Discrete Math, Problem Set (June 21)

REU 2002

Instructor: Laszldé Babai

Exercise 1. Let w = cos 2¥ + isin 2* (where i = /—1). This is a complex n'"

root of unity. Prove that w* = w’ if and only if k =¢ (mod n).

n—1 h

Exercise 2. Prove that 1,w,w?,...,w are all complex n!

(i-e., all roots of the polynomial 2™ — 1.

roots of unity

Exercise 3. Let w; = w/. Prove that the order of w; is n if and only if
ged(j,n) = 1.
Exercise 4. Prove that the order of w; is — .
ged(j,n)
Exercise 5. Let Ag,...,A,_1 be a regular n-gon inscribed in a unit circle.
Prove AOA1 . A()AQ cee AOAn—l =nN.
Definition 6. The elementary symmetric polynomials of x1,...,x, are
0'0(331, ce ,l‘n) =1
o1(X1,. oy Tp) = X1 4. .+ Xy
n
o2(T1y .., Tpn) = Z T ((2> terms) .
1<i<j<n
o3(x Tp) = z TiT;T ") terms
3Ly Tn) = 2 gk 3 )
1<i<j<k<n
on(T1, ..y Tp) = X1y

Exercise 7. Express Y ., x? in terms of the first and second elementary sym-
metric polynomials, o1(x1,...,2,) and o2(21, ..., Ty).

Exercise 8. If f is a polynomial over a field then « is a multiple root of f if
and only if f(a) = f'(a) = 0.

Exercise 9. Let f € R[x] be of the form f(x) = 219 4 5299 + 33298 + .. ..
Prove that not all roots of f are real.

Exercise 10. Prove that f(z) = 29 — z factors into ¢ linear factors (with
distinct roots) over Fy (¢ a prime power), i.e., 27—z =[] ,cp (2 — ).



Exercise 11. For which primes p is the ring F,[v/—1] a field ?

Exercise 12. Let f(z) = [[(z—a;) = 3.1, a;z*. (Note that a,, = 1.) Suppose

Vi,a; € Z. (The a; are complex numbers.) Show that if g;(z) = [[(z — aF),

then gy (x) is also a polynomial with integer coefficients.

Exercise 13. Suppose f € Z[x] is monic, and aq, ..., ay, are the roots of f over
C. Let sy = > ak. Show that s € Z.

Exercise 14. (Hermite)

Let f(z) = Y. ;a;z" be a monic polynomial of degree n (i.e., a, = 1) with
integer coefficients. Suppose all roots of f have unit absolute value. Prove that
all roots of f are roots of unity. (In other words, if all algebraic conjugates of a
complex algebraic number z have unit absolute value then z is a root of unity.)

Definition 15. w is a primitive n'" root of unity if the order of w is n. (Refer
to exercise 2).

Definition 16. The n'* cyclotomic polynomial is defined as

D, (x) = H(a: —w) € Clz]

w
where the product extends over all complex primitive nt* roots of unity.
Exercise 17. deg(®,,) = ¢(n) (Euler’s phi function). Hint: Exercise 2

Exercise 18. Prove that n'"* cyclotomic polynomial has integer coefficients.

Note 19.
O(z) = z-1
Py(z) = z+1=(22=1)/(z—1)
P3(x) = 22 +ax+1=(>-1)/(z—-1)
Py(z) = 2241
Ps(z) = ' +23+2°4x+1=(25-1)/(z—-1)
b(z) = 22 —z+1
Br() = (- 1))@ 1)
Pg(z) = 2*+1
Pg(z) = 2°+2%+1

Exercise 20. Calculate ®,(z), ®p2(x), ®pr (), Ppg(x), P1os5(x).

Exercise 21. Prove that if f(z) € Rlz] and o € C is a root of f(x), then
@ (conjugate of «) is also a root of f. Moreover, @ and @ have the same
multiplicity.



Exercise 22. f is irreducible over R if and only if deg(f) = 1 or (deg(f) = 2
and discriminant < 0).

Exercise 23. (Gauss Lemma)
If f € Z[z] and f = g - h where g,h € Q[z] then f = gy - by with g1,k € Z[z]
and g1 = cg, hy = %h for some ¢ € Q. Hint: See “Algebra Review,” last section.

Exercise 24." Prove that the n'* cyclotomic polynomial ®,, is irreducible over
Q. Hint: See “Algebra Review,” last section, for hints and related exercises.

Definition 25. 1. Euler’s Phi Function

o(n) = ’{k € [n] : ged(k,n) = 1}‘

= number of positive integers < n which are relatively prime to n.

2. Number of positive divisors
d(n) =1{d e N:d|n}|

3. Mobius Function

1 n=1
u(n) =< (=1)* n=p;--p, where the p; are distinct primes (n is square-free)
0 if (3p)(p*[n)

4. v(n) = number of distinct prime factors. (Note change in notation from
class.)

5. v*(n) = total number of prime factors (not necessarily distinct)
Exercise 26. Prove d(n) = [[5_, (ki + 1) for n = [[}_, pl.

Exercise 27. Prove that the arithmetic functions ¢(n), u(n),d(n), 22, 2v" ()
are multiplicative and only 2* (") is fully multiplicative.

Exercise 28. Let m(n) = . w where the sum is over the primitive n*" roots of
unity. Check that m(n) is multiplicative. Find m(n) on the list ¢, u, d, 2",2"".

Exercise 29. (Van der Waerden)

Prove: the probability that a random polynomial of degree n with integer co-
efficients is irreducible is 1. (Choose the coefficients aq, ..., a, from [—k, k] at
random and prove kli)nolo P(ag + a1z + ... + apa™ is irreducible)=1.)

OPEN QUESTION. Conjecture: Almost all polynomials of the form f(z) =
S g a:ixt, a; = £1 are irreducible.

Exercise 30. If f(z) = ag + a1z +... +a,2" € Z[z] and f(L) = 0 for r,5 € Z,
ged(r, s) = 1 then r|ag and s|ay,.

Corollary : Any rational root of a monic poynomial in Z[z] is an integer dividing
the constant term.



Exercise 31. (Cayley-Hamilton Theorem) If f4(x) is the characteristic
polynomial of a matrix A, then f(A) = 0. (Hints in Linear Algebra Handout)

Exercise 32. Verify the following formulas (elementary symmetric polynomi-
als of eigenvalues of a matrix expressed as sums of determinants of symmetric
matrices)

Or(Ary - An) =D det(M)
where the summation is over the k x k symmetric minors of M. ((}) terms)

Definition 33. Two n X n symmetric matrices A, B are said to be similar
(denoted A ~ B) if 3 an invertible n x n matrix S such that B = S~1AS.

Exercise 34. If A ~ B, then fa(z) = fp(z). In particular, trace(A) =
trace(B) and det(A) = det(B).

Exercise 35. Prove : trace(AB) = trace(BA). This is true even if A and B
are not square matrices: A isn x k and B is k X n.

Exercise 36. Prove that the eigenvalues of a symmetric real matrix are real.

Theorem 37. (Spectral Theorem) If A is a real symmetric matrix, then
there exists an orthogonal matrix S such that S~tAS is diagonal:
A1 0
S™1AS = )
0 An
where \; are the eigenvalues of A.

Exercise 38. Prove: Spectral Theorem < Real symmetric matrix has an Or-
thonormal basis of eigenvectors (called orthonormal eigenbasis).

Exercise 39. If G is a r-regular graph, prove that r is an eigenvalue of the
adjacency matrix of G. Moreover, for all eigenvalues A;, |A;| < r.

Exercise 40. If G is a connected r-regular graph, then Ay = r has multiplicity
one (i.e., for i > 2, \; < r). Moreover, A,, = —r if and only if G is bipartite.

Definition 41. An automorphism of a graph, G, is an isomorphism of G to
itself. Aut(G) denotes the set of automorphisms. Note that this is a subgroup
of the symmetric group acting on V(G): Aut(G) < S,,.

Exercise 42. Prove: |Aut(K,)| = n!, |Aut(Cy)| = 2n, |Aut(Cube)| = 48,
|Aut(Dodecahedron)| = 120, |Aut(Petersen Graph)| = 120.

Exercise 43. Aut(Cube) = SyxZy. Aut(Dodecahedron) & A5 xZs. Aut(Petersen
Graph) = Ss.

Exercise 44. Let A be the adjacency matrix of the graph G. Let f4 be the
characteristic polynomial of A. Prove that if fa(z) is irreducible over Q, then
|[Aut(G)| = 1.



