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Chapter 1

1st day, Monday 6/28/04 (Scribe: Daniel Stefankovic)

1.1 Vector spaces, linear independence

Definition 1.1. A vector space is a set V with

(a) addition V xV =V, (z,y) — z +y, and

(b) scalar multiplication R x V' = V (o, z) — auz,
satisfying following axioms

V,+4) is an abelian group, i.e.

(a)

(V,+)
(al) (Vz,ye V) FAz+y e V),
(a2) (Vz,y € V)(z +y =y + z) (commutative law),
(a3) (Vz,y,z € V)((z+y)+2=1x+ (y+ 2)) (associative law),
(ad) (30 € V)(Vz)(x + 0 =0+ z = z) (existence of zero),
(ad) (Vz € V)(I(—=x) € V)(z + (—x) =0),
b) (bl) (Ve, B € R)(Vz € V)(a(Bz)) = (af)z ("associativity” linking two operations),
(b2) (Va,p € R)(Vz € V)((a + B)z = ax + Bz) (distributivity over scalar addition),
(b3) (Va € R)(Vz,y € V)(a(z + y) = az + ay) (distributivity over vector addition),

(c) (Vz € V)(1-z = z) (normalization).
Exercise 1.2. Show (Vz € V)(0z = 0). (The first 0 is a number, the second a vector.)
Exercise 1.3. Show (Va € R)(a0 = 0).

Exercise 1.4. Show (Va € R)(Vz € V)(ax =0« (a=0or z =0))
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Definition 1.5. A linear combination of vectors vy,...,v; € V is a vector aqvy +- - -+ agvg
where aq,...ar € R. The span of vq,...,v; € V is the set of all linear combinations of
Vly..., Uk, 1€, Span(vy,...,vx) = {aqvr + - + agog | a1, ..., o € R},

Remark 1.6. We let Span(()) = {0}.

Remark 1.7. A linear combination of an infinite set of vectors S C V is a linear combination
of a finite subset of S.

Note that 0 is always in Span(v1, ..., v;) because the trivial linear combination (Vi)a; = 0
isO-vg+---+0- v, =0.

Definition 1.8. Vectors vy,...,v; € V are linearly independent if only the trivial linear
combination gives 0, i.e., ajv1 + ...y =0=> a1 = --- = o = 0.

Exercise 1.9. Which one element sets of vectors are linearly independent?

Exercise 1.10. Show that if 7' C S C V and S is linearly independent then 7" is linearly
independent.

We say that vectors u,v € V are parallel if u,v # 0 and Ja € R such that u = av.

Exercise 1.11. Show that vectors u,v € V are linearly dependent if and only ifa =0 or b =10
or a, b are parallel.

Exercise 1.12. An infinite set of vectors is linearly independent if and only if all finite subsets
are linearly independent.

Remark 1.13. We say that a property P is a finitary property if a set S has the property
P if and only if all finite subsets of S have property P.

Exercise 1.14. * (Erd8s — deBruijn) Show that 3-colorability of a graph is a finitary
property. (The same holds for 4-colorability, etc.)

The set of all polynomials with real coefficients is a vector space R[z].
Exercise 1.15. Show that 1,z,z2,... are linearly independent.

Definition 1.16. The polynomial f(z) = " a;z* has degree k if aj, # 0, but (V5 > k)(a; = 0).
Notation: deg(f) = k. We let deg(0) = —oo. Note: the nonzero constant polynomials have
degree 0.

Exercise 1.17. Prove: deg(fg) = deg(f) + deg(g). (Note that this remians true if one of the
polynomials f, g is the zero polynomial.)

Exercise 1.18. Prove: deg(f + g) < max{deg(f),deg(g)}.
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Exercise 1.19. Prove that if fy, f1, fo,... is a sequence of polynomials, deg(f;) = 4 then
fo, f1, f2, ... are linearly independent.

Exercise 1.20. Let f(z) = (¢ — a1)...(z — o) where a; # o for i # j. Let gi(z) =
f(z)/(x — «;). Show that g1,..., gk are linearly independent.

Exercise 1.21. Prove: for all o, € R, sin(x),sin(x + «), sin(x + ) are linearly dependent
functions R — R.

Exercise 1.22. Prove: 1,sin(x),sin(2z),sin(3z), ..., cos(z),cos(2z),... are linearly indepen-
dent functions R — R.

Definition 1.23. A maximal linearly independent subset of a set S C V is a subset T C S
such that

(a) T is linearly independent, and

(b) if T CT"C S then T" is linearly dependent.
Definition 1.24. A maximum linearly independent subset of a set S C V is a subset 7' C S
such that

(a) T is linearly independent, and
(b) if 7" C S is linearly independent then |T'| > |T"|.

Exercise 1.25. (Independence of vertices in a graph.) Show that 6-cycle, there exists a
maximum independent set of vertices which is not maximal.

We shall see that this cannot happen with linear independence: every maximal linearly
independent set is maximum.

Exercise 1.26. Let S C V. Then there exists T' C S such that T is a maximal independent
subset of S.

Exercise 1.27. Let L. C S C V. Assume L is linearly independent. Then there exists a
maximal linearly independent subset 7" C S such that L C T. (Every linearly independent
subset of S set can be extended to a maximal linearly independent subset of S.)

Remark 1.28. This is easy to prove Ex. [[.26] by successively adding vectors until our set
becomes maximal as long as all linearly independent subsets of S are finite. For the infinite
case, we need an axiom from set theory called Zorn’s Lemma (a version of the Axiom of
Choice).

Definition 1.29. A vector v € V depends on S C V if v € Span(S), i.e. v is a linear
combination of S.
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Definition 1.30. A set of vectors T' C V depends on S C V if T' C Span(S).

Exercise 1.31. Show that dependence is transitive: if R C Span(7") and 7" C Span(S) then
R C Span(S).

Exercise 1.32. Suppose that _ «;v; is a nontrivial linear combination. Then (3i) such that
v; depends on the rest (i.e. on {v;|j # i}). Indeed, this will be the case whenever «; # 0.

Exercise 1.33. If vy,...,v; are linearly independent and vy, ..., vk, vg11 are linearly depen-
dent then viy; depends on vy, ..., vg.

Theorem 1.34 (Fundamental Fact of Linear Algebra). If vi,...,v; are linearly inde-
pendent and vy, ..., v € Span(wi, ..., wy) then k < £.

Corollary 1.35. All maximal independent sets are mazimum.
Exercise 1.36. If T C S, T is a maximal independent subset of S then S C Span(T').
Exercise 1.37. Prove Corollary from Theorem and Exercise [1.36

Definition 1.38. For S C V, the rank of § is the common cardinality of all the maximal
independent subsets of S. Notation: rk(S).

Definition 1.39. The dimension of a vector space is dim(V') := rk(V').

Exercise 1.40. Show that dim(R") = n.

Exercise 1.41. Let P be the space of polynomials of degree < k. Show that dim(Py) = k+1.
Exercise 1.42. Let T = {sin(z + a) |a € R}. Prove rk(T) = 2.

1.2 Basis

Definition 1.43. A basis of V is a linearly independent set which spans V.

Definition 1.44. A basis of S C V is a linearly independent subset of S which spans S. In
other words, a basis B of S is a linearly independent set satisfying B C S C Span(B).

Exercise 1.45. B is a basis of S if and only if B is a maximal independent subset of S.
Exercise 1.46. Prove: if B is a basis of V then dim(V') = |B|.

Exercise 1.47. A “Fibonacci-type sequence” is a sequence (ag, a1, as, . . . ) such that (Vn)(a,1o =
Qp+1+ ap).

(a) Prove that the Fibonacci-type sequences form a 2-dimensional vector space.
(b) Find a basis in this space consisting of two geometric progressions.

(c) Express the Fibonacci sequence (0,1,1,2,3,5,8,13,...) as a linear combination of the
basis found in item (b).



Chapter 2

2nd day, Tuesday 6/29/04 (Scribe: Justin Noel)

2.1 Subspaces

Definition 2.1. A subset U C V is a subspace (written U < V) if

(a) 0eU
(b) (Va € R)(au € U)
(c) Vu,veU)(u+vel)

Exercise 2.2. Show VS C V|, Span(S) < V, i.e. that Span(S) is a subspace of V. (Recall
that Span(0) = {0}.)

Exercise 2.3. Show that Span(.S) is the smallest subspace containing S, i.e.
(a) Span(S) <V and Span(S) D S.
(b) f W <V and S C W then Span(S) < W.
Corollary 2.4. Span(S) = Ngcw<v W-
Exercise 2.5. Show that the intersection of any set of subspaces is a subspace.
Remark 2.6. Note that this doesn’t hold true for unions.

Exercise 2.7. If U;, Uy <V then Uy U U, is a subspace if and only if U; C Uy or Uy C Uj.

2.2 All bases are equal

Theorem 2.8 (Fundamental Fact of Linear Algebra). If L, M CV with L is a linearly
independent set of vectors, and L < Span(M) then |L| < |M]|.

11
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Lemma 2.9 (Steinitz Exchange Principle). If vi,...,v; are linearly independent and
U1,...,0 € Span(wi,...,wy) then 35,1 < j < £ such that wj,va, ..., v are linearly indepen-
dent. (Note in particular that wj # va, ..., vg.)

Exercise 2.10. Prove the Steinintz Exchange Principle.
Exercise 2.11. Prove the Fundamental Fact using the Steinitz Echange Principle.

Definition 2.12. An m X n matrix is an m X n array of numbers {«;;} which we write as

a1 e U1p

Om1 - Qmp

Definition 2.13. The row (respectively column) rank of a matrix is the rank of the set
of row (respectively column) vectors.

Theorem 2.14 (The Most Amazing Fact of Basic Linear Algebra). The row rank of
a matriz is equal to its column rank. (To be proven later in today.)

Definition 2.15. Let S C V, then a subset B C S is a basis of S if

(a) B is linearly independent.
(b) S < Span(B).

Exercise 2.16. Show that the statement: “All bases for S have equal size” is equivalent
to Theorem 2.8

Definition 2.17. We call the common size of all bases of S the rank of S, denoted rk(.S).

2.3 Coordinates

Exercise 2.18. Show that B C S is a basis if and only if B is a maximal linearly independent
subset of S.

Exercise 2.19. If B is a basis of S then Vz € S there exists a unique linear combination of
elements in B that sums to z. In other words for all x there are unique scalars 3; such that

k
i=1

Definition 2.20. For a basis B, regarded as an ordered set of vectors, we associate to each
z € S the column vector
B

[z]p = :
Bk

called the coordinates of x, where the 3; are as above.
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2.4 Linear maps, isomorphism of vector spaces

Definition 2.21. Let V and W be vector spaces. We say that a map f : V — W is a
homomorphism or a linear map if

(a) (Vz,y € V)(f(z+y) = f(z) + f(y)
(b) (Vz € V)(Va € R)(f(ax) = af(z))
Exercise 2.22. Show that if f is a linear map then f(0) = 0.
Exercise 2.23. Show that J”(Z:f:1 Q;v;) = Zle a; f(v;).
Definition 2.24. We say that f is an isomorphism if f is a bijective homomorphism.

Definition 2.25. Two spaces V and W are isomorphic if there exists an isomorphism be-
tween them.

Exercise 2.26. Show the relation of being isomorphic is an equivalence relation.
Exercise 2.27. Show that an isomorphism maps bases to bases.

Theorem 2.28. If dim(V) =n then V = R".

Proof: Choose a basis, B of V, now map each vector to its coordinate vector, i.e. v — [v]g.

Definition 2.29. We denote the image of f as the set
im(f) = {f(z) : 2 € V}
Definition 2.30. We denote the kernel of f as the set
ker(f) = {o € V' f(z) = 0}
Exercise 2.31. For a linear map f : V — W show that im(f) < W and ker(f) < V.

Theorem 2.32. For a linear map f:V — W we have

dimker(f) + dimim(f) = dim V.

Lemma 2.33. If U <V and A is a basis of U then A can be extended to a basis of V.

Exercise 2.34. Prove Theorem HINT: apply Lemma setting U = ker(f).
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2.5 Vector spaces over number fields

Definition 2.35. A subset F C C is a number field if F is closed under the four arithmetic
operations, i.e. for a, € F

(a) axpelF
(b) aB € F
(c)  €F (assuming 3 # 0).
Exercise 2.36. Show that if F is a number field then @) C F.
Exercise 2.37. Show that Q[v/2] is a number field.
Exercise 2.38. Show that Q[v/2] = {a + bv/2 + ¢V4: a,b,c € Q} is a number field.

Exercise 2.39 (Vector Spaces over Number Fields). Convince yourself that all of the
things we have said about vector spaces remain valid if we replace R and F.

Exercise 2.40. Show that if F, G are number fields and F C G then G is a vector space over
F.

Exercise 2.41. Show that dimrC = 2.

Exercise 2.42. Show that dimgR has the cardinality of “continuum,” that is, it has the same
cardinality as R.

Exercise 2.43 (Cauchy’s Equation). We consider functions f : R — R satisfying Cauchy’s
Equation: f(z +vy) = f(z) + f(y) with 2,y € R. For such a function prove that

a) If f is continuous then f(z) = cz.

(
(b) If f is continuous at a point then f(z) = cz.
(
(d

)
)
c) If f is bounded on some interval then f(z) = cz.
) If f is measurable in some interval then f(z) = cz.
)

There exists a g : R — R such that g(z) # cz but g(z +y) = g(z) + g(y). (HINT: Use
the fact that R is a vector space over Q. Use a basis of this vector space. Such a basis
is called a Hamel basis.

(e

Exercise 2.44. Show that 1,v/2, and v/3 are linearly independent over Q.

Exercise 2.45. Show that 1,v/2, /3,5, v6,v/10,v15 and v/30 are linearly independent over
Q.
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Exercise 2.46. * Show that the set of square roots of all of the square-free integers are linearly
independent over Q. (An integer is square free if it is not divisible by the square of any prime
number. For instance, 30 is square free but 18 is not.)

Definition 2.47. A rational function f over R is a fraction of the form

_9(=)

where g,h € R[z] (that is g, h are real polynomials) and h(z) # 0 (h is not the identically
zero polynomial). More precisely, a rational function is an equivalence class of fractions of
gi(z) . 92(2)
hl(x) hg (:L‘)
(This is analogous to the way fractions of integers represent rational numbers; the fractions
3/2 and 6/4 represent the same rational number.) We denote the set of all rational functions
as R(z).

polynomials, where the fractions are equivalent if and only if g1-ho = go-hy.

Note that a rational function is not a function; it is an equivalence class of formal quotients.

Exercise 2.48. Prove that the rational functions {ﬁ : o € R} are linearly independent set
over R(z).

Corollary 2.49. dimg(,) R(z) has the cardinality of “conyinuum” (the same cardinality as R).

2.6 Elementary operations
Definition 2.50. The following actions on a set of vectors {vy,...,v;} are called elementary
operations:

(a) Replace v; by v; — av; where i # j.

(b) Replace v; by av; where a # 0.

(c) Switch v; and v;.

Exercise 2.51. Show that the rank of a list of vectors doesn’t change under elementary
operations.

Exercise 2.52. Let {vy,...,v;} have rank r. Show that by a sequence of elementary operations
we can get from {vy,...,v;} toaset {wi,...,wg} such that wy,...,w, are linearly independent
and wy41 =+ =wg = 0.

Consider a matrix. An elementary row-operation is an elementary operation applied to
the rows of the matrix. Elementary column operations are defined analogously. Exercise 2.5
shows that elementary row-operations do not change the row-rank of A.

Exercise 2.53. Show that elementary row-operations do not change the column-rank of
a matrix.

Exercise 2.54. Use Exercises [2.51] and [2.53] prove the “amazing” Theorem [2.14]
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3rd day, Wednesday 6/30/04 (Scribe: Richard Cudney)

3.1 Rank

Let V be a vector space.
Definition 3.1. Let S CV,and T C S. T is a set of generators of S if S C Span(T).
Definition 3.2. A basis of S is a linearly independent set of generators of S.

Definition 3.3. The rank of a set S, rk(S):=|B| for any basis B of S. Note that this is
well-defined because of the Fundamental Fact.

Definition 3.4. Let U < V. The dimension of U, dim(U) := rk(U) (=maximal number of
linearly independent vectors in U).

Exercise 3.5. dimSpan(7) = rk(7") Hint: One direction is immediate and the other follows
from the fundamental fact.

Given a matrix, there are a priori two different ranks associated to it, the rank of the set of
column vectors, and the rank of the set of row vectors (column-rank and row-rank respectively).
It is an Amazing Fact that row-rank=column-rank. The following exercise gives a proof of this
fact using Gaussian elimination.

Exercise 3.6. (a) Elementary row operations change which sets of rows are linearly inde-
pendent, while the maximum number of linearly independent rows remains the same.

(b) Elementary column operations do not affect the linear independence of any given set of
rows.

(c) By applying elementary row and column operations any matrix can be made to have
zeroes everywhere outside a square sub-matrix in the upper left hand corner, in which it
will have ones down the diagonal and zero elsewhere.

Exercise 3.7 (Rank invariance under field extensions). If F, G are fields, F < G and A
is a matrix over F, then rkp(A) = rkg(A).

17
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3.2 Number Fields, Roots of Unity

Exercise 3.8. If F is a number field then F D Q.

Recall the previous exercise that asked to show that Q[v2] = {a +bv2 : a,b € Q} is a
number field. The only non-obvious part was that we could divide by non-zero elements. We
can accomplish division by multiplying by the conjugate:

1 _ 1 a—bﬁ_a—bﬁ
a+bvV2 a+bvV2 a—by2 a®—2b?

Exercise 3.9. Let a,b € Q. If a> —2b> =0 then a = b= 0.

Now how can we generalize this trick to show that Q[v/2] is a number field? What are
the conjugates of /2? Previously we used both roots of 22 — 2, now we want to use all
roots of z3 — 2. What are the other roots beside v/2? Let w = cos(%F) + isin(3f) so that
w? = cos(%ﬂ) —i—isin(%ﬂ). These are the non-real roots of z° = 1, so wv/2,w?V/2 are the other

cube roots of 2.

Note: /3
1 V3
w = —5 +27

and
w? = 1 _iﬁ
2 2

This example leads us to study the n-th roots of unity-the complex solutions of
" =1.
We can calculate the n-th roots as follows, writing x in polar form:
z = r(cos(a) + isin(w))
" = r"(cos(na) + isin(na)) =1+ 40
2km

Sor=1,and a = =",

Exercise 3.10. Let S, be the sum of all nth roots of unity. Show that Sy =1 and S,, = 0 for
n > 1.

Definition 3.11. z is a primitive n-th root of unity if 2” =1 and 27 #1for 1 <j <n —1.

2 2 )
Cn 1= cos (W) + i s8in <7T> = 2T/
n n

Let
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Exercise 3.12. 1,(,, ..., (" ! are all of the n-th roots of unity.

Exercise 3.13. Let 2z = 1. Then the powers of z give all n-th roots of unity iff z is a primitive
n-th root of unity.

Exercise 3.14. Suppose z is a primitive n-th root of unity. For what k is z* also a primitive
n-th root of unity?

Exercise 3.15. If z is an n-th root of unity then z* is also an n-th root of unity.

Definition 3.16. The order of a complex number is the smallest positive n such that z" = 1.
(If no such n exists then we say z has infinite order.)

ord(—1) =2, ord(w) = 3, ord(7) =4, ord(1) = 1, ord(m) = oo.
Exercise 3.17. ord(z) = n iff z is a primitive n-th root of unity.

Exercise 3.18. Let pu(n) be the sum of all primitive n-th roots of unity.

a) Prove that for every n, u(n) =0,1, or —1.

b) Prove u(n) # 0 iff n is square free.

c) Prove if g.c.d. (k,£) = 1 then pu(kl) = p(k)u(f).
)

d) If n = pi" ... ppt*, find an explicit formula for x(n) in terms of the ;.

Exercise 3.19. Show that the number of primitive n-th roots of unity is equal to Euler’s phi
function. ¢(n) := number of k£ such that 1 <k <n, g.c.d. (k,n) = 1.

n ¢(n)
11
2 1
3 2
4 2
5 4
6 2
76
8 4
9 6
10 4

Definition 3.20. f : Nt — C is multiplicative if (Vk,¢)(if g.c.d. (k,£) = 1 then f(k{) =
f(R)f(6)).
Definition 3.21. f is totally multiplicative if (Vk,)(f(k¢) = f(k)f(¢)).
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Exercise 3.22. p function is multiplicative.
Exercise 3.23. ¢ function is multiplicative.
Exercise 3.24. Neither p nor ¢ are totally multiplicative.

Exercise 3.25. Prove that Z o(d) =n.
d|n,1<d<n

Remark 3.26. We call
gn)= > f(d)

d|n,1<d<n

the summation function of f.

Exercise 3.27. f is multiplicative if and only if ¢ is.

Now, using the preceding ideas, we can apply in Q[v/2] the same construction we used in

Qv2:

1 a+ w2+ wrVde a+ w20+ w4
a+ Y20+ Ve a4+ w20+ w2Vie a+ w20+ widc

Exercise 3.28. Show that the denominator in the above expression is rational and non-zero.

3.3 Irreducible Polynomials
Definition 3.29. Let I be a number field. F[z] is the ring of all univariate polynomials with
coefficients in F.

Definition 3.30. f is irreducible over [ if

(i) deg(f) = 1 and
(i) (Vg,h)(€ Flz], f = gh — deg(f) = 0 or deg(g) = 0).
Remark 3.31. If deg(f) = 1, then f is irreducible because degree is additive.

Theorem 3.32 (Fundamental Theorem of Algebra). If f € C[z] and deg(f) > 1 then
(Ja € CO)(f(a) =0).

Exercise 3.33. Over C a polynomial is irreducible iff it is of degree 1. HINT: Follows from
the FTA and the exercise that lets you pull out roots.

Definition 3.34. Let f,g € Flz]. We say f|g if (3h)(fh = g).
Exercise 3.35. (Vo)(z — a)| (f(z) — f(e)).
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Corollary 3.36. « is a root of f iff (z — )| f(x).
Remark 3.37. If f(z) = z", then

" —a" = (z—a)(z" T +ax" 4 oY),
Exercise 3.38. f(r) = az? + bz + c is irreducible over R iff > — 4ac < 0.
Remark 3.39. Odd degree polynomials over R always have real roots.

Exercise 3.40. If f € R[z], and z € C, then f(z) = f(z).

Consequence: If z is a root of f then so is z.

Theorem 3.41. Over R, all irreducible polynomials have deg < 2.
Proof: Suppose f € R[z], deg(f) > 3. We want to show that f is not irreducible over R.

1) If f has a real root «, then (z — )| f.

2) Otherwise by FTA f has a complex root z which is not real, so that z # z. Thus
(z — 2)(z — 2) = 2% — 2ax + a® + b* divides f, where z = a + bi.

O
Theorem 3.42 (Gauss Lemma). If f = gh, f € Z[z],g,h € Q[z] then 3o € Q such that
ag € Z[z] and g € Z[z).
i=n
Exercise 3.43. If ay,...,a, are distinct integers, then H(:v —a;) — 1 is irreducible over Q.
i=1
Exercise 3.44. Vn,z" — 2 is irreducible over Q.

Definition 3.45. The n-th cyclotomic polynomial is ®,(z) = [[(z — (), where { ranges
over the primitive n-th roots of unity.

Remark 3.46. deg @, (z) = p(n).

Oi(z)=2-1
Dy(z) =z +1
O3(z) =2 +z+1
Dy(z) =22 +1

O5(z) =2t +2d + 2+ +1
Og(z) =2 —z+1
Or(z) =ab + 2 a2t 2P a2t o+ 1
Pg(z) =2t +1
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Exercise 3.47. 2" — 1 = H D, (z).
d|n,1<d<n
Exercise 3.48. ¢,(z) € Z[z].
Theorem 3.49. * ®,(x) is irreducible over Q.
Definition 3.50. a € C is algebraic if (3f)(f € Q[z], f Z0, f(a) =0).

Definition 3.51. A minimal polynomial for « is a nonzero polynomial m(z) € Q[z] such
that
me () =0 (3.1)

and mq(z) has minimal degree, among polynomials satisfying (3.1)).

Remark 3.52. The minimal polynomial is well-defined up to a constant multiple.
Exercise 3.53. m(z) is irreducible.

Definition 3.54. deg(a) = deg(my).

Exercise 3.55. If { is a primitive nth root of unity then deg(¢) = ¢(n).
Exercise 3.56. (Vf € Q[z])(f(a) =0 <= mqy | f)

Definition 3.57. The algebraic conjugates of « are the roots of m.

Exercise 3.58. If deg(a)=n then the set
Qla] := {ap + a1a + ay_1a" " |a; € Q}

is a field.
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4th day, Thursday 7/1/04 (Scribe: Nick Gurski)

4.1 Linear maps

We shall study the notion of maps between vector spaces, called linear maps or homomor-
phisms. A function f: V — W between vector spaces defined over the same field F is a linear
map if

(1) flz+y) = flz)+f(y)

(2) flaz) = af (z)

for all z,y € V and all o € F; these two conditions are equivalent to the single condition that
f distributes over linear combinations

FO i) = aif (xy).
i i
Now assume that we have a basis

€= {§17§27"-7§n}

for V and a basis € for W. We would like to assign a matrix to the linear map f which
depends on the two bases we have chosen and represents the function f completely. We do
this by defining the matrix [f](ce/) to have as its i-th column the vector [f(e;)]er- Thus we can
write this matrix as

ey = [f(e1)ler - - [f (en)le];

if W is of dimension k, this matrix is a £ X n matrix. Our next goal is to show that this matrix
[fl(e,er) gives the same geometric information as the linear map f.

We begin this task with a theorem.

Theorem 4.1. Lete = {e,--- ,e,} be a basis for V.. Then for any set of vectors wy,--- ,w,, €
W, there exists a unique linear map f : V — W with the property that f(e;) = w; for all i.

23
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Proof: We first show uniqueness, and existence follows easily afterwards. Assuming there
is such an f, then its value on a vector £ € V is determined since e is a basis. Writing
z =Y i, a;e;, we have that

fla)=FOQaie) =Y aif(e);
=1 i=1

this shows uniqueness.

To show the existence of such a map, we define
n
f(z) = Z QG W;
i=1

and check that this is a linear map. This is left as a simple exercise.

The theorem means that the matrix [f] is determined by the images f(e;) of each of the
basis vectors in V', and by the definition of basis this determines the linear map f as well.
Conversely, if we know where f sends each basis vector, then there is a unique linear map that
agrees with f on e. Thus the matrix [f] and the linear map f give the same information.

Example 4.2 ((The derivative of polynomials)). Remember that the collection of all
polynomials of degree n, denoted P,, is a vector space of dimension n + 1 which is spanned
by the basis 1,z,z%,--- ,z". There is a linear map D which sends the polynomial p(z) to its
derivative polynomial p/(z); thus we have a linear map D : P, — P,,_;. We shall compute the
matrix [D] with respect to the natural bases. We know that D(z*) = kz*~!, so D(e;) = kej_;
where k ranges from 0 to n. This shows that the matrix [D] has, as its k-th column the vector
which is all zeros except that its (k — 1)-st entry is (k — 1); this is an n x (n + 1) matrix. For
n = 3, the matrix for D : P3 — P, is shown below.

[D] =

o O O

1 00
020
00 3
Example 4.3. Projection onto the plane:

We have a linear map 7 : R® — R? which forgets about the z-coordinate. Using the
standard basis, we have

m(e;) = &
m(ea) = e
m(e3) = 0

and so the 2 x 3 matrix [n] is
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Example 4.4. Rotation of the plane by the angle «: We denote by p, the map which rotates
R? by the fixed angle a. Using the standard basis, we find that

o] = |

cosa —sinq
sinaa cosa |’

If we use a different basis, however, the matrix for p, changes. Let e; be the vector (1,0) as
before, but now let e; be the vector obtained by rotating e; by «. In general, these vectors
are linearly independent, and thus form a basis for R?2. Now we will compute [p,] with respect
to this basis. By definition, p,(e;) = e3; using some basic geometry we can determine p,(es)
and thus find that the matrix [p,] is now

0o -1

1 2cosa |’
This examples shows that when computing the matrix associated to a linear map, it is impor-
tant to remember what bases are involved.

We can now make two definitions that will be useful later.

Definition 4.5. Let A be an n x n matrix (it is important that A is a square matrix here).
Then we define the trace of A, denoted trA, to be the sum of the diagonal entries of A. If A
is the 2 x 2 matrix
a b
il

then we define the determinant of A to be
detA = ad — be.

We will later see how to define determinant for n x n matrices. If we are given a linear map
f:V — V, then the trace and determinant of the matrix [f] do not depend on what basis we
have chosen. In the examples above of the two matrices associated to the rotation map, it is
easy to check that both matrices have trace 2 cos a and determinant 1.

Assume that we are given two matrices, A = (a;;) and B = (b;;) where A is an r X s
matrix and B is an s X t matrix. Then we can multiply them to get a matrix C = AB, where
C = (¢;;) and the entry c¢;;, is equal to

s
E aijbjk.
j=1

Note that A must have the same number of rows as B has columns or the indices will not
match as they should.

Let f: V — W be a linear map, with bases e for V and €’ for W. Given a vector z € V,
we would like to determine the coordinates of the vector [f(z)] with respect to € in terms of
the corrdinates of z with respect to e and the matrix [f](e,e)-
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Exercise 4.6. Using the definition of matrix multiplication above, we have the formula
[f](e,e’)[g]e = [f(ﬁ)]e’-

We can use this exercise to study the relationship between the composite of two linear maps
and the product of their matrices. Let f: V — W and g : W — Z be two linear maps, and let
V, W, Z have bases e, €', €", respectively. We have the composite map gf which is defined on
vectors as (gf)(z) = g(f(z)); we also have matrices [f](ee) and [g](e ey, as well as a matrix
for the composite gf with respect to e and €”. The goal is to prove that

[9f](e,er) = [9(e o) [f](e,e)-
To do this, a lemma, is required.

Lemma 4.7. If A is a k x n matriz, then A =0 if and only if for all z € F", Az = 0.

Proof: If A =0, it is obvious that Az = 0 for all z. Assume that A # 0; we will produce
a vector z such that Az # 0, and that will complete the proof. Since A is nonzero, it has a
nonzero entry; call it a;;. Then Agj = >, aije;, where the vector ¢; is zero except for entry [
which is 1. This vector is nonzero, since a;; is nonzero.

Corollary 4.8. If for all vectors z, Ax = Bz, then A = B as matrices.

Proof: If Az = Bz, then (A — B)z = 0 for all z and therefore A — B = 0 by the above.

Now we can show that [gf] = [g][f] by showing that these two matrices are equal when
applied to any vector . On the left side, we have

l9fllz] = [(9f)(z)]

by the exercise above. On the right, we have

[9]lf1lz] = lg][f (z)] = [9(f (2))],

but [(gf)(z)] = [¢(f(z))] since that is exactly how the composition of two functions is defined.
This proves that [gf] = [g][f]-

Returning to our example of the linear map which rotates by «, we can use that [p.][pg] =
[paps] to prove the angle-sum formula from trigonometry. Since rotating by 8 and then rotating
by « is the same as rotating by « + 3, we get that

cos(a+B) —sin(a+ B) ] _

[paps] = [Pa+s] = sin(a+ ) cos(a+ fB)

Multiplying the matrices for p, and pg together, the result is

7

cosacos B —sinasin 8 —(sinacos B + cos asin 3)
sinacosff +cosasinff  cosacosf — sinasinf
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comparing these two matrices gives the desired identity.

Now we turn to using matrices to solve systems of linear equations. If A = [a,ay---a,] is
a k x n matrix with columns g;, and z is any vector, then Az = z1a; + z2a9 + - -+ + Zpna,,.
Therefore the equation Az = 0, where z is the variable, always has the trivial solution z = 0.

Exercise 4.9. Az = 0 has a nontrivial solution if and only if the columns of A are linearly
dependent if and only if the rank of A is less than n.

Exercise 4.10. If A is a k x n matrix, then Az = 0 has a nontrivial solution if £ < n (HINT:

use Exercise .

Exercise 4.11 (Showing the existence of a nontrivial solution). Using the corollary
above, we can show that the system of equations

2c+3y—2z = 0
Tz +8y+52z = 0

has a nontrivial solution. Solving this system is equivalent to solving Az = 0 where

2 3 -1
=785

and
7

z= |8

5

In this case, k = 2 and n = 3, so there must be a nontrivial solution.

If we try to solve the general equation Az = b, this is equivalent to solving
Z ZTia; = ba
i

or finding out if b is in the span of the vectors g;.

Exercise 4.12. The equation Az = b is solvable if and only if b € Span{g,} if and only if the
rank of A is the same as the rank of [A|D].

Let U = {z : Az = 0}; this is called the solution space. It is easy to see that U is a
subspace of F". It is obvious that U contains the zero vector. If z,y € U, then (z +y) € U
since a a

Alz +y) =Az+Ay=0+0=0.

Similarly, if x € U, then az € U.

Theorem 4.13. The dimension of U is n —rk(A).
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Proof: Define ¢ : F* — F¥ by (z) = Az; ¢ is linear because A is a matrix. The kernel of
¢ is exactly the subspace U defined above. We know that dim(ker ¢) = n — dim(imyp), so we
only need to show that dim(img) = rk(A). But the image of ¢ is the set of all vectors of the
form Az, and this subspace is spanned by the columns of A, hence the dimension of the image
is necessarily the rank of A.

It is important to note that Az = b may or may not have a solution. Assume that it does
have a solution, and call that solution z,. To find all solutions to Az = b, we can subtract

Az =
Alz —z¢) =

OIS IS

to find that all solutions of Az = b are translates of the vector z; by elements of U. Another
way to say this is that z —z is a solution to Az = 0 (where z really means two different things
in this sentence) , so z — z, € U; this is the same as saying that z € 2, + U or that z has the
form zy +w for w € U.
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5th day, Friday 7/2/04 (Scribe: Shreya Amin)

5.1 Fields

Definition 5.1. A number field is a subset F C C such that F is closed under arithmetic
operations.

Example 5.2. Q, R, C, Q[a] where « is such that f(a) =0 for f € Z[z].

Definition 5.3. A field is a set F with 2 operations (addition 4+ and multiplication e), (F, +, e)
such that (F,+) is an abelian group:

Va,B € F)(3'a+ 5 € F),

Va, B € F)(a+ S = B+ a) (commutative law),

(al) (
(a2) (
(a3) (Yo, 8,7 €F)((a+B) +7 = a+ (B +17)) (associative law),
(a4) (30 € F)(Va)(e+0 =0+ a = a) (existence of zero),
(a5) (

Va € F)(3(—a) € F)(a+ (—a) =0),
and for (I, ¢) have the following. F* = [F\ {0} is an abelian group with respect to multiplication:

Va,B € F)(3lae g €F),

Va,B € F)(a e f = [ ea) (commutative law),

(b1) (

(b2) (

(b3) (Va, 8,7 EF)((ae f) ey = e (B7)) (associative law),
(bd) (31 € F)(Va)(a e 1 =1ea = a) (existence of identity),
(b5) (

Va e F*)F(at e F¥)(ae (e ) = (aHea=1),

29
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(b6) 1#0
(b7) (Va, 8,7 €F)((ae (B+7) = ae [+ aey) (distributive law)

Example 5.4. Examples of fields:

(1) Number fields (Every number field is a field)

(2) R(z) (Recall R[z] = polynomials over R. This is not a field since reciprocal of a poly-
nomial is not necessarily a polynomial. Thus, consider R(z) = {rational functions} =

({8 g(z) #£0, 1.9 € R[]}
(3) Finite fields: mod p residue classes, p prime. Denote it by Z/pZ.
Example 5.5. Z/pZ:

+]0 1 o |0 1

0j0 1 0/0 0

110 110 1

+]0 1 2 |0 1 2

0j/0 1 2 00 0 O

1{1 2 0 110 1 2

212 01 210 2 1

+/0 1 2 3 4 e/0 1 2 3 4

0j]0 1 2 3 4 0([0 0 0 0O

111 2 3 4 0 110 1 2 3 4

212 3 401 20 2 41 3

313 401 2 3/0 3 1 4 2

414 01 2 3 410 4 3 21
Part of the group structure of (Z/pZ, +) is reflected in the facts that each row and each column
is a permutation. Similarly for ((Z/pZ)*,e).

Latin Squares: n x n square filled with n symbols. Every symbol appears in each row
and each column exactly once. So, (Z/pZ,+) is 5 x 5 Latin square and ((Z/pZ)*,e)) is a 4 x4
Latin square.

Note: Commutativity «— symmetric matrix

Definition 5.6. Let A € F¥*”, Transpose of A: flip matrix over main diagonal. Let

A= (aij)gii(f))(j:l)’ then AT = (51']')%?:)(1]3)@:1)- The matrix A is symmetric if A = A”.

Axiom (d)
Va,BeF)(af=0< a=0or f=0)
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Exercise 5.7. Prove that Axiom (d) holds in every field.
Exercise 5.8. Show that Axiom (d) fails in Z/6Z. So Z/6Z is not a field.

Exercise 5.9. If F is finite and satisfies all field axioms except possibly (b5), then (b5) <—
(d). Note: (d) does not necessarily imply (b5) if I is infinite: Z is a counterexample.

Theorem 5.10. Z/mZ is a field <= m is prime.
Proof:

(1) If m is composite, i.e., m = ab where a,b > 1, then Z/mZ is not a field: it violates axiom
(d) because ab = 0.

(2) Z/pZ is finite, thus need to show that it satisfies axiom (d): ab = 0 in Z/pZ. Prime
property: p|ab= p|a or p|b.

This property plays a key role in proving the Fundamental Theorem of Arithmetic:
Every number has a unique prime decomposition.

Exercise 5.11. Use exercises below and the prime property to prove the Fundamental Theo-
rem of Arithmetic.

Definition 5.12 (Greatest Common Divisor). Let a,b,d € Z. Then d = g.c.d. (a,b) if

(i) d]a, d|b (d is a common divisor),

(ii) (Ve)(e|a and e|b = e|d) (d is a multiple of every common divisor).

(This definition cannot distinguish between numbers and its negative: Example: g.c.d. (4,6) =
7;2is a g.c.d. and so is —2).
Theorem 5.13. (Va,b)(3d = g.c.d. (a,b)) and d is unique up to factor of +1.

What is the greatest common divisor of (0,0)7 Divisors of 0: (Vz)(z |0), so every integer is

a divisor of 0. Every divisor of 0 satisfies (i) above, but only 0 satisfies (ii) so g.c.d. (0,0) = 0.
(With respect divisibility, everything is a divisor of 0; and 1 is the divisor of everything).

Exercise 5.14. (Va,b € Z)(3z,y € Z)(d = ax + by) where d = g.c.d. (a,b).
Example 5.15. g.c.d. (7,11) =1: 7z + 11y =1, for z = —3 and y = 2.

Exercise 5.16. Prove; do not use prime factorization: if g.c.d. (a,b) = d then g.c.d. (ac, bc) =
cd.
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5.2 Polynomials, rational functions

Let F be a field and let F[z] be the set of polynomials over F. Let f,g € F[z].
Definition 5.17 (Divisibility of polynomials). f|g if 3h € F[z] s.t. g = fh.

Definition 5.18 (Greatest common divisor of polynomials). Let d, f,g € Flz]. d =
g.c.d. (f,g) is the greatest common divisor of f and g if

(i) d[f, d|g, and

(ii) d is a multiple of all common divisors: (Ve)(e| f and e|g = €| d).

g.c.d. is unique up to non-zero constant factors.

Example 5.19. g.c.d. (22 — 1,(z — 1)?) = 2 — 1 (there is no distinction between z — 1 and
73(z —1)).

Definition 5.20. f is irreducible if

(i) degf =1
(ii) (Yg,h)(if gh = f then degg = 0 or deg h = 0)

Theorem 5.21 (Division Theorem for Integers). (Va,b)(if |b| > 1, then (3¢q,7)(a = bg+r
and 0 <r <|b|—1).

Theorem 5.22 (Division Theorem for polynomials over a field). (Vf,g € Flz])(if g # 0,
then 3q,r € Flz] s.t. f = gq+r and deg(r) < deg(g).

Theorem 5.23. Every polynomial has a unique factorization (up to constant multiples) into
irreducible factors.

Example 5.24. (22 — 1) = (z—1)(z+1) = 3z — 3)(32 + 1)

Everything done so far in linear algebra is true for all fields (not just number fields). Denote
“order of field F” by |F|.
Theorem 5.25 (Galois). The orders of finite fields are the prime powers; ¥ prime power g,
3! field ¥y, of order q (unique up to isomorphism).

Note: I, = Z/pZ when p is a prime, but F, # Z/qZ when ¢ is not a prime q = p*, k > 2.

Definition 5.26. The field F has characteristicm (m>1)if1+1+..+1=m-1=0and
—_—

m is the smallest positive integer with this property. If no such m exists, we say that the field
has characteristic 0.
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What is the characteristic of I, = Z/pZ? Answer: char[F,, = p. What is the characteristic
of C? Answer: char C = 0. The same is true for number fields.

Consider the field of rational functions F(z) over the field F.

Exercise 5.27. charF(z) = charF. This gives examples of infinite fields of finite (i.e., non-
zero characteristic).

Exercise 5.28. If F C G is a subfield, then char F = char G.

Example 5.29. Z/5Z C Q. Is this a subfield? Answer: No, the operations are different; e. g.,
3+4=7inQbut3+4=2inZ/5Z.

Exercise 5.30. charF = 0 or prime.

Exercise 5.31. If char[F = 0, then Q is a subfield of F. If charF = p, then Z/pZ is a subfield
of .

Theorem 5.32. If F is a finite field of characteristic p, then |F| = p*.

F, = Z/pZ, IF,, C F. If we have a field extension = bigger field is a vector space over the
smaller field. Thus, we can treat IF as a vector space over F,. Let We can find a basis of F
over I, i.e., every vector can be written as a linear combination of these basis vectors. Let
dimg, F = k. We, therefore, have a bijection: F «— Fk so |F| = |F§| = p*, where = — [2]p.

Exercise 5.33. Find an irreducible quadratic polynomial over Fs.

Solution: What are quadratic polynomials: az? + bz + ¢, a,b,c € Fy = {0,1}. Since we want
quadratic polynomials, a # 0 so a = 1. Thus, we have 22 + bz + ¢ with b,c € {0,1}. Thus,
there are 4 quadratic polynomials:

z? =z - x not irreducible,

22 + 2 = z(z + 1) not irreducible,
2> +1=2?4+22x+ 1= (z +1)? not irreducible,

22 + z + 1 irreducible.

Another way to see this: the deg = 1 polynomials are z, x + 1, so = -z, z(z + 1), and
(z + 1)? are the only reducible polynomials = 22 + x + 1 is irreducible).

Theorem 5.34. (Vp), (Vk), (3 irreducible polynomials of degk over F).)
Corollary 5.35. (Vp)(Vk)(IF k).

Once we have irreducible polynomials of deg k over F;, we can immediately construct F .
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Chapter 6

6th day, Tuesday 7/6/04 (Scribe: Jeff Clouse)

6.1 Inverse matrix, rank

Today we will be discussing inverse matrices and representation of linear maps with respect to
different bases. To begin, let A be an n X n matrix.

Definition 6.1. Write B = A~! if AB = I,,.

Exercise 6.2. If AB = I,,, then BA = I,,. We call such a B an inverse for A.

Now suppose that A = (ay,...,a,) is a k X n matrix over the field F, that is A € Fk*m. If
b € F*, then 3z € F” such that Az =b<=b € Span(ai,...,a,) = column space of A. If R
is an n x k matrix, then AR = A[ry,...,r) = [Ar1,..., Arg]. This leads us to the following
defintion.

Definition 6.3. R is a right inverse of A if AR = I,.

We are naturally led to wonder when a right inverse should exist. Letting {ei,...,ex} be
the standard basis for F¥, we see that R exists <= Vi Jr; such that Ar; = e;. This condition
is equivalent to ei,...,e; € column space of A < F*. This means that the column space of
A is equal to F*; in other words, A has rank k. So, a k x n matrix A has a right inverse
<= rk A = k. We restate our findings as a theorem.

Theorem 6.4. The following are equivalent for a k X n matriz A:

1. A has a right inverse.
2. tkA=k.
3. A has full row rank.

4. A has linearly independent rows.

35
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Remember that if A = (a;;), then the transpose of A is the matrix given by AT = (aj;).
Exercise 6.5. We have the formula (AB)” = BT AT,

Using the exercise, we see that AR = I <= RT A" = I. Thus, A has a right inverse iff A7
has a left inverse. We therefore have a new theorem.

Theorem 6.6. The following are equivalent for a k X n matriz A:

1. A has a left inverse.
2. tk A =n.
3. A has full column rank.

4. A has linearly independent columns.

The set of n x n matrices over a field F is very important and has its own notation, M, (F).
In this case, the previous two theorems coincide.

Corollary 6.7. The following are equivalent for A € My(F):

1. tkA=n.

2. A has a right inverse.

3. A has a left inverse.

4. A has an inverse.

5. det A #0 (A is nonsingular).

Exercise 6.8. Let ai,...,ay,51,...,0, € F be all distinct. Now let v; ; = 1/(cy; — 5;). The
matrix H = (7;,;) has full rank. Matrices such as H are called Cauchy-Hilbert matrices.

The set of matrices considered in the previous corollary pervades the study of linear algebra,
so we give it a name.

Definition 6.9. The set of nonsingular n X n matrices over F is called the General Linear
Group, and is denoted by GL(n, F).

To justify the name, notice that GL(n,F) is a group under matrix multiplication. Only two
axioms require effort to check. First, see that (A~!)~"! = A, so GL(n,TF) is closed under taking
inverses. Second, see that if A, B € GL(n,F), then (AB)~! = B~1A~!. Therefore GL(n,F) is
closed under the group operation. Associativity and the existence of an identity element are
clear, so we see that the general linear group is indeed a group.



6.1. INVERSE MATRIX, RANK 37

Now we can use our understanding of matrix inversion to learn about changes of basis. Let
@ : V™ — W¥* be a linear map, and suppose we have two bases for each vector space: e, €’; f f.
Now consider the basis change transformations

o: V-V, oe)=e' (6.1)

W =W, 7(fi) =f (6.2)

Define S := [0], = [[e1]e,--,[en]e] and T := [r]y = [[fi']f,..-,[f¥']f]. Similarly, let
S":=[o]¢ and T' := [7] ;. Notice that all four of these matrices are nonsingular because their
columns are vector space bases. Now define the matrices A = [p], ; and A" = [p], . Note

that if z is a column vector in V', then [pz]; = [ple, r[2]e-

Our first goal is to compare u = [z], with u' = [z]s. Let’s write u = uie; + ... + upen.
Now cousider the following simple and surprising calculation:

v =or= U(Z uje;) = ZWU(Q) = Zuig'.

This tells us that
u = [z]e = [0z]¢ = [0]¢[z]e = S'[z]e = S'u.

So, u = S'u' and v’ = (S")~'u, accomplishing our first goal.

Now we can turn to our second goal, which is to compare A with A’. Define v = Au and
v = A'v'. Now we can see that

In other words,

Therefore, we have the formula
A = (T")1AS'.

We can actually clean this formula up a bit by considering the case where A = S and
A’ = S'. In this case, T = o, so what above were T and T" are now S and S’. So the formula
now reads: S’ = (S')"1SS’. Multiplying on the right by (S’)~! then on the left by S’, we find
that S’ = S. We could do the same thing with T to find that 7" = T, so our nicer formula has
the form:
A'=T1AS.

Exercise 6.10. If A is nonsingular, then rk(AB) = rk B and rk(C'A) = rk(C).
Exercise 6.11. rk(AB) < max{rk A,rk B}.
Exercise 6.12. 1k(A + B) <1k A + 1k B.
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6.2 Similarity of matrices, characteristic polynomial

Let A be an n xn matrix representing a linear map V' — V. Such a linear map is called a linear
transformation. A change of basis matrix S € GL(n,F) represents a linear transformation.
If A and A’ represent the same linear transformation with respect to the two bases between
which S changes, then we have A’ = S~1AS. This important concept leads us to a definition.

Definition 6.13. If A, B € M, (F), then they are similar (or conjugate) if 35 € GL(n,F)
such that B = S~'AS. This is denoted by A ~ B.

Theorem 6.14. Let V' be a vector space and ¢ a linear transformation. Then for any two
bases (e, €'), [le ~ [#le-

Exercise 6.15. Similarity of matrices is an equivalence relation.

Recall the determinant function det : M, (F) — F.

Exercise 6.16. det(AB) = det Adet B

We have a neat formula for the determinant of an inverse matrix. Consider

AA =T = det(AA™) =det T = 1.

Then, det(AA!) =det Adet A~! = det A~! =1/ det A.

Exercise 6.17. If A ~ B, then det A = det B.

Now recall that for an n xn matrix A, the trace of A is given by the formula tr A = > | aj;.

Exercise 6.18. For A € F**" and B € F***, we have tr(AB) = tr(BA).

Now let A € M,,(F) and z be a variable in F.

Definition 6.19. The characteristic matrix of A is the matrix 2 — A. The characteristic
polynomial of A is the polynomial f4(z) := det(zI — A).

Example 6.20. Let A = (12), so det A = —2 and tr A = 5. Then the characteristic matrix
of Aiszl — A = (75:31 ;_i). Then the characteristic polynomial of A is f4(z) = ‘ ‘”:31 ;_24 =
(z—1)(x—4)—6=22 -5z —2=u?—tr A+det A.

Exercise 6.21. The characteristic polynomial of A is actually given by

fa(z) = 2" —tr Az" ' 4. 4 (=1)" det A.

Exercise 6.22. If A ~ B, then f4(x) = fp(z).
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Since matrices which represent the same linear map with respect to different bases are
similar, we can make the following definition.

Definition 6.23. Let ¢ : V — V be linear. The characteristic polynomial of ¢ is given
by fo(z) := fa(z), where A = [¢] in some basis.

Finally, let A = (2}).
Exercise 6.24. Calculate f4(A4) = A2 — (a + d)A + (ad — be)I to find a curious result.
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Chapter 7

6th day, Wednesday 7/7/04 (Scribe: Ben Lee)

7.1 Review

7.1.1 DMatrices

Let ¢ : V. — W be a linear map of vector spaces over a field F'. Choose a basis d = (d;, ..., d,)
of V and a basis ¢ = (¢1,...,pk) of W. We can form the matrix

[Plae = [ledily [edoly -+ [odyly]

(the columns of the matrix are the images of the elements d; under the map ¢, expressed in
terms of the basis ¢.)

This is of course only well defined up to choice of bases.

7.1.2 Change of basis

Let d,d' and ¢, ¢’ be bases for V and W, respectively. Set

A=[plap, A = [plg -

Then
A'=T71AS
where

T={lele - lenlel,S=1ldila - [du)a] -

(expressing the new bases ¢,d' in terms of the old bases ¢,d.) These are called “change of

basis” matrices. Note these are automatically invertiblep_-]: we can always express ¢ in terms of
!

@', etc.

'e.g. non-singular.

41
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7.2 Characteristic Polynomials

7.2.1 Similar matrices

Most important case: V = W;p:V — V a “linear transformation.” For a two bases d, d we
get
A'=S1AS.

Definition 7.1. Two square matrices A, B in M, (F')(= n x n matrices with coefficients in F')
are called similar if there is an invertible matrix S so that B = S~'AS. We write A ~ B in
this case.

Recall

Theorem 7.2. For an n x n matriz A, the following are equivalent:

1. tk(A) =n;
2. A has an inverse;
3. det(A) # 0.

Theorem 7.3. det(AB) = det(A) det(B).

Consequence: A ~ B = det(A) = det(B) because

1
~ det(9)

det(S1)

7.2.2 Characteristic Polynomial

Definition 7.4. The characteristic polynomial of a matrix A is

fa(z) = det(xI — A).

Example 7.5. A = @ b . The “characteristic matrix” is 2] — A = |7~ ¢ b .
c d —cx —d
o r—a b _ .2 _ _ .2
falz) = Cep gl T (a + d)x + (ad — bc) = z*° — tr(A) + det(A).

You can apply matrices to polynomials:
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g(z) =327 — 52+ +8
g(A) :=3AT —5A% 4 A +8I.

Note for our 2 x 2 matrix A

a2 a b B 100
fa(A) = A% — (a+ d) [c d] + (ad — bec)l = [O 0] .
On this scanty evidence (and limited authority) we assert:

Theorem 7.6 (Caley-Hamilton). f4(A) =0 for any matriz A.

Note
Theorem 7.7. If A ~ B then fa(z) = f(z).

Example 7.8. p, = counter-clockwise rotation in the plane around the origin by angle «.
Choosing the standard basis d = (d;,d,) we get

sina  cos«o

A= loala= |

cosa —sin a]

e.g. pald;) = cosad, + sin ad,.

Another basis: dy,g where g is the unit vector angle o counter-clockwise from d,. Clearly
pa(d;) = g. To compute p,(g) draw the rhombus with edges d;,v = pa(g) and long diagonal
dy +v =2cosag.

2cosag ;4

pal(g) /
v

A" = [paly = [O - ]

1 2cosa

Under this basis ¢ we have

Note that det(A) = det(A4’) = cos’a + sin?a = 1 and tr(A) = tr(A’) = 2cosa. The
characteristic polynomials are

fa(x) = far(z) = 22 —2cosax + 1.
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Consequence (of Theorem [7.7): characteristic polynomials are invariant under change of
basis, so we can define the characteristic polynomial of a linear transformation (not just a
matrix.)

Definition 7.9. For a linear transformation ¢ : V. — V, define its characteristic polynomial
fo(z) as follows: choose any basis d of V' so that we can write the matrix of ¢ in terms of d as
A, and let f,(z) be the characteristic polynomial of A. This doesn’t depend on the choice of
d since another choice will give a similar matrix.

Example 7.10. Reflection: 7y through a line /. One convenient basis: d; is some vector on /,
and d, is a vector perpendicular to £.

Then 74(d,) = dy, 7¢(ds) = —d,, and we have

z—1 0

_ — 2
fnz(x) - 0 x+1‘ =7 L.

Another convenient basis: 1, @9 are equal angles from /:

S

—
©1

l

We have 74(¢1) = 2, Te(p2) = @1 so the matrix is

01
=[]
and tr(A) = 0,det(A4) = —1.
Finally, for the basis g, ison l, g, s degrees off £, we have (as in the rhombus computation)
Tg(gl) = gl,rg(gg) =2cosag, — g, Thus

1 2cosa
a=ly ]

and tr(A4) = 0,det(A) = —1.
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Proof: [Proof that A ~ B = fa(z) = fg(x)] There is an S, S~! so that B = St AS. Thus
S Hal —A)S=8"'28 - S 'AS =21 - B

and so
gl —B~gzl— A

therefore
fp =det(zI — B) = det(zI — A) = fa.

Exercise 7.11. 3 x 3: Let
1] Q12 Q13
A= |21 ax o3
aszp Q32 (033

Show fa(z) = 23 — tr(A)z? + a1z — det(A) where

a1l Qg2 a1r Qi3 Q2 (23

32 (33

a1 =

Q21 (22 a31  a33

7.3 The Determinant

7.3.1 Upper Triangular Matrices

Definition 7.12. An upper triangular matrix looks like

Similarly for lower triangular matrices. A diagonal matrix looks like

A1
D = diag(M\y,...,\p) =
An

Note that fp(z) = [[(z — A;). This is also true for upper triangular matrices, but we’ll first
need to define the determinant.
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7.3.2 Determinant

The determinant of a square matrix

a1 dlp

A=
Qnl Ann

is a sum of n! terms, each term a product of n entries from the matrix, one from each row and
column.

“Rook arrangements”: put n rooks on an n X n chessboard in a non-interfering way, e.g.
no two on the same row or column. This is a decision tree with n! leaves.

Permanent = E H terms in the rook arrangement.
rook arrangements

Determinant is the permanent with signs.

Exercise 7.13. Using this (partial) definition, show upper triangular matrices have

det(A) = H diagonal entries.

How to determine the signs of the terms? Accept that the sign of the diagonal is +1.

Remark. The Permanent is difficult to compute: equivalent to not just computing 3-coloring
of a graph, but finding all 3-colorings!

7.3.3 Permutations and Parity

Definition 7.14. A permutation of a set S is a bijection S — S (1-to-1 correspondence.)
Sometimes we write it in a table

2
1

DN

1
f(x) ‘ 3

or “musical chairs”

Another example:

Vi
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Permutations correspond to rook arrangements: put the rook on the ith row on the jth
column, where 7 goes to j under the permutation (and vice versa). The identity permutation

1

@)
2 3

corresponds to the diagonal rook arragement.

Sy, = all permutations of the set {1,...,n} = symmetric group of degree n.

Permanent = Z ﬁai7 £(3)-

3
e.g. apagiasy = [[ @ p(;) where

1 2 3
fx)[2 1 3°

det(4) = Y sign(f) [] sz
=1

feSn

Certain permutations are even: positive sign. Others are odd: negative sign. Odd or even
is parity of the number of transpositions of columns to get to the identity.

Theorem 7.15. Parity is invariant. (Any two ways of getting to the identity by transpositions
have the same parity.)

Corollary 7.16. Sign of a permutation is well-defined.

Theorem is same as

Theorem 7.17. A product of an odd number of transpositions is never the identity.

because if you had 2 sets of transpositions which took you to a permutation and back to
the identity, with different parities, their composition would be an odd parity set of transpo-
sitions giving the identity. “If we keep switching pairs of people an odd number of times, it is
impossible to get everyone back to their original positions.”

Row parity is the same as column parity: consider the following permutation
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_ ~ x |1 2 3 4 5
/= _f(x)23154_/1k\

\

|

2 -

/ [N

RY,

3 4

Exercise 7.18. Odd cycle is an even permutation; even cycle is an odd permutation.

For example, to get the 3-cycle (231):

1w 2 3
3,2 1
2 3 1
Now take the “transpose” of f
_ . x |1 2 3 45 .
9= gx) |3 1 2 5 4 /-\
2 |5
e
R
3 4

Note gfz = (12345) = the identity. So g = f~'. If

is a product of transpositions, then

Remark. Transposing 2 columns of a matrix changes the sign of the determinant. Therefore,
if two columns are equal, the determinant is zero.
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Remark. If you have a “block upper triangular matrix” (where A, B, D are each submatrices)

then
det [%%] — det(A) det(D).

Therefore f(‘é ) = fa-fp.

B
D
7.4 Eigenvectors and Eigenvalues

7.4.1 Diagonalizability

Definition 7.19. A is diagonalizable if A is similar to a diagonal matrix.

b 31=Do 3

Exercise 7.21. diag(A1,...,An) ~ diag(Asq), ..., Apy) for all f € Sy, (Characteristic poly-
nomials are the same.)

Example 7.20.

7.4.2 Eigenvalues

Definition 7.22. z is an eigenvector of A € M, (F) if  # 0 and there is a A so that

Az = Az
Similary for an eigenvector of a linear transformation.

Example 7.23. Reflection has eigenvectors with A = 1 (on the line) and —1 (perpendicular.)

Definition 7.24. X is an eigenvalue of A if there is an eigenvector d so that

Az = \z.

If X is an eigenvalue, we can solve the equations

A — Az =0
Mz — Az =0
(M —-A)z=0

which is a system of linear equations. We want a non-trivial solution (a nonzero eigenvector),
so A is an eigenvalue if and only if

det(A\] — A) = 0.
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In other words, A is a root of the characteristic polynomial
fa(z) = det(xI — A).
We say A is a characteristic root.

Theorem 7.25 (Spectral Theorem, Part 1). If A is a real (F = R) symmetric matriz
(cij = aj;, or AT = A) then A is diagonalizable.

If A= diag(\;) then fa(z) = [[(z — \;), the eigenvalues are )\;. Eigenvectors of a diagonal
matrix are the standard basis.
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8th day, Thursday 7/8/04 (Scribe: D. Jeremy Copeland)

8.1 Cauchy-Hilbert matrix

Recall

F[z] = {polynomials over a field, F},
F(z) = {rational functions over F} = {ch ‘ f,g € Flz] and g # 0} .

F(z) is a field as well as a vector space over F.

_1
x—a1’" ") x—an

Theorem 8.1. If aj € F are all distinct, then the functions
independent.

are all linearly

Theorem 8.2. Let f(z) = ap + a1z + ... + anz™ € Flz]. If f has more than n roots, then
f(z) =0.

Lemma 8.3. If f € T, there is some polynomial g € F such that f(z) = (z — a)g(z) + f(a).
Lemma 8.4. (z —«a)| f(z) — f(«).

Corollary 8.5. If f(a) =0, then (z — a)| f(x).

Let ay,...,an, B1,- .., Bn be distinct elements of F. Recall that the Cauchy-Hilbert matrix
is defined as

71 . 41

a1—p1 a1—fn
H = :
1 .. 1
an—f1 an—PBn

Theorem 8.6. The Cauchy-Hilbert matriz has full rank.

Remark 8.7. The Cauchy-Hilbert matrix is not defined if a; = 3 for some 4, 7 and is not of
full rank if o; = @ or 5; = B; for some @ # j.

ol
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8.2 Eigenvectors, eigenvalues

Recall that we have the standard inner product on F": ifa = (a,...,ap) and b = (B1, ..., ),

then .
a-b=>Y ap
1=1

Definition 8.8. ¢ and b are perpendicular, ¢ L b, if a-b = 0.
Definition 8.9. For S C F*, St :={z € F*| (Vs € S)z L s}.
Exercise 8.10. S+ <" (S* is a subspace of 7).

Exercise 8.11. § Cc S*++.

Corollary 8.12. SpanS C S++.

Theorem 8.13. If U C F*, then dimU + dim U+ = n.

Definition 8.14. z € F” is an eigenvector of A € M, (F) if 3\ € F such that Az = Az and
z #0.
Definition 8.15. \ € F is an eigenvalue of A € M, (F) if 3z € F" such that Az = Az and
z #0.

Theorem 8.16. A is an eigenvalue of A <= X is a root of the characteristic polynomial of
A, i.e., fa(X) =0, where fa(z) = det(z] — A).

Let p, be rotation by « in the plane R2. In the standard basis,

cos(a) —sin(oo]

A= [pa] = [sin(a) cos(a)

It has the characteristic polynomial f], i(z) = 12 — 2cos(a)x + 1. Its eigenvalues are:

A1 = cos(a) +isin(a) Ay = cos(a) — isin(a)

a1 el

Remark 8.17. Given that Af L= A1, we may deduce the other eigenvector by conjugating:

The eigenvectors are:

Af =M1,
Al =M1,
Afy =t
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Remark 8.18. All rotation matrices (other than £7) have the same eigenvectors, S, and f,.
Remark 8.19. f and f, are linearly independent since
1 1
. =2
L=z

thus B ={f , f,} is a basis for C2.

The basis change matrix from the standard basis to B is:

s=[4 )

In fact, the basis change matrix from the standard basis to another basis B’ is always the
matrix whose columns are the vectors in B’. Also,

11 —i
,1_7
5 _2[1 z]

What is [ps] in our new basis, B?
[palB = Sil[ﬂa]stds
_ 11 —i] [eos(@) —sin(e)| |1 1
“ 2|1 4| |sin(e) cos(a) | |—i i
A2 0
) 62
It becomes the diagonal matrix with diagonal being the eigenvalues. Let A’ = [p,]p. The

defining property of ij is that paij = )\jij. But A’ is p, in the basis B = {f,, f,}, so we
should expect that
A= [AQ 0] :

0 M

Theorem 8.20. In an ordered basis of eigenvectors, the matriz for a linear transformation is
diagonal with diagonal entries the eigenvalues with the respective order.

Definition 8.21. If ¢ : V' — V is a linear transformation, then z € V is an eigenvector if
z # 0 and 3\ such that pz = Az.

Definition 8.22. If ¢ : V — V is a linear transformation, then A € F is an eigenvalue if
Jx € V such that z # 0 and pz = A\z.

Remark 8.23. If oz = Az then [p][z] = A\[z] in any basis.



54 CHAPTER 8.

Remark 8.24. ) is an eigenvalue for ¢ <= X is an eigenvalue for [¢] in any basis <=
fie](A) = 0 in any basis.

Recall that similar matrices have the same characteristic polynomials, and that the matrices
for ¢ in any two bases are similar.

Definition 8.25. The characteristic polynomial for ¢ is f, = f], in some (thus any) basis.
Theorem 8.26. [p]p is diagonal <= B is a basis of eigenvectors.
Definition 8.27. An eigenbasis for A is a basis consisting of eigenvectors.

Definition 8.28. A matrix, A, is diagonalizable if and only if there exists an eigenbasis for
A.

Remark 8.29. As we saw before, S is the expression of the eigenbasis of A in terms of the
original basis.

11

0 1

Exercise 8.31. If {e;,...,¢,} are eigenvectors associated to distinct eigenvalues, then they
are linearly independent.

Exercise 8.30. The matrix

has no eigenbasis.

Exercise 8.32. If an n X n matrix has n distinct eigenvalues, then it is diagonalizable.

Corollary 8.33.

1 7 522 1 00
0 2 m™+el~10 2 0
0 0 3 00 3

This follows because the matrix on the left hand side (call it B) has characteristic polyno-
mial
f(z) = (= D(z = 2)(z = 3),
therefore it has 3 distinct eigenvalues {1,2,3}. By Exercise it is diagonalizable. So some
diagonal matrix A is similar to B; but A and B must have the same eigenvalues, so A must
be the matrix on the right hand side.
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9th day, Friday 7/9/04 (Scribe: Sanjeevi Krishnan)

9.1 Spectral Theorem

Definition 9.1. The Vandermode Matrix V,(z1, - ,z,) is defined to be the matrix

1 1 ... 1
xr1 X2 ... Tp
2 .2 2
Ty Iy Iy
n n n
A R 1
The terms x1,- - ,x, are called the generators of Vj,(z1,- -, zp)-

Exercise 9.2. If z1,..., x,, are distinct, then V}, has full rank.
Exercise 9.3. det(Vy(z1,...2n)) = []1<jcicn(®i — 75)

Theorem 9.4. The identity permutation cannot be represented as the product of an odd number
of transpositions.

Definition 9.5. A matrix A (with coefficients in R) is a real symmetric matrix if A = A7,
ie. if A= (aij) then a;; = ay;.

Remark 9.6. Over C, every matrix has an eigenvalue (by the Fundamental Theorem of
Algebra.)

Theorem 9.7. All eigenvalues of a real symmetric matriz are real.

Proof: Suppose Az = Az, z # 0. We want to show that A = X. If we let z* denote Z', then
note:

¥ Azx = x¥(Ax) = Ax¥x = NTr21 + ... + Tpzp) = A (Z |m1|2>
=1

95
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and so
A (Z |xz|2> =z"Ax = 2" Azx™ = (2" Ax)* = <)\(Z |$Z|2> =) <Z |m1|2>
i=1 i=1 i=1

which implies A = .
Example 9.8. Let
=5 4)
Then A is a symmetric matrix with characteristic polynomial fa(z) = 22 — (tr(A))z +

det(A) = 22 — (a + d)z + (ad — b?), which has real roots iff the discriminant is nonnegative.
This is true because the discriminant is:

(a+d)* —4(ad — b*) = a® — 2ad + d* + 4b* = (a — d)* + 4b* > 0

Recall the following fact:

Theorem 9.9. A matriz A with coefficients in a field F is diagnolizable iff A has an eigenbasis,
i.e. ™ has a basis consisting of eigenvectors of A.

Definition 9.10. The inner product (on R") is a function -: R” x R” — R defined as
n
ab=> aifi=a"b
i=1
where
ai B
. b — .

Onp Bn

S
I

Definition 9.11. The (Euclidean) norm of a vector a, written ||a||, is defined to be \/a-a.

Definition 9.12. The set of vectors {a;,as, - ,a;} is orthonormal (ON) iff

1. a;la;, ie. g;fpgj =0, forall i #j

2. |la aj

Jl =1, ie ala, =1, for all .

Exercise 9.13. If a(, ..., a;, are orthonormal, then they are linearly independent.

Definition 9.14. An orthonormal basis (ONB) is an orthonormal set of n vectors a,, ..., a,, €
R™ (which thus forms a basis).
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Theorem 9.15 (Spectral Theorem). If A is a symmetric real matriz, then A has an or-
thonormal eigenbasis.

Observation 9.16. The standard basis on R™ is orthonormal. If we want to change to another
ONB {ey, ..., e}, then our base-change matrix would be:

S = ( €1 ... ep )
so that
ST =
€n
and so ST'S = I because e e; = 0 for i # j, and e/ e; = 1 for all i (by orthonormality.)

Observation 9.17. The folllowing are equivalent for an n X n matrix S.

1. The columns of S are orthonormal.

2. 8T8 =71

Recall the following;:
Theorem 9.18 (Amazing Fact 1). rk(S) = rk(S7).

Our last observation leads us to the following:

Theorem 9.19 (Amazing Fact 2). If the columns of a matriz S are orthonormal, then so
are the rows.

Proof: The columns of S are ON = S1S=1=8§"=8"1= 855" =1 = (SIS =1 =
the columns of ST are ON = rows of S are ON.

Definition 9.20. A real n x n matrix is an orthogonal matrix iff its transpose is its inverse.

Theorem 9.21 (Spectral Theorem Restated). If A is a real symmetric matriz, then there
is an orthogonal matriz S such that STAS = diag(\1,...\), where \; are real numbers (and
thus the eigenvalues of A.)

Definition 9.22. Two matrices A,B are similiar (written A ~ B) iff there is a matrix S such
that B = S~1AS.

Observation 9.23. If A is a symmetric real matrix, then A has a real eigenvector f L where
w.lo.g. we can take ||f || = 1.

Definition 9.24. Suppose U <V, i.e. U is a subspace of V', and ¢ : V — V is a linear map.
We say that U is an invariant subspace for ¢ iff o(U) C U, i.e. for all u € U, ¢(u) € U.
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Theorem 9.25. Let A be a nonsingular matriz, and suppose U is a right-invariant subspace
of A, ie. for allu € U, Au € U. Then U~ is a left-invariant subspace of A (i.e. UL is a
right-invariant subspace of AL

Corollary 9.26. Suppose A is a symmetric real matriz. If U is an invariant subspace for the
linear map determined by A (i.e. U is a left-invariant subspace of the matriz A), then so is

Ut.
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10th day, Monday 7/12/04 (Scribe: Daniel Stefankovic)

10.1 Vandermonde Matrix

Recall that V,(z1,...,x,) is the Vandermonde matrix
1 1 1
1 i) Tn
2 2 2
Va(@y,..ozn) = [ P10 72 Tn
513711_1 x?gz—l xzfl
Exercise 10.1. Show, using Gaussian elimination, that det V,,(z1,...,2,) = [] (z; — ;).
1<j
Exercise 10.2. Let ¢ : V — V be a linear transformation. Let v1,...,v; be eigenvectors,

v; = A\, v; # 0. Suppose that ajv; + - - - + agvp = 0. Show that al)\l{vl + -+ ak)\ivk =0
for every /.

Exercise 10.3. Let ¢ : V — V be a linear transformation. Let vq,...,v; be eigenvectors,
v; = A\, v; # 0. Suppose that the A; are distinct. Then vy, ..., v; are linearly independent.

Definition 10.4. A set of vectors in R" is in general position if every n of them are linearly
independent.

Exercise 10.5. Find a space curve f : R — R" such that the points of the curve are in general
position, i.e., for all t; < ty < --+ < t,, the vectors f(t1),..., f(t,) are linearly independent.

10.2 Real Euclidean Spaces, bilinear forms

Let V be a vector space over R.
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Definition 10.6. A bilinear form is a map B : V x V — R such that B(z,-) is linear for
any ¢ € V and B(-,y) is linear for any y € V. Le.,

x,y1 +y2) = B(x,y1) + B(x,y9) for any z,y1,y2 € V;

x,ay) = aB(z,y) for any z,y € V and a € R;

1+ z2,y) = B(z1,y) + B(z2,y) for any x1, 29,y € V;

az,y) = aB(z,y) for any z,y € V and a € R.

Definition 10.7. Matrix associated with bilinear form, given a basis:
[B]e = (ﬁz‘,j)zn,j:p

where 3; ; = B(e;, e;).

Example 10.8. Let n =2 and B(xz,y) = 3z1y1 + 521y2 — T2y1 + V7x2y2. Then

m=(2 )

Exercise 10.9. Show that for z = 37" | aje; and y = 377 | vje;

B(z,y) = Z Z Blei,ej)aiy; = (a1, ..., an)[Bl(71, -+, )T
i=1 j=1

Theorem 10.10. Given a basis e = (e1,...,ey), the correspondence B — [B]. is a bijection
{bilinear forms on V} — My (R).

Definition 10.11. A bilinear form is symmetric if B(z,y) = B(y, z) for all z,y € V.
Exercise 10.12. Show that a bilinear form B is symmetric if and only if [B] is symmetric.

Definition 10.13. Let B be a bilinear form. Then the function x — B(z,x) is called a
quadratic form.

Exercise 10.14. For every quadratic form Q) : V' — R there exists unique symmetric bilinear
form B :V x V — R such that Q(z) = B(z, z).

Definition 10.15. A quadratic form @ is positive semidefinite if (Vz € V)(Q(z) > 0).
Definition 10.16. A quadratic form @ is positive definite if (Vz € V, z # 0)(Q(z) > 0).

Exercise 10.17. Show that the dot product of vectors z -y = Y1 | z;y; gives a positive
definite quadratic form z — z - z.

We will use A” to denote the transpose of matrix A.
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Exercise 10.18. If (Vz,y € F*)(z! Ay = 27 By) then A = B.

Definition 10.19. Two n X n matrices A, B are congruent if there is a nonsingular n X n
matrix S such that A = STBS.

Exercise 10.20. Show that if A and B are congruent and A is positive definite then B is
positive definite.

Exercise 10.21 (Effect of change of basis on matrix of the bilinear form). Let ¢ =
{e1,...,en} be a basis and let ¢/ = {e},...,e,} be another basis. Let o : e; — ¢, and let
S = [o]e (recall that [z], = S[z].). Show that

[B]e = ST[B].S.
Definition 10.22. A real vector space V with a positive definite symmetric bilinear form
(-,-) = R called “inner product” is an Euclidean space. Let || - || — R be defined by
]| = (z,2).

1
Example 10.23. R[z] with inner product (f,g) = [ f(z)g(z)dz is an Euclidean space.
0

Exercise 10.24 (Cauchy-Schwarz inequality). Let V be an Euclidean space. Show that
forall z,y e V

(@) | < Mzl Tyl

Exercise 10.25 (Triangle inequality). Let V be an Euclidean space. Show that for all
z,y €V
|z +yll < [l]] + [yl

Definition 10.26. Vectors z,y are perpendicular z L y if (z,y) = 0.

Definition 10.27. The basis e;,...,e, € V is orthonormal if

. 1 ifi=y
(¥, 7) <<6“6]> N { 0 otherwise > '
Theorem 10.28. Every FEuclidean space of finite or countable dimension has an orthonormal

basis. Moreover every orthonormal set of vectors can be extended to an orthonormal basis.

Definition 10.29. ¢ : V' — V is an orthogonal transformation if it preserves inner prod-
ucts:

(Vz,y € V)({pz, py) = (7,y))-

Exercise 10.30. If ¢ is orthogonal then (Vz)(||¢z|| = ||z]|).

Definition 10.31. Distance between two vectors z,y € V in an Euclidean vector space is
d(z,y) = l|z —yl|.
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Definition 10.32. A linear map ¢ : V — U between two Euclidean spaces is an isometry if
it is a distance preserving bijection. Equivalently such a map preserves inner products.

Exercise 10.33. Ifeq, ..., e, is an orthonormal basis and ¢ is orthogonal then ¢(e1), ..., ¢(ey)
is also an orthonormal basis.

Exercise 10.34. Ifeq,..., e, is an orthonormal basis and ¢ : V — V is a linear transformation
such that ¢(e1),...,¢(e,) is an orthonormal basis then ¢ is orthogonal.

Exercise 10.35. If ¢ maps one orthonormal basis to an orthonormal basis then it maps all
orthonormal bases to orthonormal bases.

Theorem 10.36 (Uniqueness of n-dimensional real Euclidean space). If V.W are
n-dimensional real Euclidean spaces then I : V. — W an isomorphism which is an isometry.

Exercise 10.37. If e1,...,¢e, is an orthonormal basis and z,y € V then
(z,y) = [z]¢ - [y]e-
Note the right hand side is the standard inner product in R".

Theorem 10.38.

(1) If ¢ : V = V is a linear transformation then B(x,y) = (x,y) is a bilinear form.
(2) If : V =V is a linear transformation then B(x,y) = (Yx,y) is a bilinear form.
(3) If B is a bilinear form B :V xV — R then I, € V — V such that

(Vz,y)(B(z,y) = (z, py) = (Yz,y)).

Corollary 10.39.
(Vo) (3) (Y, y € V) ({2, py) = (Yz,9)).

Definition 10.40. The transpose ¢’ of a linear transformation ¢ is the unique transforma-

tion ¢ given by Corollary [10.39
Definition 10.41. ¢ : V — V is symmetric if o = ¢

Theorem 10.42 (Spectral Theorem). If ¢ is a symmetric linear transformation of a real
FEuclidean space then ¢ has an orthonormal eigenbasis.

Definition 10.43. A subspace U <V is invariant under ¢ if z € U = px € U.
Exercise 10.44. If U < V is invariant under ¢ : V' — V then U is invariant under ¢’
Exercise 10.45. All complex eigenvalues of a symmetric transformation are real.

Exercise 10.46. If ¢ is symmetric then it has an eigenvector.
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Proof of Spectral Theorem:
By induction on n =dim V.

Exercise 10.47. Prove the base case n = 1.

Given ¢ : V — V, dimV = n, ¢ = ¢'. By Exercise [10.46| 3z # 0 : @z = \z. Let
e1 = z/||z||. The space U = Span(e;) is invariant under ¢, dimU = 1.

Hence, by Exercise [10.44) U~ is invariant under ¢! = (. Hence the restriction of ¢ to U+,
¢ = |1 is a linear transformation U+ — Ut where dimU* = n — 1.

We have (Vu,v € UL)((u, ¢'v) = (¢'u,v)) and hence ¢’ is symmetric. By induction hy-
pothesis, ¢ has an orthonormal eigenbasis es, ..., e, € UL,

€1,...,€n i an orthonormal eigenbasis for ¢ in V' because e; L eg,..., en. O

Corollary 10.48 (Spectral Theorem, 2nd form). If Q is a quadratic form Q : V — V on
the real n-dimensional Fuclidean space V' then there exists an orthonormal basis e such that

Q(x) = AI«TIQ + -+ Anana

where [x]e = (z1,...,z,)".

Example 10.49. Let Q(z1,79) = 7% + 37129 + 223. We have Q(z1,12) = (x1,22)B(x1, z2)T

where /
1 3/2
b= (3/2 2 )

The characteristic polynomial of B is 2 — 3z + 3/4, which has roots A1 5 = (3 £ v6)/2.
Hence B is orthogonally similar to the diagonal matrix with diagonal A1, Ao. Thus there is an
orthonormal basis f such that Q(z,z2) = Au? + Agu3 where z = uy fi + ua fo.

Let A be a real symmetric matrix with eigenvalues Ay > Ay > - > A,,.

Exercise 10.50. Prove:

A\ = max 2! Az = max wTﬁ
2] |=1 w#0 |||
Exercise 10.51. Let G be a graph. Let A be its adjacency matrix (i.e., a;; = 1 if i ~ j
(¢,j are adjacent); and a;; = 0 otherwise). Let A; be the largest eigenvalue of A. Prove
degmax = A1 > degayg (i.e., the largest eigenvalue of the adjacency matrix is sandwiched
between the maximum and average degrees.)



64

CHAPTER 10.



Chapter 11

11th day, Tuesday 7/13/04 (Scribe: Justin Noel)

11.1 Complex vector spaces, sesquilinear forms

Unless otherwise stated, V' is a complex vector space. And ¢, : V — V are linear transfor-
mations.

Definition 11.1. A function B : V x V — C is called a sesquilinear form if the following
hold:

(1) (Vz,y1,92 € V)B(x,91 +y2) = B(z,y1) + B(z,y2))
(2) (Va € C)(B(z,ay) = aB(z,y))

(3) (Vz1,20,y € V)(B(z1 + 72,y) = B(z1,9) + B(z2,9))
(4) (

4) (Va € C)(B(az,y) =aB(x,y))

Definition 11.2. If A € M,(C) we set A* = AT. The matrix A* is called the Hermitian
adjoint of A.

Definition 11.3. A sesquilinear form B : V xV — C is said to be Hermitian if it additionally
satisfies:

(5) Bly,x) = B(z,y)
Exercise 11.4. Show that for A, B € M, (C), (AB)* = B*A*.
Definition 11.5. A matrix A € M,(C) is said to be Hermitian if A = A*.
Remark 11.6. Note that every Hermitian matrix must have it’s diagonal entries be real.
Definition 11.7. As with bilinear forms over R we can associate a quadratic form ) to a

sesquilinear form B by Q(z) = B(z, x).
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Exercise 11.8. If B is sesquilinear then B is determined by the corresponding quadratic form
(ie. if (Vz € V)(Bi(z,z) = Ba(z,x)) then (Vz,y € V) (B1(z,y) = Ba(z,y)).

Exercise 11.9. If (Vz € V)(B(z,z) € R) then (Vz,y € V)(B(z,y) = B(z,y)) (i.e. B is
sesquilinear).

Definition 11.10. Quadratic form @ on V is positive semidefinite if (Vz € V)(Q(x) > 0).
Definition 11.11. Quadratic form @ on V is positive definite if (Vx € V # 0)(Q(z) > 0).

Definition 11.12. We say that V is a C-Euclidean space if it is equipped with a positive
definite Hermitian form which we call it’s inner product and denote (x,y). That is to say (z,y)
satisfies the following properties:

1 any17y2 € V)((fL',yl + y2> = <.T,y1> + <.'L',y2>)

(1) (

(2) (Vz,y € V.Va € C)((z, ay) = a(z,y))
(5) (Ya,y € V)((y,2) = (z,y)

(6) (Vz eV —{0})({z,z) > 0)

Exercise 11.13. Show that (1), (2), (5) imply (3) and (4).

Proposition 11.14 (Change of Basis). To express a bilinear form with respect to a new
basis there is a matriz S € My (C) such that [Blpew = S*[BloiaS-

Definition 11.15. We say that a basis ey, ..., e, of a Euclidean space is an orthonormal
basis if (e;,e;) is 1 if i = j and 0 otherwise.

Definition 11.16. The linear map ¢ is a unitary transformation if (¢(z), p(y)) = (z,y).
Theorem 11.17. The map ¢ is unitary iff [¢]|*[¢] = I with respect to an orthonormal basis.
Definition 11.18. A € M,(C) is a unitary matrix if AA* = 1.

Exercise 11.19. Show that A € M, (C) is unitary iff the rows of A form an orthonormal basis
under the standard inner product (z,y) = [z]*[y].

Exercise 11.20. Show that A is unitary iff its columns form an orthonormal basis.

Definition 11.21. The general linear group, GL(n, F) is the set of nonsingular matrices
over the field F' with the group operation multiplication.

Definition 11.22. The unitary group, U(n) is the set of unitary matrices with the group
operation multiplication.

Definition 11.23. The orthogonal group, O(n) is the set of orthogonal matrices with the
group operation multiplication.
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Definition 11.24. The special linear group, SL(n,F) = {A € M, (F) | det(A) = 1} with
the group operation multiplication.

Definition 11.25. The special orthogonal group, SO(n) = O(n)NSL(n,R) with the group
operation multiplication.

Exercise 11.26. If A € O(n) then det(A) = +1.
Exercise 11.27. If A € U(n) then |det(A)| = 1.
Exercise 11.28. Show that |O(n) : SO(n)| = 2.

Exercise 11.29. Show that |U(n) : SU(n)| = oo, and that it has the cardinality of the
continuum.

Exercise 11.30. Show that O(n)/SO(n) = Zs.
Exercise 11.31. Show that U(n)/SU(n) 2 {z € C| |z| = 1}.

Definition 11.32. Over any field F we define the adjoint of A € M,,(F) with A = («ay;) as

All Tt Aln
adj(A4) = ST
Anl Tt Ann
Where
all PECERY alJ .« .. aln
_ i |~ —~ —
anl PECEEY an] PR ann

Where the "hats” «;; indicate that we are omitting the sth row and the jth column.

Exercise 11.33. Show that

det(A)
A-adj(A) = =det(A) I
det(A)
Corollary 11.34. If det(A) #0 then A~ ! = ﬁm)adj(A).
Exercise 11.35. A € M,,(Z) is an integral matrix such that A~! € M, (Z) iff det(A) = £1.

Definition 11.36. GL(n,Z) is the set of n x n integral matrices which have an inverse which
is an integral matrix. Or equivalently the set of n x n matrices with determinant +1.
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Exercise 11.37. Show that |GL(n,Z) : SL(n,Z)| = 2.

Exercise 11.38. Show that for any ¢ the map B : V x V — V defined by B(z,y) = (z,¢(y))
is sesquilinear.

Exercise 11.39. Show that for any ¢ the map B : V x V — V defined by B(z,y) = (¥(z),y)
is sesquilinear.

Theorem 11.40. Let VB : V. x V. — V be sesquilinear. (I, y)(Vz,y € V)(B(z,y) =
((x), y) = (z,90(y)))-

Corollary 11.41. (Vo)(3) such that (Vz,y € V)({(¢(z),y) = (z,¢(y))).
Definition 11.42. We define ¢* to be ¢ if (Vz,y € V)((¢(x),y) = (=, p(y))).
Exercise 11.43. Show that ¢ is unitary iff p* = ¢!,

Exercise 11.44. With respect to an orthonormal basis show that ¢ is unitary iff [p] € U(n).

Exercise 11.45. If X is an eigenvalue of the unitary transformation ¢ then || = 1.



Chapter 12

12th day, Wednesday 7/14/04 (Scribe: Richard Cudney)

12.1 Complex Euclidean (unitary) spaces

Note that M, (C) is a vector space of dimension n?: for a basis is given by the matrices which
are zero in all but one entry, and one in that one.
Recall the standard inner product on C™: If z and y are two column vectors, then

n
(@.y) =2y =) Ty
i=1

It has the following properties:
It is sesquilinear:

(1) (Vz,y1,52 € V)({z, 51 +42) = (z,41) + (2, 42))
(2) (Va € C)((z, ay) = a(z,y))
(3) (Vo1 32,y € V)((21 + 22,y) = (21,y) + (72, 1))
(4) (Va € C)({az,y) = a(z,y))

It is Hermitian:

(5) (y,z) = (z,y)
It is positive definite:
(6) (z,z) > 0 unless z = 0.
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Definition 12.1. A complex Euclidean space, also called a unitary space, is a complex
vector space V given with a bilinear form, called the “inner product” satisfying the above
properties.

Definition 12.2. eq,...,e; € V is an orthonormal (abbreviated ON) system if (e;,e;) =0
if ¢+ # 7 and 1 otherwise.

Exercise 12.3. Every ON system is linearly independent.

Theorem 12.4. Every complex Euclidean space of finite or countable dimension has an or-
thonormal basis (abbreviated ONB) and every ON system can be extended to an ONB.

[Proof: “Gram-Schmidt orthogonalization”|

Exercise 12.5. Cauchy-Schwarz inequality: |(z,y)| < ||z||||y|| for real and complex Eu-
clidean spaces.

Exercise 12.6. As a consequence of the last exercise, derive the triangle inequality
[z +yll < [l + [[yl].

12.2 Unitary transformations

Definition 12.7. ¢ : V — V is unitary if (Vz,y € V)((z,y) = (pz, py)).
Exercise 12.8. ¢ is unitary iff (Vz € V)(||¢z|| = ||z||).

Definition 12.9. A € M,(C) is unitary if AA* = A*A where here A* is the conjugate
transpose of A.

Definition 12.10. U (V) is the set of unitary transformations of the complex Euclidean space
V.

Definition 12.11. U(n) is the set of n x n unitary matrices.

Exercise 12.12. If e is an ONB, then ¢ is a unitary linear transformation if and only if [¢],
is a unitary matrix.

Exercise 12.13. U(V) is a group under composition.

Observe: If ¢ € U(V) then if e1,..., e, is an ONB, so is pey, ..., pey.
Exercise 12.14. If e,...,e, is an ONB, and ge;, ..., ge, is also, then ¢ € U(V).
Corollary 12.15. If ¢ takes one ONB to an ONB then ¢ moves every ONB to an ONB.
Theorem 12.16. Ifey,... e, is an ONB then (z,y) = [z]i[y]e-

e

Theorem 12.17. (Vo : V = V)3 : V = V)(Vz,y € V)((¢zx,y) = (z, py))
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12.3 Hermitian forms and self-adjoint transformations

Definition 12.18. ¢=¢*, the Hermitian adjoint of ¢, so that (Vz,y € V)({p*z,y) =
(z,0y)).

*

¥, where the left * is the Hermitian

Observation: If ey,..., e, is an ONB then [p*]. = [¢]
adjoint, and the second is the conjugate transpose.

Theorem 12.19. (VB :V x V — C sesquilinear form)
Bl 9V = V)(Va,y € V)(B(z,y) = (pz,y) = (z, py))-

Definition 12.20. [B]. = (B(e;, €j)).
This matrix depends on the choice of basis as follows: [Blpew = S*[B]oaS, where S =

[new basis|olq basis, SO that the column vectors of S are the coordinates of the new basis in
terms of the old basis.

Definition 12.21. ¢ is a self-adjoint transformation if ¢ = ¢*.
Exercise 12.22. ¢ : V — V is self-adjoint iff [¢]* = [¢] with respect to an ONB.

Thus, if the latter condition is true with respect to one ONB it is true with respect to all
ONBs.

Exercise 12.23. Prove: the sesquilinear form B(z,y) = (z, ¢y) is Hermitian (i.e., B(y,z) =
B(z,y)) iff ¢ is self-adjoint.

Exercise 12.24. If ¢ is self-adjoint then all eigenvalues of ¢ are real.

Lemma 12.25. IfU <V and U is invariant under ¢ : V. =V (meaning x € U — p(z) € U)
then U™ is invariant under o*.

Theorem 12.26 (Spectral Theorem). If ¢ : V — V is self-adjoint then ¢ has an orthonor-
mal eigenbasis(ONEB).

Proof: We will prove it by induction on dim(V).
Let A; be a root of the characteristic polynomial of ¢.

(30 # 0)(pz = A1)
Let e; = ﬁ -z, so that e; is an orthonormal eigenvector. Let U = Span(e;)+. U is invariant

under .

Exercise 12.27. (¢|v)* = ¢|v, where |y is ¢ restricted to U.

dim(U) = n — 1 so by induction hypothesis p|U has an ONEB eg,...,e,. e; L U so that
e1 Les,...,en, 80 €q,...,e, is an ONEB.
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Theorem 12.28. Let V be a complex Fuclidean space.
(Vo : V= V)(3 ONB e)([p]e is upper triangular).

Hint: quotient space.

Here is the equivalent statement about matrices:

Theorem 12.29. (VA € M,,(C))(3S € U(n))(S LAS is upper triangular).

Proof of matrix form by induction on n:
Find an eigenvector and normalize it so it is an eigenvector e¢; of unit length. Extend e; to an

ONB. Let T' = [e; ... ep] be the change of basis matrix, which is unitary since ey, ..., ey is an
ONB.
A1 junk
—1 _ 1)
T AT = (0 B >

where B is an (n — 1) x (n — 1) matrix. So by induction there is an R € U(n — 1) such that
R~ 'BR is upper triangular. Let
1 0
=0 &)

Then S = TQ is the desired matrix.

12.4 Normal matrices

Definition 12.30. ¢ : V — V is normal if pp* = ¢*p.
Definition 12.31. A € M,(C) is normal if AA* = A*A.

Exercise 12.32. With respect to an ONB e, the linear transformation ¢ is normal iff the
matrix [¢]e is normal.

Theorem 12.33 (Generalized Spectral Theorem). A transformation of a complexr Eu-
clidean space is normal if and only if it has an ONB. We shall prove this theorem in matriz

form, see Theorem below.

Remark 12.34. Diagonal matrices are normal because all diagonal matrices commute with
one another.

Definition 12.35. A ~ B if (35)(B = S7'AS).
Definition 12.36. A ~, B of (3S € U(n))(B = S 1AS).
Exercise 12.37. If A ~,, B then (if A is normal then B is normal).

Exercise 12.38. If A is normal and upper triangular then A is diagonal.
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Theorem 12.39 (Generalized Spectral Theorem). If A is an n x n matriz over C then
A is normal <= A ~y D where D is a diagonal matriz.

Proof: The left hand implication follows from the above exercises.
To prove the forward implication, let us be given A, a normal matrix. By the above theorem,
A ~, T where T is upper triangular. By an above exercise, T" is normal since A is, and thus
by another exercise it is diagonal since 1" is upper triangular.

Exercise 12.40. Show that this Theorem is equivalent to Theorem [12.33| above.

Remark 12.41. The spectral theorem is an immediate consequence, for if A=A* then clearly
A is normal since any matrix commutes with itself. Thus A is unitarily similar to a diagonal
matrix, where the entries are real because they are the eigenvalues of a self-adjoint matrix.

Exercise 12.42. If A is normal with real eigenvalues then A is self-adjoint.
Remark 12.43. If A is unitary then A* = A~! so AA* = A*A =1, so A is normal.

Theorem 12.44. If A € U(n) then all eigenvalues have unit absolute value.

Proof: Let z be a non-zero eigenvector with eigenvalue \. < z,z >=< Az, Az >=<
Az, Az >= A\ < z,x > so [A| =1

Exercise 12.45. A diagonal matrix is unitary if and only if all of the diagonal entries have
absolute value one.

Exercise 12.46. A € U(n) <= A ~, D, D a diagonal matrix with entries of absolute value
one.

We can restate the above result on normal matrices as a purely geometric statement about
normal linear transformations.

Theorem 12.47. ¢ : V — V is normal if and only if it has an ONEB.

Reminder(needed for the proof): The column vectors of the matrix associated to a linear
transformation are the images of the basis vectors under that linear transformation.

Exercise 12.48. Self-adjoint transformations are not closed under multiplication.

Theorem 12.49. Suppose A is a positive definite symmetric real matriz. Then A has a unique
positive definite symmetric square oot \/A.

Proof: A is conjugate to a diagonal matrix D with positive real entries. Let v/ D be the
diagonal matrix whose entries are the positive square roots of those of D. Now un-conjugate
VD to get a square root of A with the desired properties.

Exercise 12.50. Prove the uniqueness statement in the above theorem.
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12.5 Gramian

Let V be a real or complex Euclidean space, and v1,...,v; € V.
Definition 12.51. G(vy,...,v) = ((v;,v;)) is called the Gram matrix of vq,. .., vj.
Definition 12.52. The determinant of G(v1,...,v;) is the Gramian of vq,..., vg.

Exercise 12.53. The Gram matrix is positive semi-definite. It is positive definite <= det G #
0 < v1,...,v; are linearly independent.

Hint: For any matrix A, not necessarily square, AA* is positive semi-definite.

Exercise 12.54. Suppose that the characteristic polynomial of A splits into linear factors
x — A;. Then det A =[] A;. Note that in particular the hypotheses will be satisfied over C.

Corollary 12.55. If A is positive definite and A* = A, then det A > 0.

Exercise 12.56. Assume we are over R. Prove that the k-dimensional volume of the paral-
lelopiped spanned by vy, ...,v; is \/det G(vy,...,v;). Note that the parallelopiped spanned
by v1,..., vk is by definition the set of linear combinations > \;v; where 0 < \; < 1 for each 3.

Lemma 12.57. Elementary operations v; — v; — av; do not change the Gramian, the deter-
minant, or the volume of the parellelopiped spanned by v1,. .., vg.

Exercise 12.58. v1,...,v; is an orthogonal system if and only if the Gram matrix is diagonal.
n
Exercise 12.59. Show the Hadamard inequality: If A = [a; ...a,] then |det A| < H [|aill.
=1

Exercise 12.60. If vq,...,v, € R" then det(vy,...,v,) = £ the volume of the parallelopiped
spanned by vi,...,vy,.

Exercise 12.61. Suppose A = A" is a real symmetric matrix. Then A is positive definite iff
all the top left corner determinants are positive.

Theorem 12.62 (Interlacing theorem). If A = AT is a symmetric matriz, and B is the
matriz we get by removing the i"* row and column, let

be the eigenvalues of A and

the eigenvalues of B. Then
AL 2> 1 2> Ao fin—1 > Ay
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Exercise 12.63. Prove the interlacing theorem using the following characterization of eigen-

values.

Lemma 12.64 (Courant-Fischer theorem). Let A € M,(C),A* = A. Then we have the
following expressions for the eigenvalues of A:

¥ Ax
Al = max ,
2#£0 x*x
. TTAz
Ap = min ,
T£0 T*T
. z*Az
A; = max  min

dim(U)=i z€U,a£0 T*T

Hint: By the spectral theorem, it suffices to show these relations for real diagonal matrices.
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Chapter 13

13th day, Thursday 7/15/04 (Scribe: Nick Gurski)

13.1 Explicit form of the inverse matrix

Let A = («;) be an n X n matrix over a field . Then the adjoint of A, written adj(A), is the
matrix (a;;) = ((—1)""7 det As;) where Az is the matrix A with row j and column ¢ deleted
(note how i and j switch roles). This allows us to prove the formula A -adj(A) =det A-I. If
we call the lefthand side B = (f3;;), consider ;. This is equal to

Z alj(—1)1+j det Ai;’
J

which is equal to the determinant of A computed by expanding along the first row; the same
calculation works for 3;;. To show that the off-diagonal entries are zero, we compute [12 and
note that the same technique will work for any off-diagonal. Now (2 is

Z Oélj(—l)2+j det AQ}-,
J

which is the determinant of the matrix A’ which is the same as A except row 2 is replaced by a
copy of row 1. This is zero, since the determinant of any matrix with linearly dependent rows
is zero, proving the formula. Thus we have shown that if the determinant of A is nonzero, then

1 1 .
A= madj A.
This formula answers the question of when a matrix with integer entries has an inverse with
integer entries. Since the determinant of A~! is 1/det A, we know that if A~! has integer
entries then the determinant of A is +1; by the formula above we find that the converse is true
as well. The adjoint of an integral matrix is integral, and if det A = +1, then the righthand
side of the formula for the inverse is a matrix with integer entries.

7
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13.2 Gram-Schmidt orthogonalization

Now we will consider a process called Gram-Schmidt orthogonalization. This is a machine that
takes as input a sequence of vectors vi,vs,... and gives as output a sequence of orthogonal
vectors by, bo, .... The defining properties of the Gram-Schmidt process are that
1. the span of vy,..., v is the same as the span of by,..., by (which we shall call Uy),
2. for all 4 # j, < b;,b; >= 0, and
3. v — by € Up_1.
Note that Uy = {0}; thus v —b; = 0 or v1 = b;. We then get that vo —by = g 1b1, or rewriting
we get

vy = by + pg1b1.

The general formula then becomes

Vg = b + pr k1061 + pk g 20k 2 + -+ 101

Thus we must determine the coefficients ju;, ;. To calculate p3 2, we consider its equation and
take the inner product of both sides with by. This yields

< by, w3 >= 0+ p32||b2||> +0,

using orthogonality and knowledge of by, be. This gives an inductive definition of the ju ; as

" < bj, v >

ki = i e

’ 165112

This verifies the uniqueness of the coefficients. Assuming we have by, ..., b, 1, define by =

v — > pk,jbj. We must verify the three properties above. The first follows by an inductive
argument using this definition of bg; the second is a consequence of the definition of the
coefficients. The third is immediate from the definition.

Exercise 13.1. Show that
det G(by,...,bx) = det G(vy,...,vL),
where G is the Gram matrix. If the field of definition is R, show that
vol(by, ..., bg) = vol(vy,...,vg),

where vol(vy,...,vy) stands for the volume of the parallelopiped spanned by vy, ...,vg. This
parallelopiped is the set {> a;v; |0 < a; < 1},

Exercise 13.2. Show that b, = 0 if and only if vy € Uy_1.

We also have that if the vectors v; form a basis, then so do the new vectors b;, and thus an
orthogonal basis. By scaling, we have thus shown the existence of an orthonormal basis.
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Exercise 13.3. If the vectors vy, ..., v; are orthogonal, then b; =v; for: =1,... k.

It is easy to see that if V' = Span{vi,...,v,}, then the vectors by,...,b, consist of an
orthogonal basis for V' plus some number of additional zero vectors.

Example 13.4. Real polynomials.

The set of all polynomials with real coefficients, R[z], is a vector space over R. We can
give it an inner product by picking a density function p(z) (with the properties that p > 0 and
0 < [% z*p(z)dz < oo for all n); this defines the inner product

(g = | " f(@)g(@)p(e)ds.

The standard basis of R[z] is 1,z,22,.... Using Gram-Schmidt, we get a new orthogonal
basis (depending on p), consisting of the polynomials fo = 1, f1, fa,..., where deg fr = k.
These give special kinds of polynomials depending on which p we choose. If p(z) = V1 — 22
for —1 <z <1 and p(z) = 0 otherwise, these are called the Chebyshev polynomials of the
first kind; if instead we take p(z) = 1/v/1 — 22 on the interval (—1, 1), these are Chebyshev
polynomials of the second kind. If p(z) = exp(—22), we get the Hermite polynomials.

Exercise 13.5. Regardless of p, each f; has k real distinct roots, and the roots of fi_ interlace
those of fy.

13.3 Algebraic numbers, minimal polynomials

We return now to more algebraic considerations. We say that a field F' is algebraically closed if
every nonconstant polynomial in F[z] has a root. An example of such is the complex numbers,
C, and this result has the name of the Fundamental Theorem of Algebra. The real numbers
are not algebraically closed, as 22 + 1 has no root.

Exercise 13.6. There exists a countable, algebraically closed field.

Exercise 13.7. Every field F' is contained in an algebraically closed field; moreover, there
exists a unique (up to the appropriate isomorphism) smallest such algebraically closed field.
This latter field is called the algebraic closure of F.

Exercise 13.8. Let A be the algebraic closure of the rational numbers. Then A is countable.
(This is just one way to solve Exercise 5.)

Definition 13.9. We say that a complex number « is algebraic if there is a nonzero polyno-
mial f(z) € Z[z] such that f(a) =0.

Exercise 13.10. Show that the the set of all algebraic numbers forms a field.
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Exercise™ 13.11. The field of all algebraic numbers in Exercise [13.10| is algebraically closed.

A corollary of these last two exercises is that the field A from exercise 7 is actually the
same as the field of all algebraic numbers.

Let a be an algebraic number. Then the minimal polynomial m,(x) of « is the polynomial
with integer coefficients of least degree such that « is a root of my,.

Exercise 13.12. The minimal polynomial is unique up to constant multiples.

Exercise 13.13. For any polynomial f(x) with rational coefficients, f(a) = 0 if and only if
mg divides f.

Example 13.14. Some minimial polynomials. The minimal polynomial of v/2 is z? — 2. Let
w be the primitive cube root of unity given by %1 + ?z Then m,, = 22+ 2 + 1, not 23 — 1
since this last polynomial is not of minimal degree.

Exercise 13.15. The polynomial m,, is irreducible over the rational numbers.

Exercise 13.16. If f is a polynomial with integer coefficients such that f(a) = 0 and f is
irreducible, then f = m,,.

13.4 The minimal polynomial of a matrix

Now we shall try to understand the minimal polynomial for a matrix A. By the Cayley-
Hamilton theorem, we know that A satisfies its own characteristic polynomial. If we let f4
denote the characteristic polynomial of A, this means that f4(A) = 0. Without using this
theorem, we can easily prove that every matrix A is the root of some polynomial. If f(z) =
ap + a1z + - - - apx™, then recall that

f(A) =ag-T+aiA+azA® 4+ ---a, A"

Thus to show that A is the root of some f, we only need to show that there is some k such
that the matrices I, A, A%, ..., A* are linearly dependent. If A is an n x n matrix, then we
know that & = n? is such a value, since the vector space M, (F) is only n?-dimensional and
I1,A,... ,A"2 is a collection of n? + 1 elements.

Now that we know (in two different ways) that every matrix is the root of a polynomial,
we can ask about a minimal such. This is a quite different question than finding minimal
polynomials for algebraic numbers, indicated in the following exercise.

Exercise 13.17. Over the real numbers, there are infinitely many n x n-matrices (n > 2) A
with A% = I; the same holds for A% = —1.

We define m 4 to be the minimal polynomial (over F') for which A is a root, just as we did
for algebraic numbers.



13.4. THE MINIMAL POLYNOMIAL OF A MATRIX 81

Exercise 13.18. f(A) =0 if and ouly if m 4 divides f.

Exercise 13.19. Let f be any polynomial, and D a diagonal matrix with entries A;. Then
f(D) is a diagonal matrix with entries f()\;).

Using this, we can compute that the minimal polynomial of
10
0 2

Exercise 13.20. If D is diagonal with entries \;, then mp = [[(z — A;) where the product is
taken over the distinct A; only, i.e., mp has no repeated roots.

is (x — 1)(z — 2).

Exercise 13.21. ) is an eigenvalue of A if and only if m4(A\) = 0.
Exercise 13.22. my divides f4, and f4 divides (my4)".

Exercise 13.23. If a matrix M is triangular with main diagonal entries \;, then f(M) is
triangular with main diagonal entries f()\;) for any polynomial f.

Exercise 13.24. Let f be a polynomial, S € GL(n, F), and A € M, (F). Then f(S 'AS) =
S—1f(A)S.

Remember that we say that A and B are similar, A ~ B if B = S~ AS for some matrix
S. The previous exercise then says that if A and B are similar, so are f(A) and f(B) for any
polynomial f.

Exercise 13.25. If A ~ B, then m4 = mp.

A corollary is that if A is diagonalizable (that is, similar to a diagonal matrix), then m 4
has no repeated roots. Now consider
11
o)

The characteristic polynomial of this matrix is (z — 1)?; since the minimal polynomial must
divide the characteristic polynomial, the minimal polynomial must be one of 1,2 — 1, and
(z — 1)2. It is simple to check that it is not either of the first two, so the minimal polynomial
must be (z — 1)2; this polynomial has a repeated root, and thus is not diagonalizable. This
leads us to the following theorem, to be proved later.

Theorem 13.26. A is diagonalizable if and only if ma has no repeated roots.
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Chapter 14

14th day, Friday 7/16/04 (Scribe: D. Jeremy Copeland)

14.1 Rank inequalites

Theorem 14.1. IfU and V are subspaces of W, then dim(Span(UUV)) < dim(U) +dim(V).
Definition 14.2. If U and V are subspaces of W, thenlet U+ V ={u+v|ue U,v e V}.
Exercise 14.3. If U and V are subspaces of W, then Span(UUV)=U+V

Exercise 14.4 (Modular identity). dim(U + V) +dim(U N V) = dim(U) + dim(V).
Corollary 14.5 (Submodular inequality). S,7 C V' (subsets), then

rk(S) + rk(T) > tk(SNT) +rk(SUT).

This says that “rank is submodular.”
Theorem 14.6. If A, B € M, (F), rk(AB) < min(rk(A4), rk(B)).
Corollary 14.7. tk(AA™) < rk(A) over any field.
Corollary 14.8. rk(AA*) <rk(A) over C.
Exercise 14.9. tk(AA*) = rk(A) over C, thus rk(AAT) = rk(A) over R.

Exercise 14.10. Give examples of other fields of all characteristics such that rtk(AAT) # rk(A)

14.2 Rings

Definition 14.11. A ring is a set (R, +,-) such that
e (A) (R,+) is an abelian group,

83
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e (B) (R\{0},)is a group,
e (C1) (a+b)c=ac+bc,
e (C2) a(b+c)=ab+ac.

Exercise 14.12. 04+ 0 =0.

Definition 14.13. a is a zero divisor if a # 0 and 3b # 0 such that ab = 0.

Example 14.14. Z has no zero divisors.

Example 14.15. Z/mZ has zero divisors <= m is composite.

Example 14.16. A field has no zero divisors.

Exercise 14.17. F[z], the ring of polynomials over a field F, has no zero divisors.

Remark 14.18. M, (F) is a non-commutative ring with zero divisors. Let
01
)

Exercise 14.19. A € M, (F) is a zero divisor <= A is singular and non-zero.

Then A? =0, so A is a zero divisor.

Exercise 14.20. a € Z/mZ is a zero divisor <= a # 0 and g.c.d. (a,m) > 1.

Definition 14.21. An integral domain is a commutative ring with identity and no zero
divisors.

Example 14.22. Z, any field F, and F[z] are all integral domains.

14.3 Ideals

Definition 14.23. If Z C R is a subset of a ring, then Z is an ideal (Z < R) if

A) T is an additive subgroup.

B) (Va,beI)(Vr € R)(ar € I).
Example 14.24. dZ < Z, where dZ = {dn|n € Z}.
Example 14.25. If f € F[z], fF[z] = {fg|g € F[z]} < F[z].

Definition 14.26. If R is a commutative ring with identity, u € R, then (u) = {ur|r € R} is
called a principal ideal.
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Exercise 14.27. Prove that this is an ideal.
Theorem 14.28. In Z and in F[z], every ideal is a principal ideal.

Example 14.29. In Z[z|, not every ideal is a principal ideal. Indeed, consider the set of
polynomails with even constant term. This is an ideal which is not principal.

Lemma 14.30 (Division theorem). (Yf,¢)(3q,7)(g = fq+r and deg(r) < deg(f).

Definition 14.31. Suppose R is an integral domain, f,g € R. f|g if 3h € R such that
fh=g.
Definition 14.32. d =g.c.d.(f,g) if

e d|f,
e d|g, and
e for every e such that e| f and e| g, we have that e|d.
Example 14.33. Everything is a divisor of 0, so g.c.d. (0,0) = 0.
Definition 14.34. Divisors of 1 are called units. g |1 means that (3h)(gh = 1).
Definition 14.35. R* is the set of units in R.
Exercise 14.36. R* is a multiplicative group.
Example 14.37. F[z]* = F*.
Example 14.38. Z[z]* = {£1}.
Definition 14.39. The Gaussian integers are the ring Z[i| = {a + bi | a,b € Z}.
Exercise 14.40. Z[i]* = {1, +i}.

Exercise 14.41. Every ideal in Z[i] is a principal ideal. Hint: invent a division theorem for
Gaussian integers.

Definition 14.42. R is a principal ideal domain (PID) if R is an integral domain and all
ideals of R are principal.

Example 14.43. Z, F[z], and Z[z] are all principal ideal domains.

Exercise 14.44. In Z[\/—5] = {a + bv/—5|a,b € Z}, the g.c.d. does not exist (that is not
every pair of elements has a g.c.d.).

Theorem 14.45. If R is a PID, then gcd always exists and is a linear combination:
(Vf,g € R)(3d)d = g.c.d. (f,g) and Ir,s € R such that d =rf + sg.

Definition 14.46. f € F[z] is irreducible if f # 0, f is not a unit, and whenever f = gh,
either g or h is a unit.
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14.4 Minimal polynomial
Henceforth, “irreducible polynomial” will mean irreducible over (Q, when no other field is

indicated.

Definition 14.47. Assume that « € C. Then Z, = {f € Q[z]| f(e) = 0} < Q[z]. This is
principal. Thus Z, = (m,), and m,, is the minimal polynomial of .

Corollary 14.48. if € Q[z], fa =0 <= mq| fa-
Exercise 14.49. m, is irreducible.
Exercise 14.50. If f € Q[z], fa =0, and f is irreducible, then f = c¢m, for some unit c.
Exercise 14.51. z? — 2 is irreducible.
Corollary 14.52. m g5(z) = 3 — 2.
Definition 14.53. « is algebraic if mq, # 0. i.e. 3f € Q[z]\ {0} such that fa = 0.
Definition 14.54. If « is not algebraic, then it is called transcendental.
Definition 14.55. If « is algebraic, then deg(a) = deg(my,).
Example 14.56. deg(v/2) = 3.
Example 14.57. ¢ € Q = deg(q) = 1.
Exercise 14.58. 2™ — 2 is irreducible.
Definition 14.59. Qo] = {f(a) | f € Q[«]}.
Theorem 14.60. If « is algebraic, deg(at) = k > 1, then
Qla] = {ag + arat + -+ ag_1" 7| a; € Q}.
Exercise 14.61. dimgp(Q[a]) = deg(a).
Theorem 14.62. If « is algebraic, then Q[a] is a field.
Theorem 14.63. If F is any field and « is algebraic over F, then Fla] is a field.

Theorem 14.64. The set of algebraic numbers is a field.

In fact, we will prove that:

deg(a + ) < deg(a)deg(p)
deg(ap) < deg(a)deg(p)
deg(a/B) < deg(a)deg(B)



14.4. MINIMAL POLYNOMIAL 87

Exercise 14.65. Find m sz, a7
Theorem 14.66. If K C L C M are fields, then dimg (M) = dimy (M) dimg (L).

Exercise 14.67. If K C L C M are fields, «1,...,q, is a basis of L over K, and f1,...,[; is
a basis of M over L, then {o;f;} is a basis of L over K.

Exercise 14.68. If K C L are fields, and « is algebraic over K, then deg; (a) < degy ().

Theorem 14.69. If K C L are fields, and dimg (L) = k < oo (“L is an extension of K of
degree k), then every a € L is algebraic over K and degg (c) | k.

Given an interval of unit linegth, can we construct with straightedge and compass an
interval of length /2?7 Galois showed that this is impossible. One observes that it is possible
to construct the field Q, and beyond QQ, any number constructed gives at most a degree two
extension. Since to construct /2, one would need to form an extension of degree a multiple of
three, this number is not constructible.

Definition 14.70.

=
“??‘
>
[
> = (e} o O

is the k x k Jordan block with eigenvalue ).
Definition 14.71. A block diagonal matrix is a matrix
Ay
Az
diag(Aq,..., A) =
Ay

such that the diagonal entries, A; are all square matrices of varied sizes, n; x n;. It has
dimension n X n, where n =) n;.

Exercise 14.72. The characteristic polynomial has the form:
k
fdiag(Ar,..,a,)(T) = H fa;(z).
=1

Theorem 14.73. If f € F[z], then f(diag(A1,..., Ax)) = diag(fA1,..., fAL).

Corollary 14.74. mgjoea,,.. 4,) = Lem. (fa,,. .., fa,)-
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Theorem 14.75. T4, = {f € Flz]| fA =0} < F[z]. Thus T4 = (ma).

Definition 14.76. A Jordan normal form matrix is a block diagonal matrix with each
block a Jordan block.

Theorem 14.77. fr\ ) (7) = (7 — A)E

Exercise 14.78. m(, j(z) = (z — A)*.

Corollary 14.79. A Jordan block is diagonalizable if and only if k = 1.
Definition 14.80. A is similar to B (A ~ B) if 35 such that S~'AS = B.

Exercise 14.81. Two Jordan normal form matrices are similar if and only if they consist of
the same blocks (possibly in a different order).

Theorem 14.82. If F s algebraically closed, then YAAB such that B is Jordan normal form
and B ~ A.

Observe that if f(A) =0, and B ~ A, then
f(B)=f(S1AS) =S""f(A)S =0.

Exercise 14.83. If f € F[z] \ {0} and F is algebraically closed, then for all n, the number of
pairwise dissimilar solutions, A € M, (F), to fA =0 is finite (bounded by a function in n and

deg(f)).

Theorem 14.84. If A,B € M,(K), L D K is a field extension, and A ~ B over L, then
A~ B over K.

Corollary 14.85. We may drop the condition of algebraic closure in Ezercise[14.83.



