Discrete Math: Selected Homework Problems

2006

2.1 Prove: if d is a common divisor of @ and b and d is also a linear combination of ¢ and b
then d is a greatest common divisor of a and b. (5 points)

3.1 Prove: if a = b (mod m) then ged(a, m) = ged(b,m). (5 points)

3.2 Let n be a positive integer. Prove: »_, &(d) = n.

(Here, ¢ is Euler’s phi function. The summation is over all positive divisors of n.) (6 points)
4.1 Prove: there are infinitely many primes that are congruent to —1 (mod 4). (4 points)

4.2 Prove that 561 is a Carmichael number, i.e., if a is relatively prime to 561 then a°%° = 1

(mod 5)61). (5 points)

4.3 Find all primitive roots mod 17. Prove your answer. (4 points)

4.4 What is the number of primitive roots mod p between 1 and p? State and prove your
answer. (6 points)

4.11 Challenge problem: Prove that all Carmichael numbers are square-free.

6.1 We have n identical chocolate bars and we want to distribute them between k kids so
that each of them gets at least two. Count the number of possible outcomes. Your answer
should be a very simple expression. As always, prove your answer. (4 points)

6.2 Prove: the product of k consecutive integers is always divisible by k!. (5 points) (This is
an AH-HA problem - it has a one-line solution, but it is a clever line.)

6.8 Let the power series expansion of 1/4/(1 — ) be > ja,z™. Prove that a, is asymp-
totically equal to ¢/y/n for some constant c. Determine the value of ¢. (7 points)

6.9 Challenge problem: Let T}, denote the number of those subsets of [n] whose cardinality
is divisible by 3. Prove: |T), — | < 1.

8.1 (Conditional probabilities) Diseases A and B have similar symptoms. Let W be the pop-
ulation of all patients showing these symptoms. The two diseases can only be differentiated
by costly tests. We know (from sampling the population and performing these costly tests)
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that 70% of W have disease A, 25% have disease B, and 5% have some other disease. We
consider the effectiveness of treatment T. We know that 60% of the patients with disease A
respond to T', while only 12% of the patients with disease B respond to treatment 7". From
the rest of the population W, 40% respond to treatment 7.

(a) A new patient arrives at the doctor’s office. The doctor determines that the patient
belongs to W. What is the probability that the patient will respond to treatment 77 (4
points)

(b) (“Probability of causes”) The patient’s insurance will not pay for the expensive tests to
differentiate between the possible causes of the symptoms. The doctor bets on treatment 7.
A week later it is found that the patient did respond to the treatment.

(c) What is the probability that the patient had disease A? (6 points)
8.2 Prove: if there exist k nontrivial independent events then the sample space has size > 2*.
8.3 We roll n dice. Let X be the product of the numbers shown. Determine F(X). (4 points)

8.4 Construct two random variables over the same probability space such that they are
uncorrelated but not independent. Make your sample space as small as possible. (5+ 2+ 3)
(5 points for a correct solution; 2 additional points if your sample space was minimal; and 3
more points if you can prove that a smaller sample space would not suffice.)

8.5 We roll three dice. The dice show the numbers XY, Z.
(a) What is the size of the sample space for this experiment? (2 points)

(b) Are the random vaiables X + Y and X + Z uncorrelated, positively correlated, or nega-
tively correlated? Compute the covariance of these two variables. (5 points)

(c) Partition the sample space into six classes Ay, ..., Ag so that the random variables X +Y
and X + Z become independent under each condition A;. (7 points) Independence of the
random variables R and S under condition C' means (Vr,s € R)(P(R =r and S = s|C) =
P(R =r|C)P(S = s|C)).

12.1 Find the independence number of the knight’s graph on the 5 by 5 toridal chessboard.
Prove your answer. (6 points)

12.2 Challenge problem. Determine or estimate the chromatic number of the King’s graph
on an n by n toroidal chessboard.

12.3 Construct a triangle-free graph (graph containing no K3) of chromatic number 4. Your
graph should be as small as possible. Hint. Your graph should have 11 vertices and 5-fold
rotational symmetry. — You do not need to prove that 11 is the smallest possible number
of vertices of such a graph, but you do need to prove that the graph you constructed is not
3-colorable. (6 points)

12.4 Challenge problem. For every k, construct a triangle-free graph of chromatic number



at least k.

12.5 Let G be a directed graph (read definition in LN). Suppose every vertex has out-degree
at most k. Prove that the chromatic number of G is at most 2k + 1. (10 points) (Legal
colorings of directed graphs are defined the same way as for undirected graphs; if there is an
edge from i to j then the colors of vertices i and j must differ.)

12.6 This result sometimes allows proving lower bounds on the chromatic number. Let G
be a graph with n vertices. Prove: x(G) > PR (5 points) (x(G) is the chromatic number;

a(G) is the independence number of G.)
12.7 Challenge problem. Prove: if G is a triangle-free graph with n vertices then x(G) =

O(vn).

12.8 Determine the expected number of triangles in a random graph. (5 points; out of these,
3 points go for the clear definition of your random variables.)

12.9 Challenge Problem: Asymptotically evaluate the variance of the number triangles in a
random graph. Your result should be a very simple expression which is asymptotically equal
to the variance in question (while the number of vertices approaches infinity). Compare
your result with the variance of the number of heads in a sequence of (g) coin flips. Which
random variable is more concentrated?

12.10 Challenge problem. Prove: every graph with m edges contains a bipartite subgraph
with at least m/2 edges. Hint. Expected value.

12.11 Review the Erdés-Rado “arrow notation” in Ramsey Theory. DO: Prove 6 — (3, 3).
(Do not hand in.)

12.12 Extend the arrow notation to more than 2 edge-colors. Define and prove the relation
17 — (3,3, 3). (10 points)

13.1 Prove: more than half of the vertices of a tree have degree < 2. (6 points)

13.2 We want to arrange n books on k shelves. What matters is which books get on which
shelf, and also the order in which they appear on each shelf matters. The amount of space
between adjacent books does not matter. Count the arrangements. (It is permitted to leave
a shelf empty; each shelf alone can hold more than n books, so for instance putting all books
on a single shelf is permitted.) Your answer should be a simple closed-form expression. (6
points)

13.3 A (0,1)-matrix is a matrix of which every entry is 0 or 1. A submatrix is defined
by removing a subset of the rows and a subset of the columns. They don’t need to be
contiguous; so the number of submatrices of an n x n matrix is (2" — 1) (verify!). A
submatrix is homogeneous if it is either all-zero or all-one. Let N = 2k. Prove that there
exists an N x N (0, 1)-matrix which does not have a 2k x 2k homogeneous submatrix. (15
points)



14.1 Find a planar multigraph which has two essentially different plane representations in
the sense that the corresponding dual graphs are not isomorphic. Find the multigraph with
the smallest possible number of edges. Draw your multigraph in two ways and draw each
dual. (4 points)

14.2 Let L be the multigraph which has just 1 vertex and two edges (naturally, both edges
are loops). Draw L on the torus (toroidal chessboard) in such a way that there will be only
one region. With which chess piece could you associate your drawing? (4 points)

14.3 Prove: if a simple planar graph has n > 3 vertices and it has no triangles then m < 2n—4.
(Here m is the number of edges and n the number of vertices). (6 points)

14.4 Prove: every planar graph has a vertex of degree < 5. (6 points)

14.5 Prove: there exists a positive constant ¢ such that the probability that a random graph
is planar is

(a) less than (1 +¢)™"™
(b) less than (1 +¢)™™" .
(6 + 6 points; a correct solution to part (b) alone earns all the 12 points)

14.6 What is the minimum number of edges of a connected nonplanar graph with n vertices?
Prove your answer (both that such a graph with the number of edges you indicate exists and
that it has the smallest possible number of edges. (6 points)

14.7 (Bonferroni’s Inequalities) Let Ay, ..., A, be events and let B denote the complement
of their union. Then the Inclusion-Exclusion formula says P(B) = Sy — 51 + S2 — +....
Prove:

(a) P(B) > Sy — Si; (2 points)

(b) P(B) < Sy — 51 + S,. (6 points)

(c) State and prove the general case. (3 points; you get all the 11 points for a correct solution
of (c) alone.)

15.1 DO: redo the midterm problems without time pressure.

15.2 DO: In a digraph, if there is a directed walk from vertex x to vertex y then there is a
directed path from x to y.

15.3 DO: A DAG (directed acyclic graph) is a digraph without directed cycles. A topological
sort of a digraph is a numbering of the vertices such that every edge is increasing (goes from
smaller to greater number). Prove: given a digraph G, a topological sort of G exists if and
only if G is a DAG. — Notice that this is a GOOD CHARACTERIZATION: existence of

something is equivalent to the nonexistence of another thing.

15.4 A tournament is a directed complete graph; every edge is oriented in exactly one direc-



tion (so for every pair x,y of vertices, exactly one of the arrows x — y and y — x is present).
Prove: every tournament has a Hamilton path (a directed path through all the vertices).

16.1 Give a closed-form expression for the generating function of the sequence b, = n?27".
(7 points)

16.2 Let g(x) be the generating function of the sequence (2:)
(a) Find the convergence radius of g(z). (7 points)
(b) CHALLENGE PROBLEM. Find a simple closed-form expression for g(z).

16.3 DO: Let 7, be the number of ways one can pay n pennies as a combination of pennies,
nickels, dimes, and quarters. For instance, r15 = 4, the possible combinations being 1 dime
+ 2 pennies; 2 nickels + 2 pennies; 1 nickel + 7 pennies; 12 pennies. Find a closed-form
expression for the generating function of this sequence. (Equivalent to 8 points.)

16.4 DO: Consider the recurrence a,, = a,_1 + 8a,_s — 12a,,_3 with initial values ag = a; =
0, ag = 1.

(a) Give a closed-form expression for the generating function of this sequence. (Equivalent
to 7 points) (Hint: your denominator should factor as (z — 2)%(z + 3).)

(b) Find an explicit formula for a,. (Equivalent to 7 points)

16.5 Let f(x) be the generating function of the Fibonacci numbers modulo 5 (so the coeffi-
cients are mod 5 residue classes). Formally, this generating function looks the same as the
generating function over the integers, and it appears to have the same closed-form expression.

(a) Factor the denominator modulo 5. Notice something notable about the factors. (6 points)

(b) Use the result of (a) to obtain a very simple explicit formula for the Fibonacci numbers
modulo 5. (8 points)

16.6 CHALLENGE PROBLEM. Let N denote the set of nonnegative integers. We try
to partition N into m > 2 infinite arithmetic progressions. This is of course possible, for
instance we can take the residue classes mod m; this way we partitioned N into m arithmetic
progressions each with increment m. (The “increment” is the difference between consecutive
terms in the sequence.) But we want the increment of each arithmetic progression in our
partition be different. Prove that this is impossible.



