
Chapter 2

The General, Linear
Equation

Let a1 (x) , a2 (x) , . . . , an (x) be continuous functions defined on the interval
a ≤ x ≤ b, and suppose u (x) is n-times differentiable there. We form from
u the function Lu, defined as follows:

(Lu) (x) = u(n) (x) + a1 (x)u(n−1) (x) + · · ·+ an−1 (x)u′ (x) + an (x)u (x) .
(2.1)

This expression for L in terms of u and its derivatives up to order n is linear
in u in the sense that

L (αu+ βv) = αLu+ βLv (2.2)

for any constants α, β and any sufficiently differentiable functions u, v. The
corresponding linear differential equation has, as in the case of first-order
equations, homogeneous and inhomogeneous versions:

Lu = 0 (2.3)

and

Lu = r, (2.4)

where, in the latter equation, the function r is prescribed on the interval
[a, b]. These equations are in standard form, that is, the coefficient of the
highest derivative is one. They are sometimes displayed in an alternative
form in which the highest derivative is multiplied by a continuous function
a0 (x). As long as this function does not vanish on [a, b] the two forms are
interchangeable, and we’ll use whichever is the more convenient.
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The linearity, as expressed by equation (2.2), plays a powerful role in
the theory of these equations. The following result is an easy consequence
of that linearity:

Lemma 2.0.2 Equation (2.2) has the following properties:

• Suppose u1 and u2 are solutions of the homogeneous equation (2.3);
then for arbitrary constants c1 and c2, u = c1u1+c2u2 is also a solution
of this equation.

• Suppose u1 and u2 are solutions of the inhomogeous equation (2.4);
then u = u1 − u2 is a solution of the homogeneous equation (2.3).

• Suppose u1 and u2 are solutions of the inhomogeneous equations Lu1 =
r1 and Lu2 = r2; then for arbitrary constants c1 and c2, u = c1u1+c2u2
is a solution of the inhomogeneous equation Lu = r where r = c1r1 +
c2r2.

Linear equations are the most widely studied of all classes of differential
equations. This is in part because they arise in a variety of applications, in
part because an understanding of them is needed in studying more general,
nonlinear differential equations, and in part for the rather unheroic reason
that they represent the broadest class of ordinary differential equations for
which a comprehensive theory exists. Much of this book is occupied with
their study.

Most of the features of linear differential equations of order n are already
evident when n = 2. Moreover, some of the more important applications
involve second-order differential equations. We’ll therefore take these up
first. This chapter is divided into three sections. The first and most extensive
is devoted to second-order differential equations. The second extends these
results to the nth-order case. The third provides the first introduction to
a modest reformulation that will find repeated application in subsequent
chapters, that of a system of n first-order equations.

2.1 Second-order linear equations

The linear operator L is defined by its action on twice-differentiable func-
tions:

Lu = u′′ + p (x)u′ + q (x)u (2.5)

where p and q are continuous functions on an interval [a, b]. The solution
of the differential equation (either the homogeneous equation Lu = 0 or
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the inhomogeneous equation Lu = r with r 6= 0) involves two arbitrary
constants. This can be seen in the simple example u′′ = 1, which has the
general solution u = c0+c1x+(1/2)x2, for any values of the constants c0 and
c1. These constants can be determined if we specify not only the function u
but also the first derivative u′ at a chosen point x0. This should be contrasted
with the situation in the preceding chapter on first-order equations, where
specification of the function alone at a chosen point was sufficient to make
the solution unique. The difference is the order of the equation and we shall
find (see §2.2) that for an equation of order n, specification of the function
and its first n− 1 derivatives at a chosen point are needed for uniqueness of
the solution.

The initial-value problem now takes the form

Lu = r for a ≤ x ≤ b, u (x0) = c1, u
′ (x0) = c2, (2.6)

where r is a function given on the interval I = [a, b]. That is, the differential
equation is supposed to be satisfied on the interval and, at some point x0 ∈ I,
the solution u and its first derivative are supposed to take on prescribed
values. We again borrow an existence result (Theorem 6.2.3) from Chapter
6:

Theorem 2.1.1 Suppose the functions p, q, r are continuous on [a, b]. Then
the initial-value problem (2.6) has a solution u (x) on that interval.

Remarks:

• For u to be a solution, it is understood that it must have derivatives
up to order two at each point. The equation itself then requires that
the second derivative be continuous.

• The existence theorem for the general (i.e., nonlinear) initial-value
problem is local, i.e., guarantees a solution only on some interval, pos-
sibly small, containing the initial value x0 (cf. Theorem 1.4.3 above).
By contrast, the theorem above is global, i.e., guarantees a solution
on the full interval [a, b]. The difference is in the present assumption
of linearity.

• We have indicated a closed interval [a, b], i.e., one that includes its end-
points. This choice is made for definiteness only and is in no way es-
sential, but we shall indicate explicitly any deviation from this choice.
At the endpoints of such an interval the derivatives are interpreted as
one-sided.
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• The interval may be infinite or semi-infinite without changing the con-
clusion. If the coefficient functions p, q, r are continuous on (say) all
of R, then they are continuous on arbitrary finite intervals [a, b] so
solutions exist on these arbitrary intervals and therefore on all of R.

The uniqueness of this solution can be inferred from a simple and striking
result about the homogeneous problem (2.3), which here takes the form

u′′ + p (x)u′ + q (x)u = 0, a ≤ x ≤ b. (2.7)

Lemma 2.1.1 Suppose u is a solution of equation (2.7) satisfying “zero”
initial data at some point x0 ∈ [a, b]:

u (x0) = 0, and u′ (x0) = 0.

Then u (x) = 0 at every point x ∈ [a, b].

Proof: Define
σ (x) = u (x)2 + u′ (x)2 .

Note that σ (x) ≥ 0 and that σ (x0) = 0. Differentiating we find

σ′ = 2
(
uu′ + u′u′′

)
.

Substitute for u′′ from the differential equation:

σ′ = 2
(

(1− q)uu′ − pu′2
)
≤ 2

(
(1 + |q|)

∣∣uu′∣∣+ |p|u′2
)
,

where we have, in the last form of this inequality, noted that any real number
is less than or equal to its absolute value. The continuity of the functions q
and p means each is bounded by some constant on [a, b]: |q| ≤ Q, |p| ≤ P ,
where Q and P are constants. Therefore

σ′ ≤ 2
(
(1 +Q)

∣∣uu′∣∣+ Pu′2
)
.

Now from the identity a2 + b2 ≥ 2ab we infer that 2 |uu′| ≤
(
u2 + u′2

)
,

and therefore that
σ′ ≤ K

(
u2 + u′2

)
= Kσ (2.8)

for the constant K = 1 +Q+ 2P . Integrating from x0 to a greater value x,
we find (mindful that σ (x0) = 0)

σ (x) ≤ K
∫ x

x0

σ (s) ds for x ≥ x0.
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Gronwall’s lemma 1.4.1 now shows that σ ≡ 0 for x ≥ x0. Reasoning similar
to that which led to the inequality (2.8) also shows that σ′ ≥ −Kσ. Inte-
grating σ′ ≥ −Kσ from x to x0 if x ≤ x0 and again applying Gronwall’s
lemma, we find that σ ≡ 0 also for x < x0, and therefore σ vanishes at every
point of the interval. In virtue of its definition, this proves the lemma. �

It is now easy to see that the initial-value problem (2.6) has at most one
solution. For suppose u and v are both solutions. Then if w = u− v, w is a
solution of the homogeneous problem (2.7) (cf. Lemma 2.0.2). Furthermore,
w and w′ vanish at x0. It follows from Lemma 2.1.1 that w ≡ 0 on [a, b],
i.e., that u ≡ v on [a, b]. We summarize this as follows.

Theorem 2.1.2 Under the assumptions of Theorem 2.1.1, there is a unique
solution of the initial-value problem (2.6).

A zero of a function u is a value of the independent variable x such that
u (x) = 0. A simple zero is one at which u vanishes but u′ does not;
a double zero x0 is one at which u(x0) = u′(x0) = 0 but u′′(x0) 6= 0;
and so on. Lemma 2.1.1 has certain consequences for the nature of the
zeros of solutions of the homogeneous equation (2.7). For example, if
u is such a solution, it cannot have a double zero at any point of the
interval unless it is the solution u ≡ 0.

In general, a function may have infinitely many distinct zeros on a
given interval [a, b]. However, if the function in question is the solution
of the homogeneous differential equation (2.7), it can have only finitely
many (except in the trivial case when it is identically zero). This is
a consequence of Lemma 2.1.1 together with the following standard
theorem of real analysis (see, for example, [12]):

Theorem 2.1.3 From any infinite set of points lying in a closed and
bounded subset K of Rk one can select an infinite sequence {xn} of
distinct points converging to a point x∗ ∈ K.

The set [a, b] in R is closed and bounded, so this theorem applies.
Let u be a solution of equation (2.7) other than the identically-zero
solution, and suppose that u has infinitely many zeros in [a, b]; these are
necessarily simple by the preceding paragraph. By the Theorem 2.1.3
one can find a sequence {xn} of distinct zeros converging to x∗ ∈ [a, b].
Since u (xn) = 0, it follows from the continuity of u that u (x∗) = 0. If
u′ (x∗) vanished as well, we would have to conclude that u is identically
zero on [a, b]. This is contrary to our assumption, so u′ (x∗) 6= 0. It
follows that there is a neighborhood N of x∗ in [a, b] such that u 6= 0 in
N , except at x∗ itself. But any neighborhood of x∗ contains infinitely
many zeros of u. This contradiction proves the assertion, which we
summarize as follows:
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Theorem 2.1.4 Let the hypotheses of Theorem 2.1.1 hold, with r ≡ 0.
Then a nontrivial solution u has at most finitely many zeros on [a, b].

2.1.1 The homogenous problem and bases

Lemma 2.1.1 has the remarkable consequence that one can define a pair of
solutions of the homogeneous equation u′′ + pu′ + qu = 0 (eq. 2.7 above),
say u1 (x) and u2 (x), with the property that any other solution u of that
equation may be written as a linear combination of u1 and u2 on [a, b]:

u (x) = c1u1 (x) + c2u2 (x) , (2.9)

where c1 and c2 are constants.
To see this, define a pair of solutions u1, u2 of the initial-value problem

as follows: u1 is a solution of the homogeneous equation (2.7) which also
satisfies the initial data

u1 (a) = 1, u′1 (a) = 0, (2.10)

whereas u2 is a solution of the homogeneous equation (2.7) which also sat-
isfies the initial data

u2 (a) = 0, u′2 (a) = 1. (2.11)

Each of these functions is uniquely determined, in view of the existence and
uniqueness theorems 2.1.1 and 2.1.2. Now let u (x) be any solution whatever
of the homogeneous equation (2.7). Define c1 = u(a) and c2 = u′(a), and
define a function v by the formula

v (x) = c1u1 (x) + c2u2 (x) .

Then v is a solution of the homogeneous equation which, because of equa-
tions (2.10) and (2.11), has the same initial data as does u. Therefore v ≡ u.
This proves that equation (2.9) holds.

Example 2.1.1 Let the homogeneous equation be u′′+u = 0, and take the
left-hand endpoint to be a = 0. It is easy to verify that the functions cosx
and sinx are solutions of the homogeneous equation satisying the initial
data of equations (2.10) and (2.11), respectively. Therefore, any solution
u(x) of the homogeneous equation can be expressed in the form u(x) =
c1 cosx+ c2 sinx for some choice of the constants c1 and c2. �

The functions u1 and u2, defined above as solutions of the homogenous
equation (2.7) together with the initial data (2.10) and (2.11), possess two
important properties. One is their linear independence:
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Definition 2.1.1 A set of k functions u1, u2, . . . , uk defined on an interval
I is linearly dependent there if there exist constants c1, c2, . . . , ck, not all
zero, such that

c1u1 (x) + c2u2 (x) + · · ·+ ckuk (x) = 0

at each point of I. A set of functions that is not linearly dependent on I is
said to be linearly independent there.

This definition makes no reference to differential equations. Linear depen-
dence or independence is a property that any collection of functions may or
may not have.

Example 2.1.2 Consider the functions cosx and sinx of the preceding ex-
ample. For the sake of simplicity, assume that the interval is the entire x
axis. If these functions are linearly dependent, then c1 cosx + c2 sinx = 0
for all real values of x. Setting x = 0 we infer that c1 = 0, and then c2 must
also vanish since sinx is not identically zero. �

Example 2.1.3 The functions 1, x, x2, . . . , xk are linearly independent on
any interval. To see this we write the expression for linear dependence:

c0 + c1x+ c2x
2 + · · ·+ ckx

k = 0.

Because this must hold on an interval, we can differentiate any number
of times. If we differentiate k times we immediately infer that ck = 0.
Returning to the expression above, for which the highest degree term is now
k − 1, we repeat the procedure and find that ck−1 = 0. Continuing, we find
that all the constants must vanish, i.e., there can be no expression of linear
dependence.

An alternative way of drawing this conclusion is proposed in Problem 7
in the problems at the end of this section. �

The preceding examples are typical of proofs of linear independence:
assume the opposite and deduce a contradiction in the form that all the
coefficients must vanish. Let’s apply this approach to the functions u1 and
u2 satisfying the conditions (2.10) and (2.11), respectively. Suppose that for
some choice of constants c1 and c2

c1u1 (x) + c2u2 (x) = 0

for all x ∈ [a, b]. By virtue of condition (2.10) we find, by evaluating the
left-hand side at x = a, that c1 = 0. Since the relation of linear dependence
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above must hold for all x ∈ [a, b], we are free to differentiate it. Doing so and
applying the condition (2.11), we then see that c2 = 0. Thus these functions
are linearly independent. Moreover, they are linearly independent by virtue
of the conditions (2.10) and (2.11) without regard to whether they satisfy
the differential equation or, indeed, any other requirement.

However, the second important property of the functions u1 and u2 is
precisely that they are solutions of the linear, homogeneous differential equa-
tion (2.7). Such a linearly independent set of solutions is called a basis:

Definition 2.1.2 A linearly independent pair of solutions of the second-
order, linear, homogeneous equation (2.7) is called a basis of solutions for
that equation.

We made a particular choice of basis (u1, u2) above, but bases are not unique.
The choice made for (u1, u2), by requiring them to satisfy the conditions
(2.10, 2.11), is useful for initial data that are supplied at the point x = a,
and is sometimes referred to as the standard basis for problems in which
data are prescribed at x = a. We could, however, have chosen some point
other than x = a to supply the same initial values of ui and u′i (i = 1, 2), and
the result would have been a different but equally valid basis. Alternatively,
we could have chosen different initial values for ui and u′i and the result
would again be a basis, unless these values are chosen “peculiarly,” in a
sense described below, following Theorem 2.1.7.

These two properties of the pair (u1, u2) (that they are linearly indepen-
dent and are solutions of the homogeneous equation (2.7)) imply that any
solution of equation (2.7) is a linear combination of them with constant co-
efficients, as in equation (2.9). We now show that this property is common
to all bases of solutions of the linear, homogeneous equation (2.7):

Theorem 2.1.5 Let v1 and v2 be a basis of solutions for equation (2.7) and
let u be any solution of that equation. Then there exist constants c1 and c2
such that

u (x) = c1v1 (x) + c2v2 (x) ∀x ∈ [a, b]. (2.12)

Proof: Pick any point x0 in [a, b] and consider the pair of equations

c1v1 (x0) + c2v2 (x0) = u (x0)

c1v
′
1 (x0) + c2v

′
2 (x0) = u′ (x0) . (2.13)

This is a system of two linear equations in the two unknowns c1 and c2. For
such a system there are two possibilities1: either (1) the system (2.13) has

1We rely here on a basic theorem in linear algebra; see, for example, [9].
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a unique solution (c1, c2) or (2) the corresponding homogeneous system

c1v1 (x0) + c2v2 (x0) = 0

c1v
′
1 (x0) + c2v

′
2 (x0) = 0 (2.14)

has a nontrivial solution, i.e., a solution for which c1 and c2 are not both zero.
Suppose that it is this second alternative that prevails. Then the function
v (x) = c1v1 (x)+ c2v2 (x) is a solution of equation (2.7) for which v (x0) = 0
and v′ (x0) = 0. By Lemma 2.1.1 the function v vanishes identically on
the interval [a, b]. But this implies that v1 and v2 are linearly dependent,
contrary to the hypothesis that they are a basis. Consequently the second
alternative is not possible, and the first must hold. But then the functions
u and c1v1 + c2v2 are both solutions of the same initial-value problem, and
are therefore the same by Theorem 2.1.2. �

Some simple cases, for which solutions are elementary functions, follow.

Example 2.1.4 Return to the equation u′′+u = 0 of Example 2.1.1 above;
it has the solutions u1 = cosx and u2 = sinx, which are linearly indepen-
dent, as shown in Example 2.1.2. These constitute a basis, the standard basis
relative to the point x = 0. However, consider the pair v1 = cosx − sinx
and v2 = cosx + sinx. Since u1 = (v1 + v2) /2 and u2 = (v1 − v2) /2, the
relation (2.9) shows that the arbitrary solution u can be written as a linear
combination of v1 and v2. This pair therefore constitutes a second basis.

Example 2.1.5 It is easy to verify that the equation

u′′ − u = 0 (2.15)

has the solutions u1 = expx and u2 = exp (−x); these are linearly inde-
pendent (cf. Problem 12 in the problem set for this section). On the other
hand, recall that coshx = (u1 + u2) /2 and sinhx = (u1 − u2) /2. Thus
v1 = coshx and v2 = sinhx constitute a second basis (it is this latter basis
which represents a standard basis relative to the origin for this equation.)

A linear vector space V over the real numbers is defined by a set of
axioms2. If the space has a finite basis, i.e., a set of (say) n linearly
independent elements (vectors) v1, v2, . . . , vn such that any vector v in
V may be written

v = c1v1 + c2v2 + · · ·+ cnvn

2See, for example [9]
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for some choice of the real numbers c1, c2, . . . , cn, then the space is said
to be finite-dimensional (n-dimensional in this case). Otherwise it is
infinite-dimensional.

The set C2[a, b] of real-valued functions possessing continuous sec-

ond derivatives on the interval [a, b] satisfies the axioms for a vector

space. It is easily seen to be infinite-dimensional. However the subset

of C2[a, b] consisting of those functions satisfying a linear, homoge-

neous differential equation like equation (2.7) is also a vector space, a

subspace of C2[a, b]. This vector space has a basis consisting of two

elements. It follows that the solution space of equation (2.7) is a two-

dimensional, real vector space.

2.1.2 The Wronskian

The Wronskian determinant of a pair of functions is defined as follows:

Definition 2.1.3

W (u, v;x) =

∣∣∣∣ u v
u′ v′

∣∣∣∣ = uv′ − u′v. (2.16)

We often write W (u, v;x) = W (x) for short. When we do this we need to
remember that we have a specific pair of functions u and v in mind, and
that the sign of the Wronskian changes if we interchange them.

Theorem 2.1.6 Let u and v be solutions of equation (2.7). If x0 is any
point of [a, b] and W0 the value of the Wronskian there, then, at any point
x of [a, b],

W (x) = W0 exp

(
−
∫ x

x0

p (s) ds

)
. (2.17)

Proof: Differentiating W as defined in equation (2.16) gives W ′ = uv′′−u′′v.
Substituting for the second derivatives from the equation (2.7), satisfied by
each of u and v, then gives W ′ = −pW. The conclusion follows from this. �

An immediate deduction from this is the following:

Corollary 2.1.1 The Wronskian of a pair of solutions of a linear, homoge-
neous equation (2.3) either vanishes identically on the entire interval [a, b]
or does not vanish at any point of the interval.

The Wronskian is precisely the determinant appearing in the systems
(2.13) and (2.14) above. When the Wronskian vanishes, the solutions v1
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and v2 are linearly dependent, and when the Wronskian does not vanish
they are linearly independent and therefore constitute a basis. This proves
the following:

Theorem 2.1.7 A necessary and sufficient condition for a pair (u1, u2) of
solutions of equation (2.7) to be a basis for that equation is that its Wron-
skian W (u1, u2;x) not vanish on [a, b].

Remark: If a pair of solutions u1 and u2 is chosen “at random,” i.e., if
their initial data are assigned randomly, we would expect that W 6= 0; in
this sense it would take a “peculiar” choice of solutions for that pair to be
linearly dependent.

The expression (2.17) for the Wronskian may be used to find a formula
for a second solution v of equation (2.7) if we know one solution u. Suppose
one such solution u (not identically zero) is known on [a, b]. Pick a point x0
where u 6= 0 and define

w (x) = c exp

{
−
∫ x

x0

p (s) ds

}
where c is not zero but is otherwise arbitrary. Write

w (x) = u (x) v′ (x)− u′ (x) v (x) = u2
d

dx
(v/u) ,

so that

v (x) = u (x)

∫ x

x0

w (s)

u (s)2
ds. (2.18)

This formula defines v on an interval containing x0 on which u does not
vanish. It is straightforward to check that v is indeed a solution of equa-
tion (2.7) on such an interval, and that the pair u, v has the nonvanishing
Wronskian w there.

PROBLEM SET 2.1.1

1. Verify equation (2.2) in detail for the special case when n = 2 and the
operator L is defined by equation (2.5). Using equation (2.2), verify Lemma
2.0.2.

2. Let L be the second-order operator defined by equation (2.5). Suppose k
functions ri (x) , i = 1, . . . , k are given on the interval [a, b] and the corre-
sponding k initial-value problems

Lui = ri, ui (x0) = u′i (x0) = 0, (i = 1, . . . , k) (2.19)
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are solved for the k functions ui, i = 1, . . . , k. Define r (x) =
∑k

i ri (x) .
Show that the unique solution of the initial value problem Lu = r, u (x0) =
u′ (x0) = 0 is

u (x) =

k∑
1

ui (x) .

3. In equation (2.7) let the interval be [−1, 1]. Can continuous coefficients q and
p be chosen such that u (x) = x2 is a solution of this equation? Explain.

4. Let u (x) = x3 on [−1, 1] and define v (x) = −x3 on [−1, 0] and v (x) = +x3

on (0, 1]. Verify that v is C2 on [−1, 1]. Calculate W (u, v;x). Show that
these functions linearly independent on [−1, 1]?

5. The preceding problem shows that the vanishing of the Wronskian need not
imply linear dependence in general, i.e., for functions not obtained as solu-
tions of a homogeneous, linear differential equation. However, show that if
functions u1(z), u2(z) are analytic functions in a domain D of the complex
plane whose Wronskian determinant vanishes at each point of D, they must
indeed be linearly dependent there over the complex numbers.

6. Extend the result of the preceding problem to n complex functions: if {uj(z)}nj=1

is a set of n complex functions whose Wronskian is defined and vanishes on a
domain D of the complex plane, then they are linearly dependent there over
the complex numbers.

7. The fundamental theorem of algebra states that a polynomial of degree n can
have no more than n distinct zeros. Draw the conclusion of Example 2.1.3
from this.

8. Show that the three functions sin(x), sin(2x), sin(3x) are linearly independent
on any nontrivial interval of the x axis.

9. For the equation u′′ + u = 0, cosx and sinx form a basis of solutions. Verify
that cos (x+ a) and sin (x+ a) are also solutions if a is any constant. Use
this and the uniqueness theorem to infer the trigonometric addition theorems

cos (x+ a) = cos a cosx− sin a sinx,

sin (x+ a) = cos a sinx+ sin a cosx.

10. Find bases of solutions for the following equations:
a)u′′ = 0; b) u′′ + 2u′ = 0; c) u′′ + xu′ = 0.

11. Consider the equation u′′ + u = 0. Under what conditions on the constants
a, b, c, d is the pair

v1 = a cosx+ b sinx, v2 = c cosx+ d sinx

a basis of solutions for this equation?
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12. Consider the equation u′′ − u = 0. Under what conditions on the constants
a, b, c, d is the pair

v1 = aex + be−x, v2 = cex + de−x

a basis of solutions for this equation?

13. Show that the functions u1(x) = 1/x and u2(x) = 1/x2 form a basis of
solutions for the equation

u′′ +
4

x
u′ +

2

x2
u = 0

on any interval excluding the origin.

14. Same as the preceding problem for the functions u1 = sinx − x cosx , u2 =
cosx+ x sinx and the differential equation

u′′ − 2

x
u′ + u = 0.

15. Verify that the second solution given in the formula (2.18) is linearly inde-
pendent of u on intervals on which u does not vanish.

16. Let u be a solution of (2.7) vanishing at the endpoints x1 and x2 of an
interval but not vanishing in between. Show that the formula (2.18), with
x1 < a < x2, leads to finite limiting values for the second solution v at x1
and x2, and find these limits.

17. A second-order equation

d

dx

(
p (x)

du

dx

)
+ q (x)u = 0

is said to be in ”self-adjoint” form. What condition on the function p is
needed for the existence theorem 2.1.1 to hold? Find an explicit expression
for the Wronskian in terms of the function p.

18. For the equation
d

dx

((
1− x2

) du
dx

)
+ 2u = 0

• On what intervals does the existence theorem guarantee a solution?

• Verify that u1 = x is a solution.

• Find a second solution in an interval containing the origin. How far can
this interval extend on each side of the origin?

19. Let u and v be C2 functions on an interval I, and suppose their Wronskian
uv′ − u′v does not vanish at any point of I. Show that their zeros separate
each other, i.e., between any two consecutive zeros of u there is exactly one
zero of v and vice versa.
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20. Consider the equation u′′+ p(x)u′+ q(x)u = 0 where p and q are continuous
on the entire real axis R. Suppose further that q(x) < 0 there. Show that if
u is not identically zero, it can have at most one zero on R.

21. Let u and v be given C2 functions on an interval [a, b] whose Wronskian
nowhere vanishes there. Show that there is a differential equation of the
form (2.7) for which u and v form a basis of solutions.

22. Consider the initial-value problem on the interval [−1, 1]

u′′ + q (x)u = 0, u (−1) = 1, u′ (−1) = 0,

where the coefficient q is the sectionally continuous function

q (x) =

{
−1 if − 1 ≤ x ≤ 0,
+1 if 0 < x ≤ +1.

Find a function u satisfying the initial conditions, C1 on the interval [−1, 1],
and satisfying the equation on the intervals [−1, 0) and (0, 1].

23. Suppose p and q are continuous functions on the symmetric interval [−a, a]
and satisfy the further conditions

p(−x) = −p(x) and q(−x) = q(x)

there; i.e., p is an odd function and q is even. For the differential equation
u′′ + p(x)u′ + q(x)u = 0 show

(a) If u(x) is a solution then so is v(x) = u(−x).

(b) There exists a basis of solutions u1, u2 of which one is even on the
interval, the other odd.

2.1.3 The inhomogeneous equation

The study of the inhomogeneous problem

Lu ≡ u′′ + p (x)u′ + q (x)u = r (x) (2.20)

begins with the observation in Lemma 2.0.2 that implies that if u and v are
solutions of equation (2.20), then w = u− v is a solution of equation (2.7).
This leads to the notion of a particular integral U , which is any solution of
equation (2.20), without regard to initial data.

Theorem 2.1.8 Let U be any solution of the inhomogeneous equation (2.20),
and let u1, u2 be a basis for the corresponding homogeneous equation (2.7).
Then any other solution of (2.20) must be of the form U+c1u1+c2u2, where
c1 and c2 are constants.
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Proof: If u is any solution of equation (2.20) then u−U is a solution of the
homogeneous equation (2.7) and is therefore a linear combination of u1 and
u2. This is the most general solution of equation (2.20). �

In order to determine the constants c1 and c2, further information is
needed. If this information is supplied in the form of initial data, this then
determines c1 and c2 uniquely.

Example 2.1.6 Consider the initial-value problem

u′′ + u = 1, u (0) = 2, u′ (0) = −1.

We obtain the particular integral U (x) = 1 by inspection. Then u =
1 + c cosx + d sinx for some constants c and d. Differentiating gives u′ =
−c sinx+d cosx. Evaluating these at x = 0 now gives 2 = 1+c and −1 = d,
so the solution is u = 1 + cosx− sinx.

Variation of parameters

In the preceding example, we found a particular integral by inspection. This
is of course not always possible and a more systematic way of constructing
particular integrals is needed. There is indeed such a construction. It is
based on an assumed knowledge of a basis of solutions of the homogeneous
equation. We begin by presenting this procedure as a kind of recipe, and
discuss the motivation for that recipe at the end this section.

We assume as known a basis u1, u2 of solutions of the homogeneous
equation (2.7). We attempt to represent a particular integral U of equation
(2.20) in the form

U (x) = c1 (x)u1 (x) + c2 (x)u2 (x) , (2.21)

i.e., as if it were a solution of equation (2.3), but allowing the “constants”
c1 and c2 to be functions instead. Differentiating this leads to the (rather
large) expression

U ′ = c′1u1 + c′2u2 + c1u
′
1 + c2u

′
2.

Here we pause and observe that we have introduced two unknown functions,
c1 and c2, for the purpose of expressing one, U . We should therefore be able
to impose one condition on these two functions, and we choose it in the form

c′1u1 + c′2u2 = 0, (2.22)
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thereby simplifying the preceding equation by eliminating the first two of
the four terms. Now differentiating a second time, we obtain

U ′′ = c′1u
′
1 + c′2u

′
2 + c1u

′′
1 + c2u

′′
2.

Finally forming the combination LU , and recalling that u1 and u2 satisfy
the homogeneous equation, we obtain, on requiring that LU = r,

c′1u
′
1 + c′2u

′
2 = r. (2.23)

Equations (2.22) and (2.23) represent a linear system for the derivatives
c′1, c

′
2; the determinant of this system is the Wronskian W (x), and therefore

nowhere zero. We can now solve this linear system for these derivatives:

c′1(x) = −u2(x)r(x)/W (x), c′2(x) = u1(x)r(x)/W (x).

The solutions, with c1 and c2 vanishing at a point x0 of the interval, are

c1 (x) = −
∫ x

x0

u2 (s)

W (s)
r (s) ds, c2 (x) =

∫ x

x0

u1 (s)

W (s)
r (s) ds.

The particular integral vanishing together with it’s first derivative at x0 is
therefore

U (x) =

∫ x

x0

{
u1 (s)u2 (x)− u2 (s)u1 (x)

W (u1, u2; s)

}
r (s) ds. (2.24)

We can write this somehat more compactly by defining the influence func-
tion3. Let x0 = a and write

G (x, s) =

{
(u1 (s)u2 (x)− u2 (s)u1 (x)) /W (u1, u2; s) if s < x,

0 if s ≥ x . (2.25)

Then equation (2.24) takes the form

U (x) =

∫ b

a
G (x, s) r (s) ds. (2.26)

One can now verify that the expression for U is indeed a solution of equation
(2.20). The verification is easiest when the form given in equation (2.24) is
used.

3This is sometimes called a Green’s function, but we reserve that designation for the
analogous function arising in boundary-value problems.
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We can equally characterize the influence function by the following initial-
value problem for G on the square [a, b]× [a, b] for fixed s and variable x:

G (x, s) = 0 if s ≥ x;

LG = 0 for a ≤ s < x ≤ b, and (2.27)

G (s, s) = 0 and Gx (s, s) = 1.

It can be verified (cf. Problem 5 below) that the function defined by equation
(2.25) indeed satisfies this initial-value problem.

Influence function

The variation-of-parameters procedure could be applied equally in the case
n = 1 and would immediately provide a particular integral (the second term
in (1.23) of the preceding chapter). There, in Section 1.2.3, we indicated that
that particular integral is the result of a general principle called Duhamel’s
principle and is a natural consequence of the linearity. This is true of the
formula (2.24) as well, although this is not transparent in the present case.
It becomes transparent when we introduce the system formulation of lin-
ear, differential equations in §2.3 below, because that formulation mimics
the structure of the first-order equation and the application of Duhamel’s
principle becomes obvious.

PROBLEM SET 2.1.2

1. For the equation u′′ + u = x, find a particular integral by inspection. What
is the most general solution? What is the solution with initial data (u, u′) =
(0, 0) at x = 0?

2. Same question as above but for the equation u′′ − u = x.

3. The inhomogeneous form of the self-adjoint equation (cf. Problem Set 2.1.1,
exercise 17) is

d

dx

(
p (x)

du

dx

)
+ q (x)u = r (x) .

In it, the coefficient of the highest derivative is not one, but p. Express a
particular integral of this equation in terms of a solution basis u1, u2 for the
homogeneous equation and the function r, as in equation (2.24) above.

4. Carry out the construction of the influence function for the equation u′′+u =
r.

5. Verify that the expression for the influence function given in equation (2.25)
satisfies the initial-value problem (2.27).
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6. Verify directly that if G (x, ξ) satisfies the initial-value problem (2.27), then
the expression (2.26) provides a particular integral.

7. Consider the homogeneous equation u′′ + q(x)u = 0 where

q(x) =

{
0 if x < 0
1 if x ≥ 0

Require of solutions that they be C1 for all real values of x (i.e., continuous
with continuous derivatives: the second derivative will in general fail to exist
at x = 0). Construct a basis of solutions. Check its Wronskian.

8. For q as in Problem 7, find the solution of the initial-value problem

u′′ + q(x)u = 1, u(0) = u′(0) = 0.

9. For the differential equation of Problem 8, find the influence function G(x, s).

10. Let L be the second-order operator of equation (2.5)characterized by coeffi-
cients p and q on an interval [a, b], and let M be a second such operator on
[a, b]:

Mv(x) = v′′ + r(x)v′ + s(x)v.

Assume all the coefficient functions p, q, r, s are C2 on [a, b]. Consider the
fourth-order operator LM , where LMw is formed by applying M to w and
then L to the resulting function u = Mw. Define a basis w1, w2, w3, w4 for
this fourth-order operator in terms of bases u1, u2 for L and v1, v2 for M .
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2.2 The equation of order n

The results of the preceding section carry over to higher-order linear equa-
tions with remarkably few modifications. The linear operator L is now given
by equation (2.1), and the homogeneous equation by equation (2.3). As in
the case of the second-order equation, we consider first the existence theorem
for the initial-value problem

Lu ≡ u(n) (x) + a1 (x)u(n−1) (x) + · · ·+ an−1 (x)u′ (x) + an (x)u (x) = r,

u (x0) = α1, u
′ (x0) = α2, . . . , u

(n−1) (x0) = αn, (2.28)

where x0 is any point of the interval [a, b] and the numbers α1, . . . , αn are
arbitrarily chosen constants.

Theorem 2.2.1 Suppose the functions a1, a2, . . . , an and r are continuous
on [a, b]. Then the initial-value problem (2.28) has a unique solution u (x)
on that interval.

Remarks

• The existence result is again borrowed from Chapter 6.

• The remarks following theorem (2.1.1) apply here as well.

• The uniqueness result is incorporated in this theorem instead of being
stated separately. Its proof may be carried out in the same way as in
the second-order case except that the definition of σ in the proof of
Lemma (2.1.1) is changed to

σ = u2 + u′2 + · · ·+ u(n−1)2,

and the manipulations are somewhat more cumbersome.

• Theorem 2.1.4 carries over without change (see Problem 10 in Problem
Set 2.3.1 below).

It is again convenient to discuss the homogeneous equation first.

2.2.1 The homogeneous equation

Since in place of two arbitrary constants in the solution of a second-order
equation we now anticipate n arbitrary constants in the solution of an n-th
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order equation, we must also anticipate that n linearly independent solu-
tions are needed to represent an arbitrary solution of the equation (2.3).
Accordingly, we define the Wronskian of n functions on an interval [a, b] as
follows:

W (u1, u2, . . . , un;x) =

∣∣∣∣∣∣∣∣∣
u1 (x) u2 (x) · · · un (x)
u′1 (x) u′2 (x) · · · u′n (x)

...
...

. . .
...

u
(n−1)
1 (x) u

(n−1)
2 (x) · · · u

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣ . (2.29)

This definition is valid for any n functions defined and sufficiently differen-
tiable on [a, b]. When these functions are solutions of equation (2.3), the
Wronskian serves the same purpose that it did in the second-order case, by
virtue of the following theorem:

Theorem 2.2.2

W (x) = W0 exp

(
−
∫ x

x0

a1 (s) ds

)
, where W0 = W (x0) . (2.30)

Remarks:

• This theorem takes exactly the same, simple form for a linear, homo-
geneous differential equation of any order: the coefficient of the term
u(n−1) in equation (2.1) is what appears in the exponential.

• Corollary 2.1.1 applies almost without change to the Wronskian (2.29)
for the n-th order case:

Corollary 2.2.1 The Wronskian of a set of n solutions of a linear,
homogeneous equation (2.3) of order n either vanishes identically on
the entire interval [a, b] or does not vanish at any point of the interval.

• The proof of Theorem 2.2.2 depends on a formula for the differentiation
of determinants; it is discussed in the Problem Set 2.3.1 below.

If we choose a matrix A with ij entry αij , i.e.,

A =


α11 α12 · · · α1n

α21 α22 · · · α2n
...

...
. . .

...
αn1 αn2 · · · αnn

 ,
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we can construct n solutions u1, u2, . . . , un of equation (2.3) whose Wron-
skian, at a chosen point x0 of [a, b], is precisely detA. It suffices to choose
uk to be the solution of equation (2.3) such that

uk (x0) = α1k, u
′
k (x0) = α2k, · · · , un−1k (x0) = αnk, k = 1, 2, . . . , n.

These solutions exist by the existence theorem 2.2.1. They are linearly
independent on the interval [a, b] if we choose A so that detA 6= 0. This can
be done in many ways.

Example 2.2.1 Choose A to be the unit matrix, i.e. αij = 0 if i 6= j and
αii = 1 for i, j = 1, . . . n. Then it is easy to see that detA = 1.

Theorem 2.1.7 is fundamental. It asserts that once a set of solutions
of equation (2.3) that have nonzero Wronskian have been found, any other
solution of that equation is a linear combination of them. We now have the
same result in general:

Theorem 2.2.3 A necessary and sufficient condition for a set (u1, u2, . . . un)
of solutions of equation (2.3) to be a basis for that equation is that its Wron-
skian W (u1, u2, . . . , un;x) not vanish on [a, b].

Example 2.2.2 Consider the third-order equation u′′′ = 0. Three linearly
independent solutions are u1 = 1, u2 = x and u3 = x2. It is easy to see that
any solution of the equation must have the form u = c1u1 + c2u2 + c3u3.

Example 2.2.3 Consider the third-order equation u′′′ + u′ = 0. If v = u′

the equation becomes v′′ + v = 0, which has linearly independent solutions
v1 = cosx and v2 = sinx. Choose u1 such that u′1 = cosx. Then u1 =
sinx+constant. Similarly choosing u2 such that u′2 = sinx, we find that u2 =
− cosx + constant. Since sinx, cosx and any constant are solutions of this
equation, we easily see that {1, cosx, sinx} constitute a basis of solutions.

2.2.2 The inhomogeneous equation

The two methods used to produce a particular solution of the inhomoge-
neous equation can be carried out with minor changes. The variation-of-
parameters expression is now

u (x) =

n∑
i=1

ci (x)ui (x)
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where {ui} represent a basis of solutions of the homogeneous equation. It
can be supplemented by n − 1 conditions on the as-yet-unknown functions
{ci}. These are chosen in the form

n∑
i=1

c′iu
(j)
i = 0, j = 0, 1, . . . , n− 2,

where the convention u(0) = u has been used. The condition that u satisfy
equation (2.4) is then that

n∑
i=1

c′iu
(n−1)
i = r.

These give n equations for the n functions c′i. The determinant of this system
of equations is the Wronskian, so it can be solved for the derivatives of the
{ci}. If they are all integrated from (say) x0 to an arbitrary point x of the
interval with the assumption that ci (x0) = 0, then the particular integral u
found in this way will vanish together with its first n− 1 derivatives at x0.
The formula is now more cumbersome to write, so we omit it.

The alternative approach to a particular integral via an influence func-
tion is the following. Define the influence function G (x, s) for a ≤ s ≤ x ≤ b
by the following initial-value problem, where s is viewed as fixed and the
derivatives are taken with respect to x:

LG = 0, s < x ≤ b; G (s, s) = 0,
∂G

∂x
(s, s) = 0, . . . ,

∂n−2

∂xn−2
G (s, s) = 0,

∂n−1G

∂xn−1
(s, s) = 1. (2.31)

On the remainder of the square [a, b]× [a, b] where s > x, G vanishes. It can
be verified directly that this provides a particular integral of equation (2.4)
in the form

u (x) =

∫ x

a
G (x, s) r (s) ds. (2.32)

We’ll return repeatedly in this book to the single equation of order n,
but next we’ll have a first look at an important reformulation: the system
of n first-order equations.

2.3 The first-order system

We introduce in this section a somewhat different formulation of linear dif-
ferential equations. In fact, the formulation applies to nonlinear differential
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equations as well, but we restrict our present considerations to the linear
case. We begin by considering the n-th order linear equation (2.4).

2.3.1 The system equivalent to the n-th order equation

There is an alternative representation of the n-th order linear equations
(2.3) and (2.4); we’ll concentrate on the latter since it contains the former
if r ≡ 0. Define

v1 (x) = u (x) , v2 (x) = u′ (x) , · · · , vn (x) = u(n−1) (x) . (2.33)

The equation (2.4) is now equivalent to the system of n first-order equations

v′1 = v2, v
′
2 = v3, · · · , v′n−1 = vn,

v′n = −a1vn − a2vn−1 − · · · − anv1 + r. (2.34)

If initial-data are provided in the form indicated in equation (2.28), then
vi (x0) = αi for i = 1, . . . , n.

This has a compact expression in vector-matrix notation. Denote by v
the column vector

v =


v1
v2
...
vn

 (2.35)

and by A the matrix 4

A =


0 1 · · · 0
0 0 · · · 0
...

...
. . .

...
−an −an−1 · · · −a1

 . (2.36)

The inhomogeneous equation then has the expression

v′ = Av +R, (2.37)

where v′ is the vector made up of the corresponding derivatives of the com-
ponents of v, and

R =


0
0
...
0
r

 . (2.38)

4A matrix with this structure is called a companion matrix.
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2.3.2 The general, linear system

The form of equation (2.37) looks, perhaps superficially, like that of the
general linear equation of first order encountered in the first chapter. It
turns out that the resemblance is more than superficial. Procedures from
the abstract (like the existence theorem) to the practical (like numerical
solutions) are unified by this formulation. Moreover, there is no need to
restrict the first-order systems of n equations that we consider to those
derived from a single, n-th order equation: we are free to consider the more
general case of equation (2.37) above wherein the matrix A = (aij (x)) is
an arbitrary matrix of continuous functions, rather than one having the
special companion-matrix structure of equation (2.36) above, and the vector
R = (r1 (x) , . . . , rn (x))t is an arbitrary vector of continuous functions rather
than having the special structure of equation (2.35).

Consider again the initial value-problem

dv

dx
= A (x) v +R (x) , v (x0) = v0, (2.39)

where A (x) is an n×n matrix whose entries are continuous functions on an
interval I, R (x) is an n-component vector whose components are continuous
functions on I, x0 is a point of I, and v0 is an arbitrary vector of constants.
We again appeal to Chapter 6 for the basic conclusion:

Theorem 2.3.1 The initial-value problem (2.39) possesses a unique solu-
tion on I.

This means that there is a vector v whose components are differentiable
functions of x on I, satisfies the differential equation v′ = Av + R at each
point of I, and reduces to the given vector v0 when x = x0. Again, as
in the case of the single equation of order n, it is useful to consider the
homogeneous case R ≡ 0 first.

The homogeneous system

The homogeneous system is written in our current vector notation as

dv

dx
= A (x) v. (2.40)

If v and w are both vector solutions of this equation, so also is αv (x)+βw (x)
for arbitrary constants α and β. This leads as before to the notion of linear
dependence of vector-valued functions on an interval I:
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Definition 2.3.1 The k n-component vector functions v1 (x) , . . . , vk (x) are
said to be linearly dependent on the interval I if there exist k real numbers
c1, . . . , ck, not all zero, such that

c1v1 (x) + · · ·+ ckvk (x) = 0 (2.41)

at each point x of I. Otherwise they are said to be linearly independent.

In the theory of finite-dimensional vector spaces (like Rn, for example),
a set of k n-component vectors u1, . . . , uk is likewise said to be linearly
dependent if a relation c1u1 + · · · + ckuk = 0 holds for scalars {ci}k1
that are not all zero. The vectors v1, . . . , vk above are functions on
an interval I and belong, for any particular value x0 in I to the n-
dimensional vector spaceRn. But the requirement of linear dependence
is more stringent under the definition 2.3.1 than the corresponding
definition for a finite-dimensional vector space. The relation

c1v1 (xj) + · · ·+ ckvk (xj) = 0

might hold for many values xj with a set of constants that are not all
zero (i.e., they may be linearly dependent as vectors in Rn at those
points) without implying linear dependence on I: for this the equation
above would have to hold, for a fixed set of constants c1, c2, . . . , ck at
every point of I.

For example, consider the vector functions v1(x) = (x, x)t and

v2(x) = (x,−x)t on the interval [−1, 1] (the superscript t stands for

transpose). It is easy to see that these are linearly independent under

the definition 2.3.1. However, if we set x = 0, each of them is the zero

vector and they are linearly dependent as vectors in R2.

It is clear from the definition that, for any set of k functions {v1(x), . . . , vk(x)}
defined on the interval I, linear dependence on I implies linear dependence
on Rn for each x ∈ I. Since linear independence is the negation of linear de-
pendence, we also have linear independence on Rn at any point of I implies
linear independence on I.

We can easily infer the existence of a set of n linearly independent
solutions of the homogeneous equation: it suffices to choose them to be
linearly independent as vectors in Rn at some point x0 ∈ I. For exam-
ple, we could choose v1(x0) = (1, 0, . . . , 0)t to be the first unit vector,
v2(x0) = (0, 1, . . . , 0)t to be the second unit vector, and so on. We now
show that the solutions v1(x), v2(x), . . . , vn(x) of the homogeneous equa-
tion with these initial data are linearly independent according to the def-
inition 2.3.1. For suppose that, for some value x1 ∈ I, the n vectors
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v1(x1), v2(x1), . . . , vn(x1) are linearly dependent as vectors in Rn. Then
there are constants c1, . . . , cn, not all zero, such that

c1v1(x1) + · · ·+ cnvn(x1) = 0.

Using these constants, denote by v(x) the sum

v(x) = c1v1(x) + · · ·+ cnvn(x).

It is a solution of the homogeneous equation vanishing at x1. But by the
uniqueness theorem it must vanish identically on I. This is not possible at
x0 unless c1 = · · · = cn = 0, a contradiction. Since x1 could have been any
point of I, this shows that {vj}n1 is linearly independent on Rn at any point
of I and therefore, by the remark above, linearly independent on I. We have
proved the following theorem:

Theorem 2.3.2 Let each of the n-component vector functions {vj (x)}n1 sat-
isfy the homogeneous differential equation (2.40), and suppose that for some
x0 ∈ I the vectors {vj (x0)}n1 are linearly independent as vectors in Rn.
Then {vj (x)}n1 are linearly independent on I. If, on the other hand the vec-
tors {vj (x0)}n1 are linearly dependent as vectors in Rn, then {vj (x)}n1 are
linearly dependent on I.

As before, a set of linearly independent solutions of the homogeneous
equation is called a basis of solutions, and any solution of the homogeneous
equation can be written as a linear combination of them. If v1, . . . , vn is a
basis of solutions, one can form the matrix

Φ(x) =

 (v1)1 (x) · · · (vn)1 (x)
...

. . .
...

(v1)n (x) · · · (vn)n (x)

 . (2.42)

This matrix, sometimes called a fundamental matrix solution of equation
(2.40), and consisting of columns of a basis of vector-valued solutions, sat-
isfies the matrix version of the latter equation,

dΦ

dx
= A(x)Φ, (2.43)

and is nonsingular at each point x of I. A useful version of this matrix is
that which reduces to the identity matrix E at a specified point x0. In terms
of this matrix, the solution v(x) of the homogeneous problem reducing to
the vector v0 when x = x0 is v(x) = Φ(x)v0.
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The Inhomogeneous Solution

Return now to the inhomogeneous problem (2.39), and suppose that we
have solved the homogeneous problem and can form a fundamental matrix
solution Φ, a nonsingular solution of the matrix-differential equation

dΦ(x)

dx
= A(x)Φ(x), a ≤ x ≤ b. (2.44)

Duhamel’s principle now provides a particular integral for the inhomoge-
neous equation, in the following way. Denote by Φ(x, s) the solution of
equation (2.44) satisfying the initial condition Φ(s, s) = I. Then the partic-
ular integral P (x) may be written (see §1.2.3 of Chapter 1)

P (x) =

∫ x

a
Φ(x, s)R(s) ds, (2.45)

as is easily verified. It is clear that if Φ(x) is any fundamental matrix
solution, then Φ(x, s) = Φ(x)Φ−1(s).

Let us return now to the variation-of-parameters procedure for a single
equation of order two, as described in §2.1.3. We can derive this procedure
from equation (2.45 in the following way. Reduce the equation of order two
to a system of two first-order equations via equations (2.34), leading to the
companion matrix A(x) (equation (2.36 with n = 2). If u and v are a basis
of solutions for the original, second-order equation, then

Φ(x) =

(
u(x) v(x)
u′(x) v′(x)

)
is a fundamental, matrix solution of equation (2.44). Use this in formula
(2.45) (recall thatR(x) = (0, r(x))t). This leads to the variation-of-parameters
solution of the inhomogenous equation. Of course this is not confined to the
case n = 2 but can be extended for arbitrary values of n.

PROBLEM SET 2.3.1

1. Work out the Wronskian for the solutions found in Example 2.2.2. Referring
to Theorem 2.2.2, explain why the Wronskian is constant.

2. Same problem as the preceding for the solutions of Example 2.2.3.

3. Find a basis of solutions for the system u′′′+u′′ = 0. Calculate the Wronskian
and check the result against Theorem 2.2.2 (equation 2.30).
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4. Same as Problem 3 but for the equation

u(iv) + u′′ = 0.

5. Write out the Wronskian W (u1, u2, u3) for three functions. Assuming that
they satisfy a third-order, linear, homogeneous differential equation, derive
the formula of Theorem 2.2.2.

6. The formula for the derivative of a determinant whose entries depend on a
variable x is

d

dx

∣∣∣∣∣∣∣
a11 · · · a1n
...

. . .
...

an1 · · · ann

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
a′11 · · · a′1n
...

. . .
...

an1 · · · ann

∣∣∣∣∣∣∣
+ · · ·+

∣∣∣∣∣∣∣
a11 · · · a1n
...

. . .
...

a′n1 · · · a′nn

∣∣∣∣∣∣∣ ,
that is, it consists of n determinants, of which the first is obtained by differ-
entiating the entries in the top row and leaving the others unchanged, the
second by differentiating the entries of the second row and leaving the others
unchanged, etc. Using this and other, more familiar, rules for manipulating
determinants, prove the general version of Theorem 2.2.2.

7. For the operator Lu = u′′′+u′, find the most general solution of the equation
Lu = 1 (cf. Example 2.2.3).

8. For the operator of the preceding problem, obtain the influence function for
solving the inhomogeneous problem.

9. Carry out the uniqueness part of Theorem 2.2.1 if n=3.

10. Carry out the proof of Theorem 2.1.4 for the nth-order homogeneous problem.

11. Find the equivalent first-order system (that is, find the matrix A and the
vector R of equation (2.37)) for the second-order equation

u′′ + x2u′ + x4u =
1

1 + x2
.

12. In the general, inhomogenous system v′ = A(x)v + R(x), choose Φ to be a
fundamental matrix solution of the homogeneous problem that reduces to
the identity at x = x0. Make the substitution (variation of parameters!)
v(x) = Φ(x)w(x) to find a particular integral v that vanishes at the point x0
of I.
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13. Let |Φ(x)| represent the determinant of an n×n matrix solution of equation
(2.43) above. Using the formula given in problem 6 above, show that |Φ(x)|
satisfies a first order equation

d|Φ|
dx

= a(x)|Φ|,

and express the function a(x) in terms of the entries of the matrix A.

14. Carry out the program outlined in the last paragraph of this chapter to
derive the variation-of-parameters formula for the case of a single, second-
order equation.



314



Bibliography

[1] G. Birkhoff and G.-C. Rota. Ordinary Differential Equations. John
Wiley and Sons, Inc., New York, 1978.

[2] P.F. Byrd and M. D. Friedman. Handbook of elliptic integrals for engi-
neers and physicists. Springer, Berlin, 1954.

[3] Jack Carr. Applications of Centre Manifold Theory. Springer-Verlag,
New York, 1981.

[4] Earl A. Coddington and Norman Levinson. Theory of Ordinary Differ-
ential Equations. New York: McGraw-Hill, 1955.

[5] J. Guckenheimer and P. Holmes. Nonlinear Oscillations, Dynamical
Systems, and Bifurcation of Vector Fields. Springer-Verlag, New York,
1983.

[6] Einar Hille. Lectures on Ordinary Differential Equations. London:
Addison-Wesley Publishing Company, 1969.

[7] M. Hirsch and S. Smale. Differential Equations, Dynamical Systems,
and Linear Algebra. Academic Press, New York, 1974.

[8] E.L. Ince. Ordinary Differential Equations. Dover Publications, New
York, 1956.

[9] S. MacLane and G. Birkhoff. Algebra. New York: Macmillan, 1967.

[10] Jerrold E. Marsden, Anthony J. Tromba, and Alan Weinstein. Ba-
sic Multivariable Calculus. New York: Springer-Verlag:W.H. Freeman,
1993.

[11] I.G. Petrovski. Ordinary Differential Equations. Prentice-Hall Inc.,
Englewood Cliffs, 1966.

315



316

[12] Walter Rudin. Principles of Mathematical Analysis. McGraw-Hill, New
York, 1964.


