DISCRETE MATHEMATICS PROBLEMS. JUNE 28, 2002

INSTRUCTOR: LASZLO BABAI
For updates, please consult the web site
http://people.cs.uchicago.edu/~laci/reul02.dir

Definition 1. Let G be a finite abelian group, and let X C GG. We define

®(X) = max
X7#Xo0

Fx(x)| = max | Y x(g)],

XFX
7éog€X

where the maximum is taken over all non-principal characters x € G \ {xo}.
Recall that fx denotes the characteristic function of X:

1 yeX

Ifx(y) = {O yd X.

Notation 2. Let X C G. We will denote its complement by X = G \ X. The set
—X is defined by —X = {—z : 2 € X}. Let a € G. The set X + a is defined by
X+a={z+a:2€X}. Let k € Z, x € G. The product kz is defined by

+ -4z (k times) ifk>0
kx =< 0 (in G) ifk=0
—z 4+ —z (—k times) if k<O0.
The set kX is defined by kX = {kz : x € X}. Aut(G) is the group of automor-
phisms of G, i.e., the group of G — G isomorphisms.

Exercise 3. Given X C G, and |G| = n, prove that

(X) = 2(X)

O(X)=d(X +a) acG

(X) = (=X)

P(X)=2(kX) k € Z, and ged(k,n) =1
(X)) = d(a(X)) for o € Aut(G).

Exercise 4. Prove
|Aut(Zm)| = ¢(m)
where ¢ is Euler’s phi function.

Exercise 5. (Sets with largest non-principal Fourier coefficient)
Let ay j, = max{®(X) : X C Z,,|X|=k}. Let a,, = maxy an k.
(a) Prove: if n is a prime and ®(X) = ay, k, where X C Z,, and | X| =k, then X
is an arithmetic progression (mod n) of length k.
(b) Prove: (a) is false if n is composite. Hint: let k=2.
(c) Prove: a, is an increasing function of p for primes p.
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(d) Prove: a, ~ p/m for primes p as p — oo.

(e) Prove the following unusual characterization of 7:
G

(X))’

where G runs over all finite abelian groups, and X runs over all subsets of G.

T = sup min
a X



