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Chapter 5

Isolated singular points

We take up in this chapter a classical subject in the theory of linear differ-
ential equations. We shall consider differential equations that are analytic
except at isolated singular points. A singular point zq is isolated if there is
a neighborhood of 2, in which it is the only singular point. We concentrate
mostly on second-order equations, but some of the features emerge already
for first-order equations of the form

w+p(z)w=0 (5.1)

where p has an isolated singularity at the origin. This isolated singularity is
said to be regular if p has at most a first-order pole there.

5.1 The Euler equation

The prototype of equations with a regular singular point is the Euler equa-
tion,

2w + azw' + pw = 0, (5.2)
where o and 3 are constants. It is clear, on dividing through by 22 in order to
rewrite this equation in standard form, that the coefficients are then analytic
in a neighborhood of the origin except at the origin itself. The method of the
last chapter of substituting a power-series for the solution must therefore fail
in general, and a new method of expressing the solution in a neighborhood of
the origin must be sought. This, as it happens, is extremely easy: substitute
w = z". Then the left-hand side becomes

{n(p—1) +ap+ B} 2"
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124 CHAPTER 5. ISOLATED SINGULAR POINTS

This indeed vanishes, for all z # 0, provided the indicial equation
A (a—p+B=0 (5.3)

is satisfied. If there are two distinct roots puy, 2 to this equation, there will
be two linearly independent solutions w; = 2!, wy = 2#2.

What happens if the roots are not distinct? Then w; = 2z#!' remains a
solution but, since ps = p1, a second solution must be sought otherwise. We
can do this with the aid of the Wronskian formula

wy (2) = wq (2) /z: Z((CC))Q

where 2 is some appropriately chosen point (zy # 0). Since p, the coefficient
of w', is ez~ !, we find

W (z) = exp <— /Z: ozC_ldg) = K277,

¢, (5.4)

where K # 0 is a constant. Exploiting the fact that, if y; is a double root
of the indicial equation then p; = (1 —«) /2, we find from the Wronskian
formula that the expression for w, is

wy (2) = 24 / K¢ lde = K2 Inz — K In 22" (5.5)
20

We summarize this:

Theorem 5.1.1 The Euler equation (5.2) has the linearly independent pair
of solutions zH*, 22 if the indicial equation has distinct roots juy, pa, or zHt, z* 1In 2z
if there is a single root of multiplicity two.

The indices p; and s are obtained as the roots of a quadratic equation,
and can be complex even if that equation has real coefficients. In order to
make sense of the function z* for complex p we recall the general definition
2" = exp pIn z. Since when z = re? we have In z = Inr 416, there are various
branches of Inz depending on the choice of interval for (g, 60y + 27) for 6,
and there will be corresponding branches of z# in general. When necessary
to avoid ambiguity, we shall specify the branch. If no specification is made,
it can be assumed that 0 < 6 < 27, If we write p = v + i0 in terms of its
real and imaginary parts, we can write the function z# in the form

o — 7,1/670961(1/9+0' In 7")'
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PROBLEM SET 5.1.1

1. Verify directly that ws = 2#*In z is a solution of the Euler equation
(5.2) when p; is a double root.

2. Show that, for any complex constant u, the functions z# and z*In z are
linearly independent over the complex numbers.

3. In the Euler equation (5.2) introduce the change of variable ¢t = In z
and obtain Theorem 5.1.1 from the known properties of the resulting
equation.

4. For the real equation z?u” — zu/ 4 2u = 0 on the positive real axis, find
a basis of real solutions.

5. The same as the preceding problem for the equation z?u” —zu'+u = 0.
6. Find the influence function for the differential equation
u” + 207 — 227 %u = r(z)
on the interval [1, oo] of the real axis.

7. In the first-order equation (5.1) suppose that p has a pole of order one
at z = 0 and is otherwise analytic and single valued. Show that the
solution has the structure

w(z) = 2° ’i apz (5.6)

of a (possibly) multivalued factor times a convergent power series.

8. In equation (5.1) put p(z) = 1/z? and verify that the solution w(z)
cannot have the form given in equation (5.6).

5.2 The circuit matrix
Consider the case of an isolated singularity — not necessarily regular! The

equation is
Lw =w" + p(z)w" + q(2)w = 0, (5.7)
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where p and ¢ will be assumed to be analytic in a punctured disk Dy: analytic
throughout a disk except at the origin (it is therefore single-valued in Dj).
If we pick a point zy # 0 that lies in Dy, we can find a basis of solutions in
a disk &g with zy at its center; the radius of dy must be less than |z|. We
can find a linearly independent pair of solutions wy(z), wa(z) in dyg. Choose
a point z; in Jy and form a second disk d; overlapping dg, throughout which
the coefficients are analytic. There exist functions wy, wy in §; representing
extensions of wy,ws to the union of the two disks. To find wq, pick a point
z1 lying in the intersection of the disks and solve the initial-value problem
on 0y using the initial data w;(z;1),w](z1). Similarly extend wy. Continuing
in this way along a circular path surrounding the origin, we arrive again in
the interior of 4y with two functions u(z), u2(2) (say), which we can indicate
with the peculiar notation uy(z) = wi(2e?™)!. We necessarily have

wy (2™) = apwy (2) + appwa(2),  wa(2e*™) = agwy(2) + agpws(2).
These coefficients {a;;} define the circuit matrix A.
Proposition 5.2.1 Show that the matrix A must be nonsingular.

The proof is left to the reader.
Maybe we picked a 'bad’ linearly independent set wq,ws. If vy,v5 is a
second linearly independent set, and

wy = S11v1 + Si2v2, W = So1v1 + Saova,

this would result in exactly the same linear combinations giving wy(ze*™) in

terms of v;(z€?™) and we can write, for the vectors
_ [ wn(z) wi(z)
= (2) e ()

V(ze*™) = STTASV (2).

We choose S to diagonalize A if possible (always so if the eigenvalues of A
are distinct). Then

the equation

vl(zeZ’”) = Mui(2),

Denoting the function f(2) as F(r,6), what we mean by f(ze?™?) is F(r,+2x). Thus,
for example, if f(z) = 2# = et 2 f(ze?™) = zHe?TiH,
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and similarly for v,. Define oy by
)\1 — 627ri041’
and put
fi(z) = 27"y (2).

The function f; is analytic in the punctured disk except for the possible
necessity of a branch cut to render it single-valued. But note that

fi(ze™™) = fi(z)

by virtue of the relation between oy and A;. Thus v(2) = 2% f1(z) where
f1 is analytic and single-valued in Dy. A similar relation holds for vy if the
eigenvalues \; and Ay are distinct.

What if there is a double eigenvalue? Then it may not be possible do
diagonalize the circuit matrix A with a similarity transformation. It is always
possible, however, to reduce it to Jordan canonical form, which we may write

e (MO
SAS(l Nk

For v(z) we have the same relation as above but now for vy we find
vy (2€*™) = A\wa(2) + v1(2).

Define
fa(z) = 27 %e(2) — C'ln zf1(2),

where C' is a constant to be determined. Then
f2(262”) e (Mwvg(2) +v1(2)) — C (Inz + 2mi) f1(2)
27 y(2) + M L(2) = Clnzfi(2) — 2miC f1(2) = fol2)

with the choice C'= (27iA;)~!. This shows that the second solution has the
structure
Vo(2) = 2 fo(2) + Cz* fi(2) In 2

where fs, like f1, is analytic in the punctured disk.

In order to know more about the solution, we need to know more about
the nature of the singularity. If the singularity is regular, as it is for an Euler
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equation, we can say more: the functions f; and f, appearing above are then
not only analytic in a disk about the origin but also bounded there, and
may be determined by a power-series solution, as in the next section. If the
singularity at the origin is irregular, discovering the nature of the solution
may be more complicated. We conclude this section with an example of an
irregular singular point, but which can be solved explicitly.

Example 5.2.1 An irregular singular point

1 1
+ ) + (7= + 5)w=0.

" _(
v (22 22

It has solutions

z ds
= 27V g _ / .
wy(z) = z"7%e and  wy(z) = wi(2) o 1(5)

5.3 The method of Frobenius

The differential equation
w+p()w +q(z)w=0 (5.8)

has an isolated singular point at the origin if the coefficients p and ¢ are
analytic and single-valued in a disk |z| < R except at z = 0 (analytic in the
punctured disk). The origin is a regular singular point if p has a pole of order
at most one and g a pole of order at most two there. In other words, if the
origin is a regular singular point then p (2) = z7'P (2) and ¢ (2) = 272Q (2)
where P and @) are analytic and single-valued in the full disk, including the
origin. We’ll write the standard equation with a regular singular point at the
origin in the form

2w’ + 2P (2)w + Q (2) w = 0. (5.9)

The functions P and ) then have power-series expansions
P(z) =Y Rz Qz2) =) Q" (5.10)
k=0 k=0

convergent in this disk.
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Example 5.3.1 Bessel’s differential equation is
2w + 2w + (22 — n2> w=0. (5.11)

It arises often in physical problems having an underlying cylindrical symme-
try. O

Example 5.3.2 Legendre’s differential equation is
(1 — 22) w” — 220" 4+ Aw = 0. (5.12)

This equation has singular points at z = 41 rather than at the origin. It
arises often in problems having an underlying spherical symmetry. O

If in equation (5.9) the coefficients P and ) were constants, this would be
an Euler equation and the method of the previous section would suffice. The
method of Frobenius is a generalization of that method. Instead of seeking
solutions of the form w = z* (which won’t work: see the following Exercises)
we seek a solution of the form

w(z)=z" i apz®. (5.13)

The index p is as yet undetermined, as is the convergence of the series.

Substitution of the expression above in the differential equation (5.9) now
leads, as in the general theory of power series in the preceding chapter, to
the conditions

n—1

I(p+n)a,+ Z_: {w+k) Pk + Qn-ir}ar =0 (5.14)

where [ denotes the indicial polynomial
I(t)=1t(t—1)4+ Pyt + Qo. (5.15)

Equation (5.14) continues to hold for n = 0 on the understanding that the
sum vanishes in that case. This gives I (u)ag = 0. There is no point in
allowing ag to vanish. If ag = 0 but a; # 0, then the sum (5.13) takes the
form 2t (ay + agz + -++). Writing pu+1 = v, a; = by, as = by, . .., we would
then find the condition I (v)by = 0. If we were to assume that a; = 0 but
as # 0, we would proceed similarly. Some coefficient a; must eventually be
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nonzero, and p is left undetermined until we decide which. There is therefore
no loss of generality in assuming ag # 0. This provides the indicial equation

I(p) = p(p—1)+ Popr+ Qo = 0. (5.16)

In order for a solution of the kind given by equation (5.13) to be possible,
it is necessary that the index p satisfy equation (5.16). We have to check
that this condition is sufficient to define all the coefficients, and we have to
determine the radius of convergence of the series. We turn first to the former,
and consider the latter only in the next section.

Suppose that p satisfies the indicial equation. We can then assign ag
arbitrarily (but not zero) and seek to find subsequent coefficients on the
basis of the recursion formula (5.14). It is clear that, as long as I (1 + n) # 0,
this formula indeed determines all subsequent coefficients. I (¢ + n) can only
vanish if ¢ and p+n are the two roots of the quadratic polynomial 7, i.e., the
two roots would have to differ by an integer. Even if this is so, if we select
the root with the larger real part, there is no breakdown in the recursion
formula and all coefficients are determined. If the two roots are the same,
it remains true that the recursion formula determines the coefficients. We
therefore conclude

There is always at least one formal solution in the form given by
equation (5.13). If the roots of the indicial equation do not differ
by an integer, there are two formal solutions of this form.

We expect that, when there are two solutions in this form, they are linearly
independent (see following Exercises).

Suppose that the roots do indeed differ by an integer. Let the real part
of p1 be greater, or at least not less, than that of us: ps = uy — N where N
is a non-negative integer. Then the indicial equation implies that

P0:1—2M1—|—N, QOZNI(NI_N>- (517)

One solution of equation (5.9) is of the form wy (z) = 2 f1 (2) where f; is
expressed as the power series 3" a,z®. We can once again invoke the Wron-
skian formula (5.4) to investigate the nature of the second solution. The
Wronskian may be written

W (z) = 2P (2) (5.18)
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where 1 is analytic and single-valued in any disk in which the power-series
part of P converges. The integrand in the Wronskian formula is therefore

MY (¢

¢ fy (€)%

There is nothing to prevent the function f; from having zeros, but it cannot
vanish at the origin since ay # 0. It therefore cannot vanish in a sufficiently
small disk containing the origin and we shall confine the discussion to such
a small disk?. The function v/ f? may then be assumed analytic and single-
valued there, and consequently has a power-series expansion. The integrand
may now be written

[e.e]
P (et alt ) =N et
k=0

where we have used equation (5.17). Term-by-term integration now gives

o0
cynz+ 27N Z dy 2",
k=0

where the coefficients {dj} are related to the {c;} in a simple way. This
provides a second solution

wy (2) = cowy (2)Inz + 27 Nwy (2) Z dp 2",
k=0

Recalling the structure of w; and the relation pu; — N = us, we find that we
can write

wy (2) = 2" fo (2) + Cwy (2) In 2, (5.19)

where fy (2) = 352, br2", i.e., is given by a formal power series. The recur-
sion relation for the coefficients {b;} can be obtained by substitution of the
expression above for wy into equation (5.9).

We summarize what we have learned about finding formal solutions valid
near a regular singular point:

2This is a matter of convenience rather than of necessity; the structure of the solution
thus found holds in a disk of a known size, as is discussed in the next section.
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Lemma 5.3.1 The equation (5.9) possesses a pair of formal solutions w;
and wsy. Either they both have the structure of equation (5.13) or one (w;)
has this structure and wy has the structure given by equation (5.19); this can
only happen in the exceptional case when the zeros of the indicial equation
differ by an integer.

PROBLEM SET 5.3.1

1) Suppose that in equation (5.9) the coefficients P and ) are not both
constants. Show that this equation cannot have a basis of solutions w; (z) =
2" wq (z) = zM2 where py and py are complex constants.

2) Derive the conditions (5.17) when the roots of the indicial polynomial
differ by an integer N.

3) Derive in detail the conditions (5.14).

4) Suppose there are two solutions in the form of equation (5.13) with indices
(1 and po that do not differ by an integer. Assume further that the power
series converge in a neighborhood of the origin. Show that these two solutions
are linearly independent there.

5) Find the indicial equation for Bessel’s equation (5.11), and find the indices.
For the case when n is a non-negative integer, obtain the series solution for
the index with maximum real part. Do the indices differ by an integer?

6) Consider the singular points of Legendre’s equation (5.12). Are they
regular? Find the indicial equation and the indices relative to any regular
singular point.

7) Suppose the coefficients of equation (5.8) are analytic and single-valued
in a punctured neighborhood of the origin. Suppose it is known that the
function w (z) = f (z) In z is a solution, where f is analytic and single-valued
in the punctured neighborhood. Deduce that f is also a solution.

8) Lamé’s equation,

(a% + t) (ag + t) (a§ + t) u”

1
+ 5[(a§+t)(a§+t)+(a§+t)(a§+t)+(a§+t)(a§+t)}u’
Z (At+ B)u, (5.20)
arises in problems in ellipsoidal domains. The numbers a1, as, a3, A, B are
all real constants. Locate the regular singular points of Lamé’s equation and
find the indicial equation and the indices for one of them (your choice).
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9) Find the recursion relation for the coefficients {b;} in the power-series
expansion of the function f, appearing in equation (5.19). What determines
the constant C'?

5.4 Convergence

The solutions above remain formal until we show that the power-series factors
converge. The power series expansions (5.10) converge within some disk of
radius R, say, which is the distance from the origin to the nearest singularity
(other than that at z = 0) of either of the coefficients p or q. The power-
series factors in the formal solutions in fact converge with this same radius
of convergence R. We shall carry out the proof of this first for a solution of
the kind given in equation (5.13), i.e., we shall show that the series 3" a;z*
converges. Then we turn briefly to the exceptional case when the second
solution involves a logarithm?.

We begin with a pair of elementary results, the first regarding the behavior
of the indicial polynomial (5.15):

Proposition 5.4.1 There exists a positive number B, as large as we please,
and a second positive number A > B, such that

(I (k+p)| = (k—A)(k+B).
Here o is a root of I and k is any non-negative integer.

The proof is left as an exercise.

Proposition 5.4.2 Let {cx} be a sequence of non-negative numbers satis-
Jying
cr < A(1+ max{co,c1,...,Ck-1}) (5.21)

where 0 < X\ < 1. Then {c}5° is bounded.
Proof: If not, then for an increasing sequence {M;} with M; — oo, there
is an increasing sequence k; of integers such that ¢, > M;. We can choose

the sequences such that ¢, < M; if & < k;. Choose j large enough so that
M; > A/(1 —)), and use k = k; in equation (5.21):

Mj < Ck; < )\(1 + Mj),

3A very complete and general version of the proof is given in [?], Appendix B.
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implying M; < A/(1 — \), a contradiction. O

We now estimate the coefficients a,. Since we are assuming the indices do
not differ by an integer, I (k + u) does not vanish and we have, by equation
(5.14),

1
1T (k+p)| Z{l+|ﬂ| | Pect| + |Qr—it} i) -

If p < R, the series Y |Pj| p7 and > |Q;| p converge and therefore, if R; =
max (| P;], |Q,|), so also does 3_ R;p’. Together with the Proposition above
this implies

x| <

1 24 |pl+1 1
Re_t|ay] <
< AL g el S

k-1

> Ry |al,
AS
where we have chosen B > |u|. Therefore

Max{|al|p }

ZRk T

where the maximimum is taken over [ = 0,1,...,k — 1. Because of the
convergence of the series Y R;p’ we find that 37 Ry 1pF ' < S0 Rjp? = S
(say). Therefore there is a sufficiently large integer K such that, for & > K|

1
|ax| p* < - AZRk 0" | pf <

|ax| p* < Amax {Wﬂl},

where the maximum is again taken over [ = 0,1,...,k — 1 and A may be
chosen in the interval (0,1). This shows by Proposition 5.4.2 that the se-
quence {|ak| pk} is bounded. Therefore, for any z such that |z| < p, 3 az2*
converges. Since p was any number less than R, it follows easily that the
radius of convergence of 3 ;2" is at least R.

Let the second solution be written wy = u + C(log z)w; (z) where u(z) =
212 3" b,zF, and what is at issue is the convergence of the series part of u,
and therefore the estimation of the coefficients {by}. Substitution of this
expression into the differential operator, noting that w; is a solution, and
requiring that wsy also be a solution, leads to the recursion formula

k—1

I(po + k)b, = = > (Peca((U+ p2) + Qi) by
1=0

k—N-1
—C{(Q/{I—QN+2/L1—1+P0)OJ]€N—|— Z PkNiai}
1=0
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where N = p; — ps and the term in curly braces is interpreted as zero if
k < N, and as (2u7 — 1 + Py)ag if K = N. The first term on the right is
estimated as above and we find

1
‘bk|Pk < F_— A ZRk—lPk_l’bl‘Pl

Cf k N P SR
% + 21y — 2N — 1 ) veilas
=l Cast FRocl+ % R

1
< = R._ k*lb l
= k:—AZ k10" |bilp

4 CPN{‘% N|pka+k_§:_le N ,psz'|a4|pz}
(k—A) i=1

where we have used a factor of £ 4+ B to overcome the the factor of |ax_n]|.
Since the series Y a;2" is already known to have radius of convergence not
less than R, we have |a,_n|p* ™™ < M for some constant M. Similarly in the
last sum above, which is estimated by M 3 Ry_y_;p" V=" < M S, where S
is a bound for 35° Ryp*. We now obtain

1
by, | p* < ) (Smax{|bol,..., [bx-1p"""} + CRN(M + MS)) .

Choosing k sufficiently large, we find

Bkl < A (1 + max{[bol, .-, [bs-1]0"'})

with A € (0, 1), which implies, by Proposition 5.4.2, that |b|p* is bounded,
and therefore the series 3 byz* converges for any z with |z| < R.

Theorem 5.4.1 The formal solutions described in Lemma 5.3.1 are in fact
solutions; the power series have radii of convergence at least equal to the
smaller of the radii of convergence of the power series for P and Q).

PROBLEM SET 5.4.1

1. Prove Proposition 5.4.1.
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Consider the third-order equation having a regular singular point at
the origin:

2" 4 a1 (2) 220" + ay(2)zw’ + ap(2)w = 0,

where aq,as,as are analytic in a domain including the origin. This
can be transformed to a system of three first-order equations, by the
definitions wy = w,wy = 2w}, ws = zwj, of the form zW’" = A(z)W
where W is the vector with components w1, ws, w3 and A is a three-by-
three matrix. Work out A.

. For Chebyshev’s equation

(1— 22" — 2w + \w = 0,

where \ is a constant, locate the regular singular points in the finite
complex plane and find the indices relative to these points.

Consider the equation
(1 —2)2%w" + (2 — 4)20" + 6w = 0.
(a) Verify that this equation has a regular singular point at the origin.
(b) Find the indicial equation and the indices relative to this point.

(¢) For the index with the greater real part, find the recursion relation
for the coefficients in the series solution.

(d) Determine whether the second solution is given purely by a series

solution (as in equation 5.12) or involves in addition a logarithmic
term (as in equation (5.18).

The following four problems relate to singular points at infinity. These
are investigated by making the transformation ¢ = 1/z and investigat-
ing the singular points at ¢t = 0. In each case determine whether the
point in question is a point of analyticity, a regular singular point, or
an irregular singular point. In the case of a regular singular point, find
the indices.

Bessel’s equation 2?w” + zw’ 4+ (n? — 2%)w = 0 where n is a constant.
Legendre’s equation (1 —2?)w” — 22w’ 4+ Aw = 0, where ) is a constant.
The equation w” + w = 0.

The equation z?w” +w =0
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5.5 The system formulation

The general case of a regular singular point is handled most neatly in the
system formulation,

2w'(2) = A(2)w, (5.22)

where w is an n-component, complex-valued vector, and A is a matrix-valued
function of position analytic in a neighborhood of the origin. The single, nth
order, linear, homogeneous equation with a regular singular point at the
origin,

2™ 4 P (2)2" ™) 4 4 Py(2)v = 0,

can be placed in this form with the aid of the definitions
_ _ / . / _ !/
Wy =V, We = 2ZW;, W3=2ZWsy, ..., Wy = 2W, .

Example 5.5.1 The case n = 2 Here we put w; = v, wy = zv" and obtain

uf = Aw, - Alz) = ( ) 1P )

Consider, however, the more general case of equation (5.22) with the
usual assumption that A is analytic in a neighborhood of the origin. Here the
distinction, alluded to above, between the behavior of the equation and that
of solutions becomes more important. Denote the singularity of the equation
as Fuchsian, and reserve the designation regular for solutions: a solution
w(z) is regular if zFw(z) remains bounded in a full neighborhood of the
origin, for some choice of the complex constant k. The singular point z =0
is regular if all solutions are regular in this sense. One of the consequences
of the theory of such systems is that Fuchsian singular points are necessarily
regular. However, not all regular singular points need be Fuchsian.

Example 5.5.2 Consider the two-dimensional system

;9 (01
w =z “Zw, Z_<0 0).

The equations for the components are w| = 272wy and w) = 0, with the

solution wy = ¢y, w; = ¢; — 2z~ !, where ¢; and ¢y are constants. These
solutions are regular and therefore so is the singular point, but the latter is
not Fuchsian.



