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1 Linear maps

We shall study the notion of maps between vector spaces, called linear maps or homomor-
phisms. A function f:V — W between vector spaces defined over the same field I is a linear
map if

(1) flz+y) =flz)+ fy)

(2) floz) = af(z)

for all z,y € V and all a € F; these two conditions are equivalent to the single condition that
f distributes over linear combinations

f(z oz;) = Z o f(z;)-
7 )
Now assume that we have a basis

€= {QlaQQa'-an}

for V and a basis € for W. We would like to assign a matrix to the linear map f which
depends on the two bases we have chosen and represents the function f completely. We do
this by defining the matrix [f](c /) to have as its i-th column the vector [f(e;)]e- Thus we can
write this matrix as

ey = [f(ed)ler - - [f (en)le];

if W is of dimension k, this matrix is a k& X n matrix. Our next goal is to show that this matrix
[fl(e,er) gives the same geometric information as the linear map f.

We begin this task with a theorem.

Theorem 4.1. Lete ={e,--- ,e,} be a basis for V.. Then for any set of vectors wy,--- ,w,, €
W, there exists a unique linear map f :V — W with the property that f(e;) = w; for alli.



Proof: We first show uniqueness, and existence follows easily afterwards. Assuming there
is such an f, then its value on a vector z € V is determined since e is a basis. Writing
z=>", ae;, we have that

fla) = cue) = auif(ey);
=1 =1

this shows uniqueness.

To show the existence of such a map, we define

f(z) = Z QW;
i=1

and check that this is a linear map. This is left as a simple exercise.

The theorem means that the matrix [f] is determined by the images f(e;) of each of the
basis vectors in V', and by the definition of basis this determines the linear map f as well.
Conversely, if we know where f sends each basis vector, then there is a unique linear map that
agrees with f on e. Thus the matrix [f] and the linear map f give the same information.

Example 4.2 ((The derivative of polynomials)). Remember that the collection of all
polynomials of degree n, denoted P,, is a vector space of dimension n + 1 which is spanned
by the basis 1,z,z2,--- ,z". There is a linear map D which sends the polynomial p(z) to its
derivative polynomial p/(z); thus we have a linear map D : P, — P,,_1. We shall compute the
matrix [D] with respect to the natural bases. We know that D(z*) = kz*~!, so D(e;) = kej_;
where k ranges from 0 to n. This shows that the matrix [D] has, as its k-th column the vector
which is all zeros except that its (k — 1)-st entry is (k — 1); this is an n x (n + 1) matrix. For
n = 3, the matrix for D : P3 — P, is shown below.

[D] =

o O O

1 00
020
0 0 3
Example 4.3. Projection onto the plane:

We have a linear map 7 : R? — R? which forgets about the z-coordinate. Using the
standard basis, we have

m(e) = &
m(ey) = e
m(ez) = 0
and so the 2 x 3 matrix [n] is
1 00
[ 010 ]



Example 4.4. Rotation of the plane by the angle a: We denote by p, the map which rotates
R? by the fixed angle .. Using the standard basis, we find that

0] = cosa —sina
“ sina cosa |’

If we use a different basis, however, the matrix for p, changes. Let e; be the vector (1,0) as
before, but now let e; be the vector obtained by rotating e; by «. In general, these vectors
are linearly independent, and thus form a basis for R?. Now we will compute [p,] with respect
to this basis. By definition, p,(€e;) = e3; using some basic geometry we can determine py(e;)
and thus find that the matrix [p,] is now

0o -1

1 2cosa |’
This examples shows that when computing the matrix associated to a linear map, it is impor-
tant to remember what bases are involved.

We can now make two definitions that will be useful later.

Definition 4.5. Let A be an n x n matrix (it is important that A is a square matrix here).
Then we define the trace of A, denoted trA, to be the sum of the diagonal entries of A. If A
is the 2 x 2 matrix
a b
il

then we define the determinant of A to be
detA = ad — be.

We will later see how to define determinant for n x n matrices. If we are given a linear map
f:V — V, then the trace and determinant of the matrix [f] do not depend on what basis we
have chosen. In the examples above of the two matrices associated to the rotation map, it is
easy to check that both matrices have trace 2 cos o and determinant 1.

Assume that we are given two matrices, A = (a;;) and B = (b;;) where A is an r X s
matrix and B is an s X ¢ matrix. Then we can multiply them to get a matrix C' = AB, where
C = (c¢;;) and the entry c¢;; is equal to

s
E aijbjk.
J=1

Note that A must have the same number of rows as B has columns or the indices will not
match as they should.

Let f: V — W be a linear map, with bases e for V and €’ for W. Given a vector z € V,
we would like to determine the coordinates of the vector [f(z)] with respect to € in terms of
the corrdinates of z with respect to e and the matrix [f](e,e)-



Exercise 4.6. Using the definition of matrix multiplication above, we have the formula
[f](e,e’)[g]e = [f(@)]e’-

We can use this exercise to study the relationship between the composite of two linear maps
and the product of their matrices. Let f: V — W and g : W — Z be two linear maps, and let
V,W, Z have bases e, e’,e", respectively. We have the composite map gf which is defined on
vectors as (gf)(z) = g(f(z)); we also have matrices [f](eer) and [g](e ey, as well as a matrix
for the composite gf with respect to e and €”. The goal is to prove that

[9f](e,er) = [9)(e ) [f](e,e)-
To do this, a lemma is required.

Lemma 4.7. If A is a k x n matriz, then A =0 if and only if for all z € F"*, Az = 0.

Proof: If A =0, it is obvious that Az = 0 for all . Assume that A # 0; we will produce
a vector z such that Az # 0, and that will complete the proof. Since A is nonzero, it has a
nonzero entry; call it a;;. Then Ae; = ), a;j¢;, where the vector ¢; is zero except for entry
which is 1. This vector is nonzero, since a;; is nonzero.

Corollary 4.8. If for all vectors x, Ax = Bz, then A = B as matrices.

Proof: If Ax = Bz, then (A — B)z = 0 for all z and therefore A — B = 0 by the above.

Now we can show that [gf] = [g][f] by showing that these two matrices are equal when
applied to any vector . On the left side, we have

l9fllz] = [(9f)(z)]

by the exercise above. On the right, we have

[9]lf][z] = lg][f ()] = [9(f (2))];

but [(¢f)(z)] = [¢(f(z))] since that is exactly how the composition of two functions is defined.
This proves that [gf] = [g][f]-

Returning to our example of the linear map which rotates by a, we can use that [pa][pg] =
[paps] to prove the angle-sum formula from trigonometry. Since rotating by § and then rotating
by « is the same as rotating by «a + 3, we get that

cos(a+B) —sin(a + B) ] ,

[paps] = [Parp] = sin(a+ ) cos(a+ )

Multiplying the matrices for p, and pg together, the result is

?

cosacos B —sinasin S —(sinacos B + cos asin )
sinacosff +cosasinff  cosacosf — sinasin



comparing these two matrices gives the desired identity.

Now we turn to using matrices to solve systems of linear equations. If A = [a,a5---a,] is
a k x n matrix with columns g;, and z is any vector, then Az = z1a; + 205 + -+ + zpa,,
Therefore the equation Az = 0, where z is the variable, always has the trivial solution = 0.

Exercise 4.9. Az = 0 has a nontrivial solution if and only if the columns of A are linearly
dependent if and only if the rank of A is less than n.

Exercise 4.10. If A is a k x n matrix, then Az = 0 has a nontrivial solution if £ < n (HINT:
use Exercise 77).

Exercise 4.11 (Showing the existence of a nontrivial solution). Using the corollary
above, we can show that the system of equations

2c+3y—2 = 0
Tz +8y+5z = 0

has a nontrivial solution. Solving this system is equivalent to solving Az = 0 where

2 3 -1
=785

and
7

=18

5

In this case, k = 2 and n = 3, so there must be a nontrivial solution.

If we try to solve the general equation Az = b, this is equivalent to solving
Z Tia; = ba
i

or finding out if b is in the span of the vectors a;.

Exercise 4.12. The equation Az = b is solvable if and ouly if b € Span{g;} if and only if the
rank of A is the same as the rank of [A|D].

Let U = {z : Az = 0}; this is called the solution space. It is easy to see that U is a
subspace of F”. It is obvious that U contains the zero vector. If z,y € U, then (z +y) € U
since

Alz +y)=Az+Ay=0+0=0.
Similarly, if x € U, then az € U.

Theorem 4.13. The dimension of U is n —rk(A).



Proof: Define ¢ : F* — F* by ¢(z) = Az; ¢ is linear because A is a matrix. The kernel of
¢ is exactly the subspace U defined above. We know that dim(ker ) = n — dim(imyp), so we
only need to show that dim(img) = rk(A). But the image of ¢ is the set of all vectors of the
form Az, and this subspace is spanned by the columns of A, hence the dimension of the image
is necessarily the rank of A.

It is important to note that Az = b may or may not have a solution. Assume that it does
have a solution, and call that solution z,. To find all solutions to Az = b, we can subtract

Az =
Alz —z¢) =

OIS 1o

to find that all solutions of Az = b are translates of the vector z; by elements of U. Another
way to say this is that z —z is a solution to Az = 0 (where z really means two different things
in this sentence) , so z — z, € U; this is the same as saying that € z, + U or that z has the
form zy +w for w e U.



