Answers to Selected Problems in Chapters 2 and 3

1. PS23.1

e 2) The solutions cosz,sinz, 1 have the Wronskian W = 1; again
it is constant since p;(z) = 0.

e 3) Solutions are 1, z,exp(—x) and W = exp(—z). The theorem in
question gives for the Wronskian W = C' exp(—=z).

e 7) A particular integral is U(z) = z, by inspection. Therefore the
most general solution is

uw(z) = x + ¢y cosx + casinx + ¢3.

e 8) Applying equation (2.34) we find that G(z,s) = ¢(s) cosx +
co(s) sinx + c3(s). The initial conditions at x = s are

€1 cos s+cosins+cy3 =0, cysins—cocosx =0, c¢jcoss+cysins = 1.
These are easily solved to find ¢; = —coss,co = —sins,c3 =1 so
G(z,s) =1 —cos(x — s).
e 9) It suffices to show that for the homogeneous problem
u" + ay(2)u” + ag(x)u’ + az(x)u = 0,

the only solution for which u,u’, and «” all vanish at the same
point xg is the solution u = 0. Define

o(x) = u(z)® +u'(z)? +u"(z)2

This vanishes at zy. Differentiating, eliminating u” through use of

the differential equation, and bounding the coefficients ay, as, az by
suitable constants, one finds that |0’'| < Ko for some sufficiently
large constant K. Therefore, for x > x,

o(x) < K/I: o(s)ds

implying that ¢ = 0 by Gronwall’s lemma. This implies that
u = 0. A similar argument holds for x < x.



o 11)

e 12) With v(z) = ¢(x)w(z),
V'(z) = ¥ (2)w(z) + ¢(z)w' (z) = A(z)®(z)w(z)

so the equation reduces to ®(x)w'(z) = r(z) or
w(x) = /x O (s)r(s)ds;
o
therefore a particular integral is
O(x) /x O (s)r(s)ds.
o

2. PS 321

e 12) The characteristic polynomial is A\? + 2a\ + b. If a®> > b the
solutions are exponentials exp(A1z), exp(Aox) where A1 o = —a +
V2% — b. If a* < b the solutions are exp(—az) cos(wx), exp(—az) sin(wz)
where w = /b — a?. If a® = b the solutions are exp(—az), x exp(—az).

e 13) The characteristic polynomial is A3 + 4\ 4 4\. Its roots are

A =0 and A = —2, the latter with multiplicity two. A basis of
solutions is therefore

u =1, up = e %, ug = wve 2.

e 14)The characteristic polynomial is A*+2\?+3. This is a quadratic
in A2 with roots A2 = —1 +iv/2. With A\ = a + ib one finds
a = +1,b = ++/2, providing the four roots. Real basis functions
are

exp z cos(V2z), exp  sin(v/2z), exp(—z) cos(vV2x), exp(—x) sin(v/2z).



