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Bell numbers By : #partitions of [n]

partitionT= &A.. - An? X
...

Ai # SA2

S ↳VA; =R ~ n lum

#j= A:+Aj = ↑
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Generatingfunction of a sequence 90
,
9, ...

g(x)=zaa
-

Fib Fo
,
F
, , ---

EX .
k
-

XFib(x) = F
Fx- x 2

--



3.L

Exponential generating function-

f(x)= anx
k=0

-

Asi- e-k=0

requires recurrence C)
-> -

- B (x) = exB(x)
=differential equation
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THM Dobinski's ful
-

Bu =! 1877

Proof : from B(x) = Ge- 1
-

x(a) = x where ·: (n)En
xhx = 1
-

k(n) := argmex
k
-

k k! I(k(v)-x(n)) < I -

- =
x(n)"

-x(u)

==) B - ex(n) =
n
-

see
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ASY , DMmini Asymp , notation

0, 20 , 0,2,
-

an =Q(bn) if
(c,C >0) (Well sufflayen)

-baltlan(((bul



-INCEPROB SPACES ↳

(x
,
Pr) O finita, nonempty

set
Pr :->I prob· distribution :
(i) (att)(Pr(a) [0) &: sampleenSiil [Pr(a) = 1 kr : probabilitya=X
--

AER : event
elements of

- : elementary
Pr (A) =[Pr(a) events

-

GEA outcomes



&= [1
,
2
, 33

E

I E(X) =!- 10+3 1+j .(b)F Of Pr uniform
n = (2)

RANDOM VARIABLE (a) (Pr(2) ==)

X :2-> IR E(X)=[X(a)
M

- simple average'
maxX

I
EXPECTED (MEAN) VALUE

E=Exca overage
minXE()E



LO
Ex. X

,
Y : +IR on same

Prob . space
-

E(X+y) = E(X)+ E(y)

E((X) = cE(x) S linearity ofexpectation
-

k

#S z =
-I 2 : Xe CAR
i = 1

=> E(z) = [cE) S linearity ofXi) expectation



A
,
B sets

↓
set of functions E

B
*
= [f : A +B3 (B)= 1B1*

domain codomain

-
RandomvariablesE IRh ->rector space
dim (RN) = (2) = n

bla bas : (6
.
/2)

&

E(x) =50
--

xE
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e = B" B = Eo

, is
L

/

Wintessesi Rage() = ht

-them
-

E(X) =[ y .P(X =yEX S
--

Y ERage(X)
↑ prob . distrib.
- on Raya(X)
--

"X=y" means Each/ X (a)=y & S
= x"(y)



↳
DEF Indicator variable : Paye [B =So,1-

COR Of X is an indicator variable then

* E(X) = 1 .P(X= 1) +0.(X=0) = Pr(X=1
- c
--

1-to-1 car· betwe events and indic var's- --

Let A E event

vx :-IR Sa(x)=21 if x=AO if x->A

I
x*A

~arthete XEA

E E(va) = Pr(A)



12LBernoulli trial with prob p of success :
indicator var P(X= 1)= p

P(X=0) = 1-p
-

flipping a biased cain with (heads)
--

=

P

sequence of a Bernoulli trials
↳ prot of success

:=# successes
n



it coin flips indep ↳

x = B B= 50 , 13

x =B x (0 , 1) string
X : random string &(X) : # Leads =#1s

-
= Exe x= X

,
- --X

u

P(X =x) #=Xu
I

given strin /P (Xi =:)= S to
0111001

n - h(x)

-X=x) = p2(* (-p)



L
z : = #heads in X = 2(X)

E(z) = y
.p(z = 3)
-

a
-

2 J
· (j) - p . (1- p)" Y =

y =0
1

=n(ny= !) - p" (-p)"
-

Y y = 1

y = 1

t := y- 1 (j)=n(j)
=upt(pL+ -E(E) e et=0

=

M
--

& 1

-
Binomial
Thre (p + (1- ph)n

-1

= 1 E



2nd proof (MUCH better) ↳5
--

=#heads=X; I X; indicates-

ItCoin : heads"

↳ /E(z) == E(xi) ==P) ) =4
J >i= 1 I=
->

- ↑
works wo assumption

findependeni Pi of succ , z = EX:
&

=> E(z) - & Pc
j= 1



↳
Latin squares nXh
-

M= (mij) 12)=1 symbols
Frow
Ecol a b C

b < aeach symbol I
Ca b

(
exactly Once
-

uxh

90: ent



↳
↳ = (mij) ↳ =(Eij) two L .Sa's

Orthogonal if
-

(5 (wij , gij)(je [1331= n
each pair
exactly once

I -alb C
-b

-

-L
-marked(=3)1(b location of
pair (b ,c)

EULER'S 36 officers
problem: 7 ? pair of 6X6 orthogonal Latin squares


