weak-learning is easy 
by just  predicting all examples are positive or all examples 
are negative.) This assumption implies that  if a hypothesis 
h satisfies [Pr~ [h(x) = 1 A c(x) = 1] -- ½Pr~ [h(x) = 1][ > e, 
then either h(x) or 1 - h(x) is a weak hypothesis. 
We now generate a set of candidate hypotheses by choosing 
one random k-tuple of unlabeled examples F. For each 1 < 
i < ]¢ and [ E  {0, 1} k, we hypothesize 

h e , , , i ( ~ )  = Q ( z , , . . .  , ~ _ ~ ,  ~ ,  ~, . . . .  , ~ ,  ~ ,  

and then use a unary statistical query to tell if he, j ( x  ) or 
1 - h e / i ( x )  is a weak hypothesis. As noted above, we will 
have found a weak hypothesis if 

1]- Prx 

1pr~ [Q(zl . . . .  ,Zi- l ,X,Z,+l . . . .  ,zk,g~]l >e.  

We repeat  this process for O(1/e) randomly chosen k-tuples 
~. We now consider two cases. 
Case  I: Suppose that  the i th label matters  to the k-wise 
query Q for some i and [ By this we mean there is at least 
an e chance of the above inequality holding for random F. 
Then with high probabili ty we will discover such a ~7 and 
thus weak learn. 
C a s e  II" Suppose, on the contrary, that  for no i or [does  the 
i th label matter ,  i.e. the probabili ty of a random z satisfying 
the above inequality is less than e. This means that  

Ee[Prx  [O(zl , . . .  ,Zi-l ,X, zi.{-1,... , Zk ,hAc(x )  : 1] -- 

1p  , . . .  ] 
r~ [Q(z, ,Zi--l,X, Zi~-l,... ,Zk,~] <: 2~. 

By bucketing the ~'s according to the values of C(Zl), . . . ,  
c (z i - t )  we see that  the above implies that  for all b l , . . .  , bi-1 
E {0,1}, 

IPr~ [Q(~,£-) A c ( z l ) =  bl A . . .  A c ( z , _ l ) =  b , - i  A c ( z , ) =  1] 

- 7  re O ( e , ~ A c ( z l ) = b l A  Ac(z i_ , )  hi-1 <2e.  

By a straightforward inductive argument on i, we conclude 
that  for every g E {0, 1} k, 

Pre [Q(ff ,~ Ac(~) = b] - ~kPre  [Q(~,~]  < 4 e ( 1 -  2~- ). 

This fact now allows us to est imate our desired k-wise query 
Pr~ [Q(~, c(~))]. In particular,  

Pre  [Q(~7' c(~))] -- E Prz  [Q(~, £-) A c(~7) ---- lf~ . 
Z~{0,1}k 

We approximate each of the 2 k = poly(n)  terms corre- 
sponding to a different £by  using unlabeled data to estimate 

S ' r ,  term  us  ood 
estimate of Pre [Q(ff, c(~))] with high probability. 

4.1 Discussion 
In the above proof, we saw that  either the data  is statis- 
tically "homogeneous" in a way which allows us to simu- 
late the original learning algorithm with unary queries, or 
else we discover a "heterogeneous" region which we can ex- 
ploit with an alternative learning algorithm using only unary 
queries. Thus any concept class that  can be learned from 
O(log n)-wise queries can also be weakly learned from unary 
queries. Note that  Aslam and Decatur [2] have shown that  
weak-learning statistical query algorithms can be boosted 
to strong-learning algorithms, if they weak-learn over every 
distribution. Thus, any concept class which can be (weakly 
or strongly) learned from O(log n)-wise queries over every 
distribution can be strongly learned over every distribution 
from unary queries. 
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It is worth noting here that  k-wise queries can be used to 
solve the length-k pari ty problem. One simply asks, for each 
i E {1 , . . .  , k}, the query: "what is the probabili ty that  k 
random examples form a basis for {0, 1} k and, upon per- 
forming Gaussian elimination, yield a target concept whose 
i th bit is equal to 1?" Thus, k-wise queries cannot be re- 
duced to unary queries for k = w(log n). On the other hand, 
it is not at all clear how to simulate such queries in general 
from noisy examples. 

5. CONCLUSION 
In this paper  we have addressed the classic problem of learn- 
ing parity functions in the presence of random noise. We 
have shown that  pari ty functions over {0, 1} n can be learned 
in slightly sub-exponential time, but  only if many labeled 
examples are available. It is to be hoped that  future re- 
search may reduce both the t ime-bound and the number of 
examples required. 
Our result also applies to the study of statistical query learn- 
ing and PAC-learning. We have given the first known noise- 
tolerant PAC-learning algorithm which can learn a concept 
class not learnable by any SQ algorithm. The separation 
we have established between the two models is rather  small: 
we have shown that  a specific pari ty problem can be PAC- 
learned from noisy da ta  in time poly(n),  as compared to time 
nO(Log log ,,) for the best  SQ algorithm. This separation may 
well prove capable of improvement and worthy of further 
examination. Perhaps more importantly,  this suggests the 
possibility of interesting new noise-tolerant PAC-learning al- 
gorithms which go beyondothe SQ model. 
We have also examined an extension to the SQ model in 
terms of allowing queries of ari ty k. We have shown that  
for k = O(log n), a n y c o n c e p t  class learnable in the SQ 
model with k-wise queries is also (weakly) learnable with 
unary queries. On the other hand, the results of [4] im- 
ply this is not the case for k = w(log n). An interesting 
open question is whether every concept class learnable from 
O(log n log log n)-wise queries is also PAC-learnable in the 
presence of classification noise. If so, then this would be a 
generalization of the first result of this paper.  
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