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Abstract

The theory of limits of discrete combinatorial objects has been
thriving for the last decade or so. The syntactic, algebraic approach to
the subject is popularly known as “flag algebras”, while the semantic,
geometric one is often associated with the name “graph limits”. The
language of graph limits is generally more intuitive and expressible,
but a price that one has to pay for it is that it is better suited for the
case of ordinary graphs than for more general combinatorial objects.
Accordingly, there have been several attempts in the literature, of
varying degree of generality, to define limit objects for more complicated
combinatorial structures.

This paper is another attempt at a workable general theory of dense
limit objects. Unlike previous efforts in this direction (with notable
exception of [AC14]), we base our account on the same concepts from
the first-order logic and the model theory as in the theory of flag
algebras.

We show how our definition naturally encompasses a host of previ-
ously considered cases (graphons, hypergraphons, digraphons, permu-
tons, posetons, colored graphs, etc.), and we extend the fundamental
properties of existence and uniqueness to this more general case. We
also give an intuitive general proof of the continuous version of the
Induced Removal Lemma based on the completeness theorem for propo-
sitional calculus. We capitalize on the notion of an open interpretation
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that often allows to transfer methods and results from one situation to
another. Again, we show that some previous arguments can be quite
naturally framed using this language.

1 Introduction

Extremely large objects and structures have greatly expanded from their
natural habitat in mathematics (asymptotic constructions in analysis, com-
binatorics, etc.), statistics and statistical physics, and these days they are
ubiquitous. Many of them naturally include or even are entirely comprised of
continuous data; those are not considered here. However, even after taking
numerical data structures out of the picture, there remains a significant body
of huge objects that are completely discrete and combinatorial in their nature,
at least a priori. We refer the reader to [Lov12, Part 1] for a lovely discussion
of this paradigm accompanied by many examples for ordinary graphs.

The philosophical question that has given rise to a virtually new discipline
that can be provisionally called “continuous combinatorics” is this. If we
begin with a very large combinatorial structure, can it still be studied using
analytical tools or is its “discreteness” a natural inhibition to it? It should
be noted here, of course, that there is a plethora of numerical characteristics
associated with combinatorial objects that are important and interesting for
their own sake, those have been studied in combinatorics for centuries. So, we
would like to stress that we mean a reasonably general and coherent theory
in good mathematical sense; with its internal logic and structure, natural and
preferably unexpected connections between different parts, connections to
other mathematical disciplines and theoretical computer science, etc.

By now it has become reasonably clear that we have a satisfactory answer
to this question, at least in the dense setting to which the forthcoming
discussion is confined. It has turned out that the “primary”, “basic” set of
numerical characteristics responsible for many a priori unrelated properties of a
combinatorial structure M is made by densities with which small “templates”,
that is, fixed size structures of the same kind, occur in M. Note that it is
absolutely not obvious a priori why this set of parameters should be any
better and any more universal than, say, the chromatic number of a graph or
the dominance number in a tournament. But this claim is strongly supported
by ample “empirical” evidence gathered in this young area.

Once we know what are the basic properties of huge combinatorial objects



making the backbone of the theory, there are, as it often happens, two
complementary approaches to the task.

The “semantical” or “geometric” approach asks if it is possible to find the
actual (limit) object on which these numerical parameters are “imprinted”,
and then it naturally proceeds to studying these objects. This approach is
collectively known as “graph limits”, and it has achieved quite a spectacular
success in the case of ordinary graphs, with very beautiful, deep and elegant
structural results involving many ideas and concepts from other areas of
mathematics. We refer the reader to Parts 2 and 3 of the monograph [Lov12]
for a comprehensive (that is, at the moment of its release) account of the
subject.

One drawback of this theory, however, is that it tends to be tied to ordinary
graphs. Extensions of graph limits to several other kinds of combinatorial
structures are known and, let us note in the brackets, have been very inspira-
tional for this work. Still, it would be fair to say (cf. [Lov12, Part 5]) that, in
contrast to the elaborated theory for graphons, most of them tend to be on
somewhat ad hoc side. The only attempts at a completely general theory we
are aware of were undertaken in [Aus08, AC14].

The approach often called “flag algebras” [Raz07] has precisely the opposite
set of features. It is manifestly minimalist: we do not even try to define
limit objects, but instead argue about the densities of occurrences of small
templates in purely syntactic, algebraic way. The immediate advantage
is the generality of the theory: its abstract techniques apply to arbitrary
combinatorial structures in the same uniform way. Also, the lighter and in
a sense single-purpose notational system makes it much better suited for
proving concrete results in extremal combinatorics; we refer the reader to
the survey [Razl13] for a comprehensive (again, at the time of its release) list
of such results. The disadvantages of flag algebras are also clear, of course.
Limit objects certainly are extremely interesting and natural entities to study
in their own right, and the theory that does not even address their existence is
necessarily single-minded. Another issue is that even when a structural result
or a construction can be formulated in the restricted language of flag algebras,
its purely syntactic proofs can often be awkward, see e.g. most of [Raz07,
§3-4]. A workable semantics would have made these proofs straightforward
or, as the very least, more natural.

Our contributions. In this paper we attempt to develop a general definition
(and a vocabulary) of limit objects suitable for combinatorial structures of



arbitrary type based on the same formalism that was used in flag algebras.
More precisely, we adapt models of universal first-order theories as our
preferred language of working with general combinatorial structures. An
added benefit is that we can use the concept of interpretation well established
in the mathematical logic for relating structures of different (or the same)
kinds. It should be noted that a principal possibility of this approach was
briefly sketched in [Aus08, §4.3] and [AC14] but we make it significantly more
systematic, and we do emphasize the importance of working with arbitrary
universal first-order theories (as opposed to pure first-order calculus) and
their open interpretations.

We begin in Section 2 with a brief overview of those parts of mathematical
logic, graph limits and flag algebras that are needed for our purposes.

In Section 3 we first define limit objects for the case when our theory
consists of a single predicate P without any additional constraints; following
the well-established pattern, we call such objects P-ons (pe-ons, Definition 3.1).
In analogy with model theory, we define the notion of an Euclidean structure
in a language £ as a list of P-ons with P ranging in £. Then we generalize this
definition to arbitrary universal theories 7', that results in our main definition
of T-ons (the-ons, Definition 3.2). There are two reasonable ways to define
T-ons: by requiring that additional axioms of the theory 7" are satisfied almost
everywhere (weak theons), or by demanding that they are satisfied everywhere
(strong theons). The equivalence of these two alternatives is the content of
the Induced Euclidean Removal Lemma (Theorem 3.3). Also, in this section
we state our main results: the existence of theons (Theorem 3.4) and their
uniqueness (Theorems 3.9 and 3.11). Collectively, these results deliver what is
the main technical contribution of our work: for an arbitrary universal theory
T without constants and function symbols, T-ons are categorically equivalent
(in Lovész’s terminology, “cryptomorphic”) to convergent sequences and
flag-algebraic homomorphisms Hom™ (A[T], R).

The next three sections are devoted to proofs. We start with the Induced
Euclidean Removal Lemma in Section 4, primarily because it is simpler. Its
proof essentially uses the axiom of choice, although we prefer to disguise
this usage as the completeness theorem for propositional calculus (with
uncountably many variables). Without the axiom of choice we can only show
the corresponding result for the case of Horn theories (Theorem 4.4), which
in particular implies a non-induced version (Corollary 4.5) of the general
theorem. We also include an ad hoc constructive (that is, Borel and without



the axiom of choice) proof for the theory of linear orders that, arguably, is
the most prominent non-Horn theory (Theorem 4.12).

In Section 5 we prove the existence and uniqueness of T-ons. This is the
most difficult part of the paper, and we base our proofs on the Aldous-Hoover—
Kallenberg theory of exchangeable arrays, a connection that was apparently
for the first time pointed out independently by Diaconis and Janson [DJO08]
and Austin [Aus08]. For an ultraproduct version of these proofs see [AC14].

In Section 6 we give an ergodic characterization of theons that generalizes
a corresponding result for graphons.

In Section 7 we develop a formalism that allows us to represent in the
unique “theonic” framework several ad hoc limit objects previously considered
in the literature. We exemplify this approach with permutons, posetons,
limits of interval graphs and limits of subsets in finite vector spaces (all other
dense limit objects previously considered in the literature fit the framework
straightforwardly).

The paper is concluded with a brief discussion and a few open problems
in Section 8.

Before we begin the technical part, three more remarks are in place.
Firstly, this text, like virtually everything about “continuous combinatorics”,
touches, even if sometimes marginally, upon many areas of mathematics and
theoretical computer science. We cannot assume our readers to be versatile
in all of them (neither we presumptuously deem ourselves qualifying for this
position). For this reason we try to go at a rather low speed and interlace the
formal account with as many examples and references and as much intuition,
informal explanations, etc. as possible.

Another remark, somewhat derivative from the first, concerns the novelty
of our results. As turned out in the course of this work (and had been
absolutely unclear before we had started), for a proper generalization we
basically need to look at the existing literature under an appropriate angle,
and properly combine different pieces in it together. While we will try to give
proper credit as we go along, we also feel it would be appropriate already at
this early point to list some particularly inspirational sources, in no particular
order and without attempting to be comprehensive:

e Graph Limits [Lov12];
e Flag Algebras [Raz07];
e Exchangeable Arrays [Ald85, Kal05, Aus08];



Quasi-Randomness [Tho87, CGWS89, CGI1];

Hypergraphons [ES12];

Digraphons [DJ0S];
e Permutons [HKM™13];
e Removal Lemmas [AT10, Pet13, AC14].

Finally, let us remark that the theory developed in this work concerns
only the dense setting: in our framework, a limit object of a sparse sequence
is trivial. In the sparse setting, it is not even clear that convergence of
densities of small templates is the correct notion of convergence. Alternate
notions of convergence such as convergence in cut-norm or convergence of
quotients seem to be much more aligned with applications of sparse graph
limit theory, and, unlike in the dense setting, these notions are distinct from
convergence of densities. However, let us also note that concentration results
about densities in the Erdés—Rényi graph in the sparse setting, such as [CD16],
suggest that theories of quasi-randomness and of limits with respect to density
convergence are also possible. For further details we refer the interested reader
to [BR09, BR11, BCCZ14, BCCZ18].

2 Preliminaries

We use throughout the standard combinatorial notation [n] o {1,2,...,n}

and (n),, o n(n—1)---(n—m+1). Also, for a set X we let 2% be the

collection of all its subsets. The notation »— will always presume that the
mapping in question is injective. For a set V', (V) will denote the set of
all injective functions « of the form «: [k] — V. Random variables will be
typed in the math bold face. For two random variables with values in the

same o-algebra, X ~ Y will mean that X and Y are equidistributed. We let

N (0,1,2,3,.. .} and N, ¥ {1,2,3,...}. S, is the group of permutations

on n elements.

2.1 Theories and models

As we noted in the introduction, our preferred way to represent combinatorial
objects is based on rudimentary notions from first-order logic and model
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theory; we will try to stick to the notation of [CK73, Bar77] as much as
possible.

A (first-order) language' is a finite set £ of predicate symbols. Each symbol
P € L comes along with a positive integer k(P) that is called its arity and
designates the number of variables P depends on. Given our restrictions on
the language £ (no constants or function symbols), atomic formulas may
only have the form P(x;,,...,z;, ) or x;, = x;, (we do allow equality), and
open formulas® are made from atomic formulas using standard propositional
connectives -, V, A, —, =, etc., but not quantifiers. A universal formula is a
formula of the form V- - -V, F(z1,...,x,), where F is open.

Remark 1 All or almost all notions and results in this text readily generalize
to the case when the language L is locally finite, by which we mean that
it contains only finitely many symbols in every fixed arity. But since we
have only one interesting motivating example for this generalization (see
Section 7.5), we prefer to keep things simpler.

A universal first-order theory T in a language L is a set of universal
formulas called axioms; universal quantifiers in front of the axioms are usually
omitted. In most cases the set of axioms will also be finite, but it is not
formally required in our framework. Universal first-order theories will be
often called simply theories as we do not consider any others in this paper.

A structure M in a language L is a set V(M) (whose elements, in the
recognition of the combinatorial nature of our work, will be usually called
vertices), equipped with a mapping that assigns to every P € L a k(P)-ary
relation Rpy C V(M)FP). A structure M is a model of a theory T in the
language L iff all axioms of T are universally true on M (see any textbook in
the mathematical logic for a formal definition). It is extremely important to
us that for any model M of T" and any set of its vertices V' C V(M), after
restricting all relations Rp s to V we again obtain a model of T'. It is called
the induced submodel and denoted by M]|y. One important consequence is
this. Let us say that T proves or entails a universal formula VZF(Z), denoted
by T+ VZF(Z) if it does so in the first-order logic. By the Completeness
Theorem, it is equivalent to saying that VZF(Z) is true in any model of T
The submodel property allows us to conclude also that 7' F Va F(Z) if and

!Sometimes also called signatures or vocabularies, first-order languages may in general
contain individual constants and function symbols. Those are not considered here.
2Sometimes also called quantifier-free formulas.



only if this formula is true in any finite model of T'. This does not hold in
general.

Our restrictions on the language £ and the theory T are quite severe from
the point of view of mathematical logic. Nonetheless, they turn out to be
precisely right to capture the kind of combinatorial structures to which much
of the previously developed machinery applies. The rest of this section is
devoted to various examples.

Example 1 (graphs, etc.) The language £ consists of a single binary pred-
icate F/. The theory Tgrapn has the axioms

—~E(z, x); E(z,y) = E(y,z).

Thus, it is the theory of simple graphs: we forbid loops, all edges are undirected
and have multiplicity one. Removing the axiom F(z,y) = E(y,x), we arrive
at the theory of directed graphs Tpigrapn, While replacing it with

E(z,y) — ~E(y,z), (1)

we get the theory of oriented graphs® To,graph. Strengthening the axiom (1)
to

v #y— (B(z,y) = -E(y, ),

we arrive at the theory of tournaments Troumament-

Example 2 (uniform hypergraphs) Let k € N, be a fixed constant. The
language £ consists of a single k-ary predicate £, and the theory Tj fypergraph
has the axioms

-FE(z,y,...,t) (the tuple (z,y,...,t) contains repeated variables)
E(rr,. .. 1) = E(zays. 7o) (0 € 55). 2)

Of course, the theory of graphs Tqapn is the same as T5_pypergraph-

Example 3 (colorings) Assume that ¢ € N, is a fixed constant and that
the language L consists of ¢ unary predicates xo,...,Xxc-1. The theory
T%_coloring Of vertex colorings in ¢ colors has the axioms

—xi(z) Vo) (0<i<j<e—1); Xo(®) V-V xeoa (2).

3In [Raz07], it was called Thigraph-




Likewise, the theory T%_coloredGraph has ¢ binary predicates Ey, Fy, ..., E._; in
its language, and it has the axioms

—Ei(z,7); Ei(v,y) = Ei(y,v); —Ei(xr,y)V-Ej(r,y) 0<i<j<c—1).

The theory T coloredComplete 15 the theory of colorings of the edges of a complete
graph in ¢ colors. It is obtained from 7. _coloredGrapn by adding the axiom

x 7& Yy — (E()(l’,y) VeV EC*I(;uy))'

Note that in our framework these definitions are only valid when the
number of colors c is finite and known in advance. The language of coloring
into an unbounded number of distinguishable colors is not even locally finite
(see Remark 1), so some of our conclusions will hold for it, but most will fall
apart. What we, however, can do is to mimic the intended coloring by the
associated equivalence relation that still allows us to capture many properties
we are interested in. See Example 5 below for more details.

Example 4 (orders) The language of the theory of partial orders Torqer
has only one binary predicate that will be denoted by* < ¥, and it has the
axioms

—(z < x);
r =<y =y <) (3)
(x<yANy=<z)—x=<z.

Strengthening (3) to ¢ # y — (z <y = —=(y < )), we get the theory
Tlinorder Of linear orders. A unique feature of this theory is that it has
only one model (up to isomorphism) in any given finite cardinality n; in
model-theoretical terms this means that it is n-categorical.

The theory of cyclic orders Tcycorder has only one ternary predicate C
and has the following axioms.

-C(z,y,z) if the tuple (x,y, z) contains repeated variables;
C(x,y,z) — C(y, z,x);
rF£yNe#zNy#z— (Clr,y,2) =-Cl(x, 2,y));
C(z,w,y) NC(z,y,2) — C(z,w, 2).

4For technical reasons that will become transparent soon, it is more convenient to work
with strict order.



Let us now review two general constructions allowing us to obtain new
theories from already existing ones.

Example 5 (extra axioms) For a theory T in a language £, we can always
obtain a stronger theory 7" in the same language by adding extra axioms.
Viewed this way, our Examples 1 and 4 lead to Figure 1. More generally, given
a finite model M of a theory T with, say, vertex set V(M) = {v1,vs,...,0n},
its open diagram Dopen(M) is the conjunction of all formulas of the form

T 7 T (i # J);
P(l’il,...,l'ik) if (U,‘l,...,’l}z‘k)eRRM;
ﬁP(xil,...,xik) if (Uil,...,?}ik> ¢RP,M; (4>

where P € L runs over all k-ary predicate symbols in our language, 21, ..., €
[n], and Rpy is the interpretation of P in M. Adding to 7' the axiom
“Dopen(M) we get the theory obtained from 7' by forbidding induced sub-
models isomorphic to M. In many situations (particularly when working
with graphs) it is also natural to forbid submodels M that are not necessarily
induced. In our logical setting this is achieved simply by leaving out negated
atomic formulas (4), which leads to the notion of the positive open diagram

PDpen(M).

TDigraph

/N

TGraph TO rgraph

DN

TOrder TTournament

NS

TLinOrder

Figure 1: Poset of theories presented in Examples 1 and 4. The theories
that are further below are stronger in the sense that they can be obtained by
adding more axioms.

A host of natural examples of this sort is provided by the field of extremal
combinatorics and, in particular, so-called Turdn density problems; here we
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list only a few of them. Trp.grapn is the theory of triangle-free graphs, and
forbidding in Trapn induced copies of Ps, a path on three vertices, we arrive
at the theory Tgqrel of equivalence relations®. In graph-theoretic terms, its
models can be viewed as unions of vertex-disjoint cliques without any a priori
bound on their number. This is practically the same as the theory of vertex
colorings into an unspecified number of colors, cf. Example 3. The theory
Truran (named after [Tur4l]) is the extension of T3 pypergrapn With the axiom
forbidding independent sets of size four, and Tcy (named after [CH78]) is the
extension of Toygaph asserting that the oriented graph in question has girth
at least 4, or, in other words, forbidding oriented cycles Cs. The theory Trpp
(named after [FAF88]) is the extension of To.graph forbidding induced copies
of 6_:4.

We need not restrict ourselves to just one extra axiom, of course. Given a
theory T and a set F of structures in its language, let Forby(F) [Forb;.(F)] be
the theory obtained from 7" by appending axioms —Dgpen(M) [ PDopen (M),
respectively] for all M € F. Tt should be clear at this point that in principle ev-
ery theory can be obtained along these lines, namely by taking as its axioms the
formulas = Depen (M) for all those structures M that are not its models. What
is not clear, however, is whether the resulting “brute-force” description would
be necessarily instructive. Also, there is no easy way to tell in advance whether
the theory in question is finitely axiomatizable or even “reasonably” axiom-
atizable. For example, the theory Tgipartite = Forb}“cmph({ngH | £ € N, })
of bipartite graphs is obtained from the theory of graphs by simultaneously
forbidding all odd cycles (induced or not), and, by the same token, the theory
of directed acyclic graphs Tpag = Forb}Digmph({@ | ¢ > 2}) can be obtained
from Tpigrapn by forbidding all finite directed cycles: on Figure 1, the latter
theory would be located between Torqer and Torgrapn. These theories are not
finitely axiomatizable. On the other hand, the theory Trireshcrapn of induced
subgraphs of the graph {(v,w) € R? | v # w A v+ w > 0}, called threshold
graphs, turns out to be axiomatizable by adding to Tgrapn just one axiom:

(E(z,y) A E(u,2)) — ((E(a:, u) AN E(z,2)) V (E(y,u) A E(y, z))

V (E(u,z) A E(u,y)) V (E(z,2) A E(z,y))).

5Like in Example 4, we replace the reflexivity axiom by its negation and replace the
transitivity axiom by (x # z Ax < y Ay < z — x < z) (this may seem strange at first, but
for technical reasons, we want to keep the anti-reflexiveness).
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The theory of limits of threshold graphs was studied in [DHJO08]; balanced
finite models of this theory are called half-graphs and they have recently
found unexpected applications in model theory (see e.g. [MS14]).

Example 6 (mix-and-match) For any two theories T3, 75 in disjoint lan-

guages L1, Lo we can form their disjoint union® Ty UT, in the language £, Uﬁg
by putting together the axioms of 77 and T,. Let us see a few prominent

examples.

For any theory T" and ¢ > 0, we denote by T o c-Coloring the theory of

models of T colored in ¢ distinguishable colors. As we noted, we may not fully
handle in our framework the case when the number of colors is unspecified or
infinite. However, the theory T'U Tgqre corresponds to models of 7" that are
vertex-colored in an unspecified number of indistinguishable colors. Likewise,

welet T< ¥ 7uT, LinOrder b€ the theory of linearly ordered models of T', which

is essentially the same as labeled models. The theory T Ly TtycOrder
of cyclically ordered models of T is obtained similarly. These theories have
recently gained considerable attention [BKV03, PT06, Tar18]; we will return
to them in Example 25.

The theories T§,,,, and T, have been (implicitly) instrumental in the
study of quasi-random graphs since the pioneering papers [Tho87, CGW89].
Likewise, the theory T05 ..o Was very useful for the case of quasi-random

tournaments [CG91]; we will comment more on these connections in the next

. . . . def
section. A very interesting case is the theory Tpem = TLinorder U TLinOrder

of two linear orders <; and <5 on the same ground set. As one can see on
Figure 2, its finite models are in one-to-one natural correspondence with
permutations of the set [n]. It is this connection that (again, implicitly)
underlines the theory of permutons [HKM'13] and makes an example of a
combinatorial structure that a priori does not fit our framework (remember
that function symbols are disallowed!) but can be made amenable to it after
a small twist. We will return to this in Section 7.2.

All theories we have seen so far share the property that their predicates
P are always false on any tuple v, ..., v, containing repeated vertices. In
Section 2.2 we will see why this property can (and will) be assumed without
loss of generality, and after that we will see in Section 2.3 why it is very useful.
Right now we just make a definition.

6This construction will be generalized in Section 2.2.
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( 1 2 ... n )<_> 1<12<;---<1n
o(l) o(2) - o(n) o (1) <5 071(2) <4 - <5 07} (n)

Figure 2: Correspondence between permutations and models of Tpepy,.

Definition 2.1 A theory T in a language L is canonical if for every P € L
of arity k and for every 1 <i < j < k, the theory T entails” the formula

v =x; = P(xy,...,x5). (5)
We finish this section with two examples of non-canonical theories.

Example 7 The language of the theory of edge ordered graphs TrdgeorderedGraph
consists of a binary predicate symbol E encoding adjacency and a quaternary
predicate symbol P encoding the edge order, and it has the following axioms
(since we are not aiming at canonicity here, we axiomatize non-strict order of
the edges).

—FE(z,r);
E(z,y) = E(y,2);
P21, 1,02, Y2) A P22, Y2, 01, 91) = (01 =22 Ayt = 42) V (21 = Y2 A Y1 = 22);
P(x1,y1,72,y2) N P(12,12,73,y3) — P(x1, 91,3, Y3); (6)
E(z1,91) N E(x,y2) = P21, 91, T2, Y2) V P(22, Y2, 1, Y1);
) —

P(x1,y1, T2, Yo P(y1, w1, 72,y2) A P(x1, Y1, Y2, T2). (7)

Extremal problems for this theory have also received attention in the recent
years (see [Tarl8]).

Example 8 The theories Tt _coloredGraph a1d Te_coloredComplete (See Example 3)
are sufficiently popular in extremal combinatorics, but they are often redun-
dant and, as a consequence, bulky. For example, the theory 7. _coloredComplete
has 25506 models on 6 vertices that makes it prohibitive for flag-algebraic
calculations. To study rainbow-type problems for such structures, [BHL'17]

"Recall from Section 2.1 that our assumptions allow us not to distinguish between
provability in the first-order logic and validity on finite models.
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circumvented this drawback by considering color-blind isomorphisms, i.e.,
those that are also allowed to permute colors.

In our language, the corresponding theory T:_greybow is given by an equiva-
lence relation P(x1, 41, x2, y2) with at most ¢ classes on the edges of a complete
(for simplicity) graph. It has the axioms

P(z,y,z,y);
P(x1,y1, 02, y2) = P(22, Y2, 1, 41);
(6), (7);
/\ Ti # Yi = \/ P(xi, i, x5, Y5)-

0<i<c 0<i<j<c

The theory Trournament U Tt -ColoredComplete Was the main tool in the recent
solution [MR19] of one of the Erdés—Hajnal problems.

2.2 Interpretations

The word “interpretation” in mathematical logic is overloaded and can mean
several different (albeit conceptually similar) things. Like in [Raz07], we use it
in the sense it was introduced in [TMR53] (and then employed by many other
authors like [Sho67, Rab77, JJ98]) under the name “interpretability”. But
since we focus on the specific way translations between two theories look like,
as opposed to their mere existence, we use the word “interpretation” instead,
at the expense of potentially incurring a small terminological confusion with
model-theoretic language.

In any case, interpretations (in the above sense) allow us to define struc-
tures of one type from structures of another type. But given our restrictions on
syntax, we must go one step further down and, like in [Raz07, §2.3|, consider
only open interpretations. The definition in [Raz07] aimed to embrace several
different situations at once and, as a result, it was a bit heavy and technical.
In this paper we only give its lighter version called in [Raz07, §2.3.3] “global
interpretations”.

Definition 2.2 Let £, and L, be finite languages containing only predicate
symbols. A translation of £, into L5 is a mapping [ that takes every predi-
cate symbol P(zy,...,z;) € L4 to an open formula I(P)(z1,...,2x) in the
language Lo with the same variables. The translation I is extended to open
formulas of the language £, in an obvious way, by declaring that it commutes
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with logical connectives. Let T} and T3 be (as usual, universal) theories in the
languages £1 and Lo, respectively. The translation I is an open interpretation
of Ty in Ty, denoted I: Ty ~ Ty, if for every axiom VZA(xq,...,x,) of the
theory T7, we have Ty - VZI(A)(z1,. .., Ty,).

Before giving concrete examples, let us do a bit of abstract nonsense.

Theories and open interpretations make a category that becomes particu-
larly natural if we identify “indistinguishable” interpretations. Namely, let
us call two interpretations I1: 17 ~» Ty and Iy: T} ~ Ty equivalent if for any
P € L, of arity k, we have Ty = VZ(I1(P)(x1,...,zx) = L(P)(x1,...,z1)).
This is clearly an equivalence relation, so we let INT denote the corresponding
factor-category. Two theories 77 and T5 are isomorphic if they are isomorphic
in the category INT or, in other words, if there exist open interpretations
I: Ty ~ T, and Iy: Ty ~~ T} such that both Iy[; and I; 15 are equivalent to
the identity interpretations of 77 and 75 respectively.

Given an open interpretation [: T} ~» T, and a model M of T, we can
naturally define a model I(M) of T} with the same set of vertices. This gives
a contravariant functor from INT to the category of sets ({(1") being the set of
all finite models of T" up to isomorphism), and we will see several more natural
and quite useful functors from INT in the forthcoming sections. Collectively,
these observations strongly suggest that open interpretations allow us to
transfer a great deal of useful structure from one situation to another. In
particular, isomorphic theories are indistinguishable for all practical purposes.

Since we mostly regard open interpretations as a handy tool, we did not
attempt a serious study of the structure of the category INT itself. There is,
however, one property that we would like to highlight, namely that it allows
amalgamated sums (otherwise known as pushouts, fibred coproducts, etc.) In
other words, for every two _open interpretations I: TA«/» Ty @\nd I: T~ T,
there exist another theory 7" and open interpretations I; and I such that the
diagram

T,
W ®)
TQ L) j—\‘

is commutative and has the standard universality property. As usual, the latter
implies the uniqueness of amalgamated sums up to isomorphism provided
they exist, and we prove their existence as follows. By renaming predicate
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symbols if necessary we can assume that the languages £, and L, of the
theories 77 and 75 are disjoint. The required theory 7' is the theory 77 U T,
with added axioms VZ(I1(P)(z1,...,x,) = l2(P)(z1,...,x,)), one for every
predicate symbol P of the language of T. Checking that the diagram (8)
is commutative is straightforward (recall that in INT we identify equivalent
interpretations!), and equally straightforward is the universality property.

Example 9 (extra axioms, cntd.) If a theory 7" is obtained from a theory
T in the same language by adding extra axioms, then the identity translation
is an interpretation of T in T” called the aziom-adding interpretation. If
I:T ~ Ty and I: T ~~ Ty are two interpretations of this sort, then their
amalgamated sum is simply obtained by simultaneously adding to 1" both
sets of axioms. For example, the square on Figure 1 is an amalgamated sum.

Example 10 (mix-and-match, cntd.) If Tj is the empty theory in the
empty language (that is, the initial object of INT) then the amalgamated sum
of trivial interpretations Ty ~» T} and Ty ~~ T is simply the disjoint union
T, UT,. Interestingly enough, sometimes the theories 7} U7y and 7] U7, may
turn out to be isomorphic even if 77 and 77 are not. For example, the theories

Téraph and T3 oamene € isomorphic: the “feedback arc” interpretation
I TG pn ~ Thoumament translates the order < by itself, and translates the

edge predicate E as [(E)(z,y) = (x <yANE(y,x))V(y<zAE(x,y));it is

easy to see that it is invertible. It is this isomorphism that was (implicitly)
used in [CGI1] for reducing questions about quasi-random tournaments to
questions about quasi-random graphs. On the other hand, the theory T
obtained from Téraph by additionally requiring that vertices of the same
color are non-adjacent, is not isomorphic to Tgipartite- 1he interpretation
Tsipartite ~ 1" 1s trivial, but, for several good reasons, it does not have an
inverse. As a consequence, there are certain results obtained via flag algebras
for which one has to use 2-colored (as opposed to 2-colorable) graphs. For
isomorphic theories this could have never happened.

Example 11 (structure-erasing interpretations) All interpretations of
the form T} ~~ Ty U T, that act as identity on T can be viewed as structure-
erasing in the sense that they take a model of the theory T} U T, and erase
from it all information about predicate symbols from £5. Two important
examples are the color-erasing interpretation 7'~ T and the order-erasing
interpretation 7' ~» T'<. But interpretations of this nature may also arise
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in other situations. For example, the orientation-erasing interpretation
. . def

I: TGraph M TOrgraph 1Is given by ](E)([E,y) = (E([E,y) \% E(y,l’)) An-

other (edge) color-erasing interpretation I: Traph ~* Tt-ColoredGraph 1S given

by I(E)(z,y) o Eo(z,y) V-V E. 1(z,y). Finally, the edge order-erasing

interpretation I: Tgraph ~> TEdgeOrderedGraph 1S given by I(E) = E (erasing all

information on the order P of edges).

Remark 2 Up to isomorphism, every open interpretation can be seen as
the composition of a structure-erasing interpretation and an axiom-adding
interpretation. More specifically, given an open interpretation I: Ty ~» T5,
let T' be the theory obtained from 77 U T, by adding the axioms P(¥) =
I(P)(Z) for every predicate symbol P of 7). It is easy to see then that the
interpretation J: Ty ~» T that acts identically on the predicate symbols of
T, is an isomorphism (its inverse J~! acts identically on T, and acts as [
on T1) and for the structure-erasing interpretation S: 17 ~» T} U T3 and the
axiom-adding interpretation A: T7 U Ty ~» T, the diagram

T1 ;)TQ

5| 1

T,UTy, —25 T
commutes.

Example 12 (unusual k-graphs) We may consider interpretations like
I': T fypergraph ~* TGraph given by I(E)(x,y, 2) = (E(z,y)NE(x,2)NE(y, 2)),
i.e., we declare a triple of vertices to be a hyperedge iff it is a triangle in the
original (ordinary) graph. Interpretations of this sort, i.e., when we define
higher-dimensional objects in terms of low-dimensional ones, are the principal
source of examples illustrating why fundamental results about graphs (and
graphons) cannot be always directly generalized to higher-order structures,
see Examples 34 and 35 and an excellent exposition in [Gow06].

More generally, for any theory T and any symmetric open formula
F(zy,...,x), there is a natural interpretation T} mypergraph ~> 1. This

mterpretamon, with 7' = TTournament U T(];)—ColoredComplete was another major

tool in solving the Erdés-Hajnal problem mentioned in Example 8.

Example 13 (Turdn’s (3,4)-problem) Recall (see Example 5) that Trrypan
is the extension of T3 _pypergrapnh forbidding independent sets on four vertices.

17



Determining (even asymptotically) the minimum edge density of its models,
often called Turdn’s (3,4)-problem, is an outstanding open problem (see e.g.
the survey [Keell]), and it is believed that perhaps a major source of its
difficulty is that the set of conjectured extremal examples in this case is
extremely complex. Using the language of interpretations, we can at least
conveniently highlight the internal structure of this set; the material below is
borrowed from [FdF88, Razll, Keell].

Recall that Typr is the theory To.grapn augmented with the axiom forbid-
ding induced copies of 64. The Fon-der-Flaass interpretation FDF : Trryan ~~
Trpr is given by

FDF(E)(z0,71,72) =\ (2 # 3) A ( \/ (B(za, %ar1) A E(2q, %a1))

a#beZs a€’Zs

V \/ (CE(@a, Ta1) A ~E(2a, Ta1) A ~E(Tao1, Ta) A =B (Tag1, xa)>> :

a€”ls

In plain English (originally Russian), we declare a triple of vertices to form a
3-edge if and only if in the oriented graph spanned by these vertices we either
have an isolated vertex or a vertex of out-degree 2.

We can further interpret Tepp in Ty cqnarapn @5 follows:

def

IE)(@,9) =\ (@) Axa 1 AE@ 9)V \/ (Xa(@) Axarr ()N E(2, ).

a€Zs3 a€”Zs

It is routine to check that these two translations are indeed interpretations
of respective theories, and it turns out that the set of conjectured extremal
examples for Turan’s (3,4)-problem “asymptotically coincides”®, via the
consecutive application of these two interpretations, with those models of
Ty reshGrapn 10 Which the 3-coloring is balanced and “independent” from the
threshold graph.

The toolkit of useful interpretations can be substantially expanded if we
additionally allow fixed vertices or restrictions of the domain, but, as we said
before, we prefer to keep our exposition lighter. Instead, let us show that
the restriction of canonicity (Definition 2.1) is not very restrictive by proving
that every theory can be “subdivided” into a canonical theory; cf. a similar
argument in [Kal05, §7.1].

8A precise meaning of this term will become clear soon.
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Theorem 2.3 For any universal theory T in a first-order language L con-
taining only predicate symbols there exists a canonical theory isomorphic to
it.

Proof. (sketch) For any P(xy,...,x;) € £ and any equivalence relation ~ on
[k] we introduce a new predicate symbol Py of arity that is equal to the number
of equivalence classes in ~. Let £ be the language consisting of all these
symbols, and let Dx (21, . .., 2x) be the formula A, (z; = z;) AN\, (s # 25).
We define the translation I of the language £ in £’ as follows:

I(P)(z1, ..., xx) = \/(Dala, ... 20) A P, .. 1,))

~
~

(which is also equivalent to A (D~(21, ..., 2x) = Pe(xiy, ..., 24,))), where i,
is an arbitrary representative in the vth class of the relation ~2; we assume that
those are enumerated in an arbitrary but fixed order. We let T" consist of all
canonicity axioms (5), along with all formulas of the form VZI(A)(z1, ..., z,),
where A(xy,...,x,) is an axiom of T. Then [ is automatically an interpreta-
tion of T"in T”.

In the opposite direction, we translate the predicate symbols Py as follows:

J(P)(xr, .. z) = N (@ # 2) AP, 20,),

1<v<u<t

where v; is the equivalence class of ¢. It is straightforward to check that J is
an interpretation of 7" in T', and that I and J are inverse to each other.m

In categorical terms, the theorem above says that INT is equivalent to its
subcategory made by canonical universal theories.

Example 14 Consider the non-canonical theory obtained from Tgapn by
dropping the axiom —FE(x, z), i.e., let us allow loops. It is isomorphic to the
canonical theory T§,,., (cf. Example 6) in which we use the additional unary
predicates to distinguish between those vertices that have a loop on them
and those that do not.

Example 15 Applying Theorem 2.3 above to Txdge0rderedGraph 0f Example 7
gives a theory isomorphic to it with a total of 17 predicate symbols. However, it
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is straightforward to get a canonical theory isomorphic to TgdgeorderedGraph With
only three predicate symbols E, P’, P” whose translations are the following.

E(z,y) ~ E(z,y);
P'(x,y,2) ~ P(z,y,2,2) Ny # z;
P"(z1,y1, %2, y2) ~ P(x1,y1,T2,Y2) A1 # T2 ATy # Yo A1 # T2 A Y1 # Yo

A similar “compactification” can be also done to the theory 7. greybow from
Example 8.

From now on all theories will be assumed to be canonical unless mentioned
otherwise.

2.3 Densities

What we have done so far amounts to some very basic facts about a rather
restricted fragment of first-order logic and model theory. Before we completely
switch gears, let us remark that we strongly believe there should be more
connections between the classical model theory and its, as it were, measure-
oriented version this work is contributing to. One very good indication of
this are the works [ES12, AC14] that use ultrafilters in much the same way
they are used in model theory and non-standard analysis. Another relevant
topic is that of finitely forcible graphons [LLS11] that is a clear analogy of finite
axiomatizability in the first order logic. But, by far and large, at the moment
this potential seems to be largely unexplored.

In any case, in the absence of quantifiers, our basic primitive is counting,
and we begin with introducing the necessary notation in the finite setting.

Let M and N be two models of the same (universal) theory 7 with
m = |V(M)| <|V(N)| =n. How do we count the “density” or “frequencies”
with which M occurs in N? The approach that turns out to be the most
robust and context-independent is to simply count the number of different
submodels, normally referred to in combinatorics as induced substructures,
normalized by (:1) In other words, let p(M, N) be the probability of the event
that Ny is isomorphic to M (denoted Ny = M), where V is an m-element
subset of V(N) chosen uniformly at random. This definition fully accounts
for symmetries existing in the model M, and for these reasons it is the one
used in flag algebras where frugality is paramount. When the latter is less of
an issue, it is often more convenient to count instead (induced) embeddings as
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follows. Pick uniformly at random an injective mapping a: V(M) — V(N)
(there are (n),, of them), and define ¢;,4(M, N) to be the probability that a
is an induced embedding of M into N. The latter condition means that for
any k-ary symbol P and every tuple of distinct? vertices vy, ..., v € V(M),
Rpa(vi, ..., v) if and only if Rpn(f(v1),..., f(vk)).

Another way to interpret ti,q(M, N) is by assuming that the vertices of
M are identified (in an arbitrary way) with integers from [m|, and then this
is exactly the density of labeled submodels of N that are identical to M. Let
us note in the brackets that although labeled models are the same objects
as types in flag algebras (and partially labeled models correspond to flags),
they are used here for rather different purposes. For this reason we will avoid
the word “type”, and will denote labeled models by letters like L or K, in
order to distinguish them from unlabeled ones. We will use these two kinds
of models interchangeably, based upon the following obvious identity:

_ [Aut(M)] p(M, N)

tind(M7 N) - TP(M’ N) = (Sm : Aut(M))’ (9>

where m < |[V(M)| and Aut(M) is the group of automorphisms of M.

Yet another way of interpreting the quantity ¢;,q(M, V) is as a normalized
counting of how many assignments of variables to distinct vertices of N
satisfy the open diagram Dgpen(M) of M. Another useful parameter is
obtained by instead counting the assignments that satisfy the positive open
diagram PDpen (M) as follows. Pick uniformly at random an injective mapping
a: V(M) — V(N) and define t;,;(M, N) to be the probability that a is a
positive embedding of M into N. The latter condition means that for any
k-ary symbol P and every tuple of distinct vertices vy,..., v € V(M), if
RP,M(UI, C ,Uk) then RRN(f(Ul), ceey f(Uk))

It is easy to recover ti,; from ti,q via the following identity:

tig(M,N) = > tya(M',N), (10)
M'DM
where the sum is over all models M’ of T with V(M') = V(M), and M' O M
means that Ry p O Ry p for any P € L or, equivalently, that M’ satisfies
the positive open diagram PDgpen (M) of M.
Note that we can apply Mébius Inversion to (10), and get a formula
expressing tina(M, N) as a (finite) linear combination of (¢;(M', N))arom-

9Remember that T is canonical.

21



But since positive embeddings play very little role in our exposition, we defer
details to Appendix A.

Densities also behave well with respect to open interpretations: if I: 77 ~~
T5 is such an interpretation and N is a model of T5, then the densities
p(—, I(N)) can be expressed as linear combinations of densities p(—, N). We
will give more details in Section 2.5, in the context where these combinations
allow quite a natural interpretation.

It will also be convenient for us to let

ting (M, N) < tia(M, N) & p(01, N) € 0.

whenever |V (M)| > |V(N)|.

As a final remark before we go into examples, note that all these densities
are invariant under isomorphisms, that is, if M = M’ and N = N’, then

p(M,N)=p(M',N"); tina(M,N)=tina(M',N'); tinj(M, N)=tin;(M', N').

Example 16 (graphs) We denote by K, and P, the _complete graph and
the (undirected) path on £ vertices, respectively. We let G be the complement
of the graph G, that is V(G) = V(G) and the edges of G are non-edges of G

and vice versa. Finally, we denote by I, o K, the empty graph on /¢ vertices.

With this notation, the edge density of a graph G is given by p(Ks, G),
and its triangle density is given by p(K3, G). In fact, for complete graphs and
empty graphs, we have

p<K€7 G) = tind(Kﬁv G) = tinj (Kéa G)7
p(Le; G) = tina(Le, G);
tinj(le, G) = 1;
for all graphs G with at least ¢ vertices.

For less trivial examples, for every ¢ > 3 we have

2
p(K27P£) = tind(K27PZ> = tinj(KZ, P@) = Z’

6
P Py = :
p( 3 f) e(g_l)a
2
in P7P :tin'PaP - ;
tina(Ps, Pp) i(Ps, P) -
p(Ps, K¢) = tina(Ps, Ky) = 0;
t'mj(Pg,Kg) =1.
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The complementation operation behaves very well with respect to the
densities p and ti,q, as it satisfies p(H,G) = p(H,G) and ting(H,G) =
tina(H, G) for all graphs H and G. The same cannot be said about linj s
we e.g. have t,;(I;, G) = 1 for every graph G with at least ¢ vertices while
tinj(K¢, G) = 1 if and only if G is a complete graph. This inherent asymmetry
(that comes up quite naturally in many applications of ordinary graphs) is
one of the primary reasons why in the general case we prefer to work with
induced densities.

Example 17 (tournaments) In the theory of tournaments Trournament in-
duced and non-induced embeddings are clearly the same, and we have
tina(M, N) = tin;(M, N). Let us do a few concrete calculations. Let Tr, denote
the transitive tournament on ¢ vertices (i.e., the only model of TTiyorder), let
C denote the 3-cycle (i.e., the only non-transitive tournament on 3 vertices)
and let W, and L4 denote the uniquely defined tournaments on 4-vertices
whose outdegree sequences are (3,1,1,1) and (2,2,2,0) respectively. Then
we have

p(Trs, Wy) = p(Trs, Ly) =

tina(Trs, Wy) = tina(Trs, Ly) =

p(Cs, Wy) = p(Cs, Ly) =

tind(é3, W) = tind(63a Ly) =

ORI RO~ | W

Example 18 (permutations) Recall that the theory of permutations is de-
fined in our language as Tperm = TLinOrder YT LinOrder- Identifying a permutation

23



o: [n] — [n] with the list of its values (c(1)c(2)---o(n)), we have

) 1
123,14235) = — — =
1
p(132,14235) = =
1
p(213,14235) = o
p(231,14235) = 0;
1
312,14235) = —;
p(312, )= 15
p(321,14235) = 0.

2.4 Convergent sequences

As we mentioned in the introduction, there are two kinds of approaches to
studying large, and eventually infinite, models of a theory: semantic and
syntactic. We begin with the “neutral” setting from which one can easily
explore in either direction.

The reader may have noticed that we used the term “limit object” in the
introduction without specifying convergence; it is our first order of business
now.

Definition 2.4 Let T be a (canonical) theory in the language £. Let us de-
note by M,,[T] the set of all (unlabeled) finite models of 7" up to isomorphism

on n vertices and let M([T] o Unen Mn[T] be the set of all finite models of
T up to isomorphism. Whenever T is clear from context, we will drop [T]
from the notation.

A sequence of models (N, )nen of T is called increasing if |[V(N,)| <
|V (Nypq1)| for every n € N.

The theory T is called non-degenerate if it has an increasing sequence of
models, or, equivalently, if it has an infinite model.

Let d be one of p, ting or tin;. An increasing sequence of models (N,,)nen
is called convergent if lim,, ., d(M, N,,) exists for every fixed model M of T'.

A priori, we have three notions of convergence, but the proposition below
says that they are equivalent.
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Proposition 2.5 If (N,).en is an increasing sequence of models of a (canon-
ical) theory, then the following are equivalent.

o The limit lim,,_,o p(M, N,,) exists for every fized model M of T;
o The limit lim,, o tina(M, N,,) exists for every fixzed model M of T;

o The limit lim,,_,o tinj(M, Ny,) exists for every fived model M of T.

Proof. Follows from the fact that p(M, N,,) and ti,q(M, N,,) differ only by
a multiplicative constant and that t;,4(M, N,) can be written as a (finite)
linear combination in terms of (¢i,j(M', N,,))mrem and vice-versa.m

By the same token, convergence behaves well with respect to open interpre-
tations: if I: Ty ~» Ty is such an interpretation and (N, ),en is a convergent
sequence of Ty-models then (I(V,,))nen is a convergent sequence of models of
the theory Tj.

If d is one of p, ting or tiyj, any model N € M gives rise to a functional

d(—,N): M — [0,1]
M +— d(M,N),

which in turn can be seen as an element of [0,1]™. Now the definition
of a convergent sequence of models is simply a sequence of models that is
convergent as elements of [0, 1] in the usual product topology, in which we
require lim,, ,o, d(M, N,,) to exist for every fixed M. No uniformity conditions
or assumptions on the rate of convergence are imposed.

Note that since M is countable, the space [0, 1] is metrizable. One
possible metric is

. x m - m
dist((zar) mert, (Yar) vem) = Z |M2—myM’a (11)
meN

for a fixed ordering (M,,)men of M. However, since this metric is rather
arbitrary, it is rarely used directly (the important property is that the space
is metrizable somehow, cf. [Raz07, §3.2]).

Proposition 2.6 Fvery increasing sequence of models of a theory has a
convergent subsequence.
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Proof. Follows from the fact that [0, 1] is compact which, in turn, follows
from Tychonoff’s Theorem.m

Example 19 (sequences of sparse hypergraphs) In the theory of k-uniform
hypergraphs Tj_nypergraph, the sequence of empty hypergraphs (i.e., hyper-
graphs without any edges) of increasing sizes (],(Lk))neN is convergent, since

1, if H is an empty hypergraph;

n—00 0, otherwise;

lim p(H,I{") = {
for every H € M|[T}_nypergraph-

More generally, if (H,),en is an increasing sequence of sparse hypergraphs,
that is, such that the hyperedge density p(K,gk), H,) is o(1), then (H,)nen
converges to the same limit:

1, if H is an empty hypergraph;
lim p(H, H,) = ' pty hypergrap
n—o0 0, otherwise.

Example 20 (transitive tournaments) In the theory Troumament, the se-
quence of transitive tournaments of increasing sizes (Tr,),en is a convergent
sequence, since

1, if M is a transitive tournament;

n—00 0, otherwise

lim p(M, Tr,) = {
for every tournament M.
More generally, if (N,),en is an increasing sequence of tournaments such

that p(Cs, N,) = o(1), then (N,)nen still converges to the same limit

if M is a transitive tournament;

lim p(M,N,) = {1’ (12)

n—00 0, otherwise.

Example 21 Let ¢ > 1 be an integer, and let us define the theory of ordinary
graphs forbidding even cycles Cy,, not necessarily induced. If we do it naively,
by appending to Tgrapn the axiom — (/\ieZ% E(:ci,xiﬂ)), we immediately
realize that the instance of this formula obtained by the substitution z; —
Timod 2 1S simply —F(xz¢, z1) and what we get is the theory of empty graphs.
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Thus, we have to be careful and explicitly forbid variable collisions (which
we already did on appropriate occasions before) as, say,

(/\(wl +# x])> — <ﬁ ( /\ E(:pi,xiﬂ))) . (13)
i#] i€Z90

Then this theory certainly has (quite) non-trivial models of arbitrary size.
Nonetheless, the celebrated Erdés—Rado Theorem in extremal graph theory
implies that the edge density in every increasing sequence of models is o(1).
Hence, from the perspective of our framework, limits of the theory Tyapn +
(13) is just as trivial as the ones from theories considered in the two previous
examples.

Remark 3 Examples 19-21 pertain to a prominent topic in combinatorics
called (Induced) Removal Lemmas or Property Testability. Questions of this
kind can be asked in two different forms as follows. Let T} and 715 be two
theories in the same language £ such that T, extends 77 by appending extra
axioms to it, as in Example 5. Let (N,),en be a convergent sequence of
Ti-models such that lim,, . p(M, N,,) = 0 for every M € M[T1] \ M[T3].
Can (N,)nen be replaced by a sequence of models (N))nen of the theory Ty
such that:

Version 1 We can obtain N/ from N,, by altering an o(1)-fraction of values
in the relations Rpy, (P € L);

Version 2 The sequence (N/),en converges to the same limit, that is, we
have lim,, o p(M, N}) = lim,, oo, p(M, N,,) for all M € M[T}].

(Version 2 is clearly weaker than Version 1.)

Version 1 is the standard induced removal lemmas re-cast in the logical
language. In the context of Example 19 it is obvious, but already for almost
transitive tournaments (Example 20) it requires a non-trivial argument to
prove that tournaments in a sequence with the property (12) can be made
transitive by reverting a fraction o(1) of arcs (Y. Makarychev and I. Mezhirov,
personal communications). For the pair 71 = TGraph, T2 = TrF-Grapn 1t consti-
tutes the famous Triangle Removal Lemma. For the theory T = T} _typergraph
(and arbitrary T3), the first proof came from a non-trivial generalization of
the Graph Regularity Lemma to hypergraphs, see [RS09]. For general pairs
(T3, T5), the proofs due to Austin-Tao [AT10] and Aroskar-Cummings [AC14]
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use completely different methods. We will prove a continuous analogue of
this statement (Theorem 3.3).

Remarkably, even the much weaker Version 2 is not entirely obvious. It
easily follows from either a syntactic description of limit objects (Theorem 2.13)
or a semantic one (Theorem 3.4). But we are not aware of any entirely “local”,
“finite” proof of that statement.

Example 22 (Turan graphs) In the theory of graphs Tgrapn, the Turdn
graph T, ¢ is the complete (-partite graph on n vertices with parts as equal as
possible. It is easy to see that for any fixed ¢ € N, the sequence (7T}, ¢)nen is
a convergent sequence and

Pa(0)
V&)’

nh_)rgo tinj (G7 Tn,é) =

where Py is the chromatic polynomial of G, that is, Pg(¢) is the number of
proper vertex colorings of G with (at most) ¢ colors.

Example 23 (Erdés—Rényi random graphs) The Erdés—Rényi random
graph model is the random graph Gy, , on n vertices in which each edge is
independently present with probability p.

It is a straightforward exercise in distribution concentration (see e.g. [ASOS,
Theorem 4.4.5]) to prove that the sequence (Gp,p)nen is convergent with
probability 1 for every fixed p € [0, 1] and

lim tind(H7 Gn,p) = p£<1 - p) (7;)—4;
hm tinj (H, Gn,p) = pg,
n—oo

with probability 1 for every graph H with m vertices and ¢ edges.

A (deterministic) increasing sequence of graphs satisfying (14) (for every
graph H) is called quasi-random. Beginning with seminal papers [Tho87,
CGW89| that identified several a priori different properties equivalent to
quasi-randomness, it has become a very prominent area of combinatorial
research. Perhaps one of the most impressive of these properties is that
the non-induced version of (14) for just Ky and C4 implies that it holds for
every H. The original proof of this fact in [CGW89] is completely syntactic,
but with the theory of graphons at our disposal (which was nonexistent at
the time), a simpler semantic proof can be extracted from the much earlier
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paper [DF81]. More examples on how the semantic theory of graphons can
be used to simplify syntactic proofs of graph quasi-randomness can be found
in [Janl1b].

It is worth noting that independent samples from G, ;, are very far apart in
the edit distance (see [Lov12, §8.1] for details of the definition), even if they are
very close with respect to densities. This, among other things, demonstrates
that the phenomenon of removal lemmas (Version 1 in Remark 3) is quite
unique and depends on the fact that the density of the models N we are
interested in is actually o(1). No useful analogue of induced removal lemmas
seems to be possible without this restriction.

Example 24 (3-uniform random hypergraphs) Consider the random 3-
uniform hypergraph H,, , obtained in a fashion similar to the Erd6és-Rényi
random model, that is, it is the random hypergraph on n vertices in which
each hyperedge is independently present with probability p.

Again, it is a straightforward exercise to prove that the sequence (Hy, p)nen
is convergent with probability 1 for every fixed p € [0, 1] and

Y

lim ta(H, Hop) = p'(1—p) 57
lim ti(H, Hyp) = p';
n—oo

with probability 1 for every 3-uniform hypergraph H with exactly m vertices
and ¢ hyperedges.

On the other hand, we can consider the 3-uniform hypergraph Hj, ,
obtained directly from G, 5, by declaring the hyperedges of Hj, , to correspond
to triangles of G5 (that is, H,, , = I(Gnp) for the open interpretation
from Example 12). Again it is straightforward to check that the sequence
(H! _)nen is convergent with probability 1 for every fixed p € [0, 1].

n,p
Let us now put p = ¢*. Then

lim p(KyY, Hnp) = lim p(K§), H., ) = p,

n—oo n—o0

with probability 1 for the 3-uniform hypergraph K. §3) corresponding to one
hyperedge, i.e., the hypergraphs H, , and H], , asymptotically have the
same (hyper)edge density, just as expected. However, for p € (0,1), these
sequences are quite different in terms of other densities. For example, let K,
be the 3-uniform hypergraph on 4 vertices with exactly 3 hyperedges. Then
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we have
lim tinq(Ky , Hpp) = p*(1 — p); lim tna(K;, H), ) = 0;
n—oo n—oo 9

with probability 1.

Example 25 (Erdés—Stone—Simonovits theorem) Given a family of non-
empty graphs F, let

m(F) Y lim max{p(K3, G) | |[V(G)| = n AVF € F.twy(F,G) = 0}.

From Proposition 2.6, it follows that m(F) is the same as the maximum
of lim,, . p(Ks, G,,) over all convergent sequences (G, )nen in FoerTrGraph (F)
(cf. Example 5). The celebrated Erdés—Stone-Simonovits Theorem says that

1
iIlfFe]: X(F) — 1’
where x(F) is the chromatic number of the graph F.
Remarkably, this theorem extends to the setting of ordered graphs [PT06,

Theorem 1] as follows: consider the order-erasing interpretation I: Tgrapn ~
Téraph (cf. Example 11) and for a family of non-empty ordered graphs F let

m(F)=1-

T (F) ¥ lim max{p(K2,1(G)) | [V(G)] = n AVF € F.tii(F,G) = 0}

= max{ lim p(K>, I(G,)) | (Gn)nen is a convergent sequence in Forb},
n—oo

Then we still have
1
infrer x<(F) =1’

T (F)=1-

where y-(F') is the interval chromatic number of F, that is, the smallest
k such that there exists a proper vertex coloring of F' with k colors, each
color class being an interval of the order of the vertices. The analogous
result [BKV03, Theorem 1] for cyclically ordered graphs (mcyc(F)) holds
using the cyclic chromatic number xcyc(F'), which is the smallest k such
that there exists a proper vertex coloring of F' with k colors, each color class
being an interval of the cyclic order of the vertices. In contrast with the
usual chromatic number, which is NP-hard, both the interval and the cyclic
chromatic numbers are easily computable in polynomial time with a greedy
algorithm.
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2.5 Flag algebras — the syntax

In one sentence, the theory of flag algebras can be summarized as the study
of relations that the coordinates of ¢ € [0, 1] must satisfy if ¢ is obtained as
the limit of functionals p(—, N,,) for a converging sequence of models (N, ),en
for its own sake, without any explicit references to the actual limit object. In
this section we present a lightweight'? introduction to the basic concepts of
flag algebras: all theorems of this section are simplified versions of [Raz07] and
we refer the interested reader to the aforementioned work for more thorough
treatment.

The first kind of relations that the coordinates of a limit ¢ € [0, 1] must
respect is given by the so-called chain rule.

Lemma 2.7 (chain rule) If M,N € M are models of a theory T and
[V(M)| < €< |V(N)|, then

p(M,N) = Z p(M,M/)p(M/,N).
M'eM,

This means that if we extend ¢ € [0, 1]M) to a linear functional on the
space RM(T] of formal linear combinations of finite models by

¢ ( > CMM> © > eno(M),

MeM MeM
then the linear subspace IC[T] generated by elements of the form
M— > p(M,M)M
M’'eM,

for £ > |V(M)] is contained in the kernel of ¢. In other words, defining

A[T)| L RM [T]/K[T], we can think of ¢ as a linear functional on A[T.
Note for the record that similar identities hold for #inq, tin;:

tina(M,N) = > tia(M, M")p(M', N)

M'eM,

10The main difference is that for our purposes here, we only need to work with models
without labels. In particular, we completely skip all material pertaining to non-trivial

“types” .
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and
tinj(M, N) = Z tinj(M’M/)p(M/7N>7 (15)
M'eM,

whenever ¢ > |V (M)|. We see that induced densities appear quite naturally
even if we are interested in graph homomorphisms/positive embeddings.

The next step is to study what sort of relations must be satisfied by
products ¢(M)¢(N) of coordinates of a limit ¢ € [0, 1]™. For that, we need
to extend the definition of density to more than one model.

Definition 2.8 Let mqy, mo,...,m;,n € N be non-negative integers such that
Z:Zl m; <n and let My, My, ..., M;, N € M be models of a theory T" such
that |V (M;)| = m;, for every i € [t] and |V (N)| = n. We define the quantity
p(My, My, ..., My; N) via the following probabilistic experiment. We pick
pairwise disjoint subsets (V1, Va, ..., V;) of V(IV) uniformly at random and
set
p(My, My, ..., My; N) € PVi e [t], N|y, = M.

Lemma 2.9 (chain rule) IfM;, My, ..., My, N € M are models of a theory
T and Y!_|[V(M;)| < £ < |V(N)]|, then

p(M17M27' . aMt7N) = Z p(MlaM27 S 7Mt7M)p(M7N)
MeMy

Example 26 (graphs) In the theory of graphs Tgyaph, for every ¢ > 4, we
have

p(K27K2;Ké) = 1;

4
Ky, Koy Py) = ;
p( 2, 112, f) €<£_1>7
— 2(¢ - 3)
Ko, Koy P)) = —=.
p(K2, Ko ) =1
Example 27 (permutations) In the theory of permutations, we have
18
12,12;14235) = —;
p( ) Y ) 307
6

12,21:14235) =
p(12,21; ) 20"

0
21,21:14235) = — = 0.
p(21,21; ) 30
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Definition 2.8 may seem not very natural at first, since we compute
densities avoiding collisions. But this is precisely what turns out to be
necessary (and sufficient) to formally capture the “infiniteness” of our object:
collisions have zero probability of occurring. This leads to what is called the
flag algebra of the theory T

Lemma 2.10 The bilinear mapping RM x RM — A defined by

My - M, = Z p(My, Ma; N)N,
NeMn

for every My, My € M and every n > |V (My)| + |V (Mz)| does not depend on
the choice of n and induces a symmetric bilinear mapping A x A — A.

Furthermore, if T' 1s non-degenerate, then this induced mapping endows
the vector space A with the structure of a commutative associative algebra
whose identity element 1 is the (equivalence class of the) unique model on 0
vertices.

The next lemma quantitatively refines the remark about collisions made
above.

Lemma 2.11 IfM; € M,,,, My € My,,..., My € M,,, and N € M,,, then

t
p(My My, My N) — T [ oM, )| < ¢

i=1

my +m2+ +mt)0(1)
n .

In particular, if (N, ),en is a sequence converging to ¢ € [0, 1]™, then the
functionals p(—, N,,) look more and more like algebra homomorphisms from
A to R, hence in the limit ¢ must be an algebra homomorphism.

One more property that a limit ¢ must satisfy is that ¢(M) > 0 for every
model M € M.

Definition 2.12 In a non-degenerate theory 7', the set of positive homomor-
phisms Hom™ (A[T], R) is the set of all algebra homomorphisms ¢: A[T] — R
such that ¢(M) > 0 for every M € M|T.

Now, the next (relatively simple) result says that the set of constraints
we have imposed on ¢ is both sound and complete.
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Theorem 2.13 (Lovasz—Szegedy [LS06], Razborov [Raz07]) If (N, )nen
is a convergent sequence of models, then lim, o p"» € Hom™ (A, R). Con-
versely, if € Hom™ (A, R), then there exists a convergent sequence of models
(Np)nen such that lim, o p™" = ¢.

In other words, the above theorem says that convergent sequences of
models are cryptomorphic to flag algebra positive homomorphisms.

In Section 2.2 we saw that an open interpretation I: T} ~ T, gives us a
natural way of creating a model I(M) € M[T] from a model M € M(T3].
Given the “intended” meaning (vaguely suggested by Theorem 2.13) of
Hom™ (A[T],R) as the set of “infinite” models of the theory T', it is natural
to expect that I should also give rise to a mapping Hom™ (A[T3],R) —
Hom™ (A[T}],R), and that this latter mapping can be described by simple
syntactical means. It indeed turns out to be the case.

Theorem 2.14 Let T} and Ty be non-degenerate theories and I: Ty ~~ T5 be
an open interpretation. Then the linear mapping RM Ty — A[Ts] defined by

T (M) = {My € MIT] | I(My) 2 My},

for every My € M([T1], satisfies 7' (K[T1]) = 0 and hence induces a map-
ping ™' A[TY] — A[Tz]). This mapping is a positive algebra homomor-
phism, which in particular implies that if » € Hom™ (A[T3],R), then pow! €
I‘IOHIJr (A[Tl], R) .

Before concluding with a few examples, let us interpret the theorem above
in categorical terms.

Let POALG be the category of partially ordered associative commutative
R-algebras. Tts objects are pairs (A, <), where A is an associative commutative
algebra, and < is a partial order on A compatible with algebra operations.
By this we mean that t <y =z +2<y+ 2z, (r >0Ay >0) = zy > 0,
and the restriction of < onto R is the standard linear order. Morphisms
f:(A1,<y) = (A, <y) of POALG are algebra homomorphisms f: A; — A
such that z <y = f(z) < f(y).

Let now'! <7 be the partial order on A[T] defined as follows: we have
f <r g if and only if (¢ — f) can be expressed (in A[T]) as ), ¢; M; with

H'We use the symbol < since < was already reserved in [Raz07] for a much stronger
semantic version.
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M; € M[T] and ¢; > 0. It is straightforward to check that this order is
compatible with the algebra operation, that is, the pair (A[T], <r) is an
object of POALG. Then Theorem 2.14 provides a functor 7 from INT to
POALG given by

705 1) (AT, <) = (AT, <1,).

Composing it with the contravariant functor Hom(—, (R, <)) from POALG to

SET, we get the contravariant functor 7* from INT to SET given by 7*(7) =

Hom™ (A[T],R) and 7 (Ty 5 T3)(¢) & ¢ o 7! for every ¢ € Hom™ (A[T3], R).
It is compatible with the action of I on convergent sequences (Section 2.4),

etc.

Example 28 (extra axioms) If a theory 7" is obtained from a theory T’
in the same language by adding extra axioms and [: T ~» T" is the identity
translation, then for every model M € M(T] of T, we have

M, if M is a model of T";

0, otherwise.

' (M) :{

Furthermore A[T"] is a factor-algebra of A[T], and hence 7*(I) is injective.

Example 29 (color-erasing and orientation-erasing) If 7" is a non-degenerate
theory and [: T ~~ T is the color-erasing interpretation, then

(M) = Z{M' € M[T°| | M' is a coloring of M with ¢ colors},

for every model M € M(T] of T. Note that this sum is unweighted, that is it
ignores the number of ways in which M’ can be obtained from M even if M
possesses non-trivial automorphisms.

Similarly, if I: Tgraph ~» Torgrapn is the orientation-erasing interpretation,
then

(G) = Z{G’ € M[Torgrapn] | G’ is an orientation of G},

for every graph G.

In both cases 7' is an injective algebra homomorphism, but 7*(I) is
very far from being injective: if, for example, we apply the orientation-
erasing interpretation to an arbitrary “tournamon” (i.e., an element of

1
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Hom™ (A[Trournament); R)), we get the same complete graphon. It is not hard
to see, though, that in both cases 7*([) is surjective: it basically says that
every graph can be colored or oriented in at least one way.

Example 30 Let us now review under this angle the “triangular” interpre-
tation I: T3 mypergraph ~* TGraph given by I(E)(z,y, z) = (E(z,y) A E(y, 2) A
E(x,2)) from Example 12. First, the algebra homomorphism 7 is not in-
jective since 7!/ (K, ) = 0 (cf. Example 24). By the same token, the induced
map 7*(I) is not surjective: any ¢ € Hom™ (A[T5.ypergraph), R) in its image
must necessarily satisfy ¢(K,; ) = 0. The map 7*() is also not injective
since all ¢ € Hom™ (A[TGrapn), R) with ¢(K3) = 0 lead to the same (empty)
3-graph. As an immediate consequence, the algebra homomorphism 7! cannot
be surjective: say, K, is not in its range.

We finish this section with an example of an application of open interpre-
tations. To the best of our knowledge, no statement precisely in the form (18)
below is present in the literature.

Example 31 (Erdés—Stone—Simonovits theorem, cntd.) Further gen-
eralizing Example 25, suppose we are given an interpretation I: Tgrapn ~ T’
of the theory of graphs in a non-degenerate theory 7. Let!?

o lim max{p(K», I(N)) | N € M,[T]}
= max{ ILm p(Ka, I(N,)) | (NVa)nen is a convergent sequence in M7}
= max{¢(m' (K3)) | ¢ € Hom™ (A[T],R)}

(the maximum in the third line exists since Hom™ (A[T], R) is compact, and
the second line is equal to the third due to Theorem 2.13). Recall that T}, ,
denotes the Turan graph (see Example 22) and let

(1) & sup{¢ | ¥n € N,AN € M,[T],I(N) D Tps} + 1. (16)
Note that since T is non-degenerate, it follows that y(I) > 2.
Let us offer a simple proof that

1
r=1-— D=1 (17)

12Unfortunately, there is an unavoidable collision of notation here: both the extremal
value 77 and the flag algebra homomorphism 7/ : A[TGrapn] — A[T] use the letter .

36



If x(I) = oo, then for every n € N, there exists N € M,[T] such
that I(N) D T,,,, = K, so (17) follows trivially (with the right-hand side
evaluating to 1).

Suppose then that x(I) < oco. Then the definition of x(/) implies that
there exists an increasing sequence (N,,)nen in M, [T] satisfying I(N,) 2
T x(1)—1, so the right-hand side of (17) is a lower bound for ;.

For the other direction, suppose for a contradiction that there exists
¢ € Hom™*(A[T],R) such that ¢(7/(K3)) > 1 —1/(x({) —1). Then for
every n € N we apply the ordinary Erdés—Stone-Simonovits theorem, in the
form given by Example 25, to F o {T x(n} and any sequence of graphs
converging to ¢ o 7. Taking into account the conversion formulas (9), (10),
we conclude that there exists some G, D T, () such that ¢(7'(G,)) > 0.
This in particular implies that there exists N,, € M[T| such that ¢(N,,) > 0
and I(N,) = G, 2 T, ), contradicting the definition of x(I). Therefore,
the right-hand side of (17) is also an upper bound for 7.

Let us note a few interesting special cases. First, let F be a family

of graphs such that 7 & Forbr,, .., (F) is non-degenerate, i.e., there are

arbitrarily large graphs missing all /' € F as induced subgraphs. Let I be the
axiom-adding interpretation (i.e., I acts identically on the predicate symbol
E). Then (17) becomes the induced version of Erdds-Stone—Simonovits:
1
Xind(‘/—:) -1
Here 7jpq(F) is the maximal possible (asymptotically) density of a graph that
does not contain induced copies of graphs in F, and Xina(F) is given by (16),
where N runs over all F-free graphs. As we mentioned before, we have not
seen this statement in the literature in this generality.

But we should also remark that the quantity Xina(F) is not as well-behaving
as the ordinary chromatic number; in fact, a priori it is not even clear that
it is computable. As yet another indication let us note that principality
does not hold in the induced setting. For example, yiqa({F3}) = oo (as K,
does not contain induced copies of P3) and xina({K3}) = x(K3) = 3 but
Xina({ P53, K3}) = x(P3) = 2.

Next, let F be a family of non-empty graphs [ordered graphs, cycli-
cally ordered graphs| and let Ir: TGraph ~ ForbéFGmph (F) [Uz: Traph ~

Wind(F) =1 (18)

FoerTr< (F), Ijg_yc: TGraph ~ Forb;cyc (F), respectively| again act identi-

Graph Graph

cally on the predicate symbol E. Then the extremal values of Example 25

37



can be obtained as
(F) = 7r,; T (F) =75 Teye(F) = T Cye.

For these particular cases we also have principality (see e.g. [PT06, Theorem 1]
and [BKV03, Theorem 1]):

— . <y g . Cycy _ -
X(Ir) = L x(F); - x([7) = L x<(F);  x(Iz") = inf xoye(F).

Let us remark, however, that this is not true in general even in the non-
induced setting. For example, consider the theory T§,, ., of graphs with vertex
coloring into two colors (the coloring need not be proper) and for a family F
of non-empty colored graphs, let I%: Traph ~ Forb;2 (F) act as identity

Graph

on E. If F,F,, F5 € Mg[Téraph] are the three models such that Ir(F;) = Ko,
then we have X([{QFi}) = oo (as we can color all vertices of T}, , with the same
color so as to avoid F;) but X<I{2F1,F2,F3}) =2 (as 7 (Ky) = Fy + F> + F3).
Just as in the case of the classic Erdés—Stone—Simonovits Theorem, when
xX(I) = 2, (17) does not say anything useful about the asymptotic behavior
of the maximum number of edges of models of T as the graphs in the image

of the interpretation are necessarily sparse. We refer the interested reader
to [BKV03, PT06, Tarl8] for results in this sparse setting for 7T, éraph and

Cyc
TGraph :

2.6 Graphons

In this section we present the most successful case of the semantical approach
so far: the limit objects of Trapn. Again, we give only a few most basic facts
about graphons; for more details we refer the interested reader to [Lov12].

Definition 2.15 (Graphons) A graphon is a symmetric (Lebesgue) mea-
surable function W: [0,1]*> — [0, 1], that is, a measurable function such that
W(z,y) = W(y,z) for every z,y € [0,1].
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If W is a graphon and H is a graph, then we define

tin (L, W) def/ H W (24, 2)da;

o,V e ) 2wEE(H)

a2 [T Wi T1 0= Weenais (o)
0.V ¢, wyeB () {v,w}eE(H)
aet [V (H)[! )|

PUHIW) = R

md(Ha W)J

where E(H) = {{v,w} | (v,w) € Rp g} denotes the set of edges of H and H
denotes the complement of H.

The intuition behind the notion of a graphon is that it is a graph whose
vertices are points of [0,1] and (v,w) € [0, 1]* is a weighted edge of weight
W (v,w). Respectively, the formulas (19) are identical to those introduced
in Section 2.3, except that we replace averaging over a finite domain by
integration (that can be also viewed as averaging over [0, 1]).

The next theorem says that graphons capture the limits of convergent
sequences of graphs.

Theorem 2.16 (Lovasz—Szegedy [LS06]) If (G, )nen is a convergent se-
quence of graphs, then there exists a graphon W such that

lim tinj(H; Gn) - tinj (Ha W)’
n—oo

Ui tia(H, G) = tua(H,W); (20)
lim p(H,G,) = p(H,W);
n—oo

for every fized graph H. Conwversely, if W is a graphon, then there exists a
convergent sequence of graphs (Gp)nen such that (20) holds for every fized
graph H.

Combining this theorem with Theorem 2.13, we get

Corollary 2.17 If ¢ € Hom™ (A[TGrapn), R), then there exists a graphon W
such that ¢(H) = p(H, W) for every fixed graph H. Conversely, for every
graphon W, the functional p(—, W) € [0, 1]MTcrern] defines an element of
HOII]Jr (A[TGraph] s R) .
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The examples below illustrate that when a sequence of graphs has a good
structure, it is fairly easy to “guess” the limit graphon.

Example 32 (/-disjoint cliques and Turdn graphons) Let ¢ > 1 be fixed
and let G, be the graph on ¢n vertices consisting of ¢ disjoint cliques of n
vertices each. Then (G, ),en is convergent and the natural limit graphon of
this sequence is the step-function W;: [0,1]*> — [0, 1] given by

1
1, if there exists i € [¢] such that z,y € {ZT, %) ;

WZ (I’, y) =
0, otherwise.

Following up on Example 22, for every ¢ € N the sequence (7}, ¢)nen of
Turan graphs converges to 1 — W,.

Note that in the example above, we have G,, = Tyne. This is a special
case of a more general fact: if (G,)nen is a sequence of graphs converging
to some graphon W, then (G, ),y is also convergent and converges to the
graphon 1 — W.

Example 33 (Erdés—Rényi random model) Forevery p € [0, 1], let W, =
p be the constant graphon with value p. Then (G, p)nen converges to W,
with probability 1.

The next natural question to ask is when two graphons are equivalent
in the sense that they represent the limit of the same convergent sequences
of graphs. It is expected that if we permute the elements of [0, 1], then
the graphon should still represent the same limit. However, since we must
preserve measurability of the graphon, the correct way of “permuting” the
elements of a graphon is to use measure preserving functions. The next
theorem characterizes this notion of graphon equivalence.

Theorem 2.18 ([Lov12, Corollary 10.35a]) Let W, W' be two graphons.
The following are equivalent.

e For every graph H, we have ti;(H, W) = ti;(H, W), that is, W and
W’ correspond to the same element of Hom™ (A[TGrapn], R) in the sense
of Corollary 2.17.

e There exist measure preserving functions f,g: [0,1] — [0, 1] such that
W(f(x), f(y)) = W'(g(x),9(y)) for almost every (x,y) € [0,1].
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In this context, the main purpose of our work can be summarized as follows:
find a natural and convenient (and certainly well-behaving with respect to
open interpretations) generalization of graphons to arbitrary theories so that
Corollary 2.17 and Theorem 2.18 still hold. Before embarking on the project,
let us briefly review one prominent generalization of graphons that has been
known before and that is quite important to our work. It introduced much of
the language we will be using.

2.7 Hypergraphons

In this section we present the first case of a limit object of a theory with
predicates of arity larger than 2: hypergraphons [ES12].

In analogy with graphons, one might conjecture that the correct way
to define a k-uniform hypergraphon would be as a symmetric measurable
function W: [0,1]* — [0, 1] and define ty,;, tina and p in analogy with (19).
However, the example below shows that this does not work.

Example 34 Following up on Example 24, we know that the sequence of
random 3-uniform hypergraphs (Hj, ,)nen is convergent with probability 1.
Also, since all vertices are equal in this random model, we would “expect”
the limit hypergraphon to be a constant function. However, any constant
W: [0,1]* — [0,1] does not work as shown by the same calculation with the
3-graph K, as in Example 24.

As a matter of fact, the limit of this sequence cannot be written as any
symmetric measurable function W: [0,1]*> — [0, 1] whatsoever: this easily
follows from the uniqueness theorem for hypergraphons [ES12, Theorem 9|
that we will also recover below (Theorem 3.9). The reason why symmetric
measurable functions W : [0,1]*> — [0, 1] do not work is that we are missing
degrees of freedom associated to pairs of vertices (say, all “non-trivial” ele-
ments in the image of 7*(I), where I: T3 gypergraph ~* L Graph 1S @ “non-trivial”
interpretation are bound to not be covered).

Before we go into the definition of hypergraphons, let us first fix some
notation that we will also use in the following sections. To the reader familiar
with hypergraphons let us remark that our notation does not a priori assume
any symietry.
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Definition 2.19 For a set V, let (V') denote the collection of all non-empty
finite subsets of V' and let
& < 0,11,

In particular, if V is finite, then the set &, is a hypercube of dimension 2!V —1
where each coordinate is indexed by a non-empty subset of V. We endow
&y with the standard Lebesgue measure A, which turns it into a probability
space.

We define the (right) action of the symmetric group Sy over V on &y by
letting

(- 0)a < Toa)
for a permutation o: V' — V and a point x = (4)acrvy € Ev.

As a shorthand, when V' = [k], we will write r(k), & and Sy instead of
r([k]), €k and Sy respectively. Elements in r(k) are ordered as follows: a
set A precedes a set B if and only if |A| < |B] or |A| = |B| and A > B in
the lexicographic order. This determines a natural identification between &
and |0, 1]2“1: for example, the point (a,b, c,d, e, f,g) € [0,1]” corresponds to
the point x € &3 given by xg1) = a, xo) = b, Ty3y = ¢, 19y = d, T3 =
e, Tia3) = [, 23y =9

For an injective function a: [k] — V we denote, with slight abuse of
notation, the induced function a: r(k) — (V') using the same letter, that is,
for every A € r(k), we have

a(A) = {ali) | i € A},

and we let a*: & — & be the natural projection given by

* def
Q" (T)a = Taa)

for every x = (25)per(v) € Ev and A € r(k). This notation is consistent with
the previously introduced action of S.

Definition 2.20 (Hypergraphons) Let k£ > 0 be a fixed constant. A k-
hypergraphon is an Si-invariant measurable subset H of &.
For a k-uniform hypergraph G, we let

R(G) = {a: [k] — V(G) | im(a) € B(G)};
R(G) = {a: [k] — V(G) | im(a) ¢ E(G)}
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be “symmetrizations” of the sets of its edges and non-edges, respectively.
Assume now that we also have a k-hypergraphon H C &,. We let

T(G,H)E () (") (H) C Evioy:

a€R(G)

Tha(G.H) S Tog(GH) N () (@) (EN\H) € Eve-

a€R(G)

The intuition behind these definitions is as follows. An “induced copy” of G
in H is a point & € Ey(¢) such that for every hyperedge tuple o € R(G), the
induced function o* maps x to a point inside H (i.e., a “hyperedge” of H)
and for every non-hyperedge tuple o € R(K), the induced function a* maps
x to a point outside H (i.e., a “non-hyperedge” of H). A (non-induced) copy
of G is obtained by dropping the second requirement. This makes Ti,;(G, H)
and Ti,q(G,H) intuitively correspond to the set of non-induced and induced
copies of G in H respectively.

Now we define induced and non-induced densities straightforwardly, just
as in Sections 2.3 and 2.6:

ef
tinj<G H) d: (ﬂnj (G7 H))v
def

tind(G,H) = MTina(G, H));

) %tm(c, ).

A
A

The correspondence between graphons and 2-hypergraphons is not entirely
straightforward. If ‘H is a 2-hypergraphon, then by Fubini’s Theorem, the
set {p € [0,1] | (u,v,p) € H} is measurable for almost all (u,v) € [0, 1],
and W (u,v) o A{p € [0,1] | (u,v,p) € H}), extended arbitrarily at singular
points, is also measurable. This gives us the graphon associated with H that
gives rise to the same element of Hom™ (A[TGrapn], R) as H. Conversely, if
W: [0,1]*> — [0,1] is a graphon, then we can turn it into a 2-hypergraphon
by letting

def
H = {J} €& ‘ T{1,2} < W(:L‘{l},d,’{g})}.

Analogously to Theorem 2.16, the next theorem says that k-hypergraphons

capture precisely the limits of convergent sequences of k-uniform hypergraphs.

43



Theorem 2.21 (Elek—Szegedy [ES12]|) For every convergent sequence of
k-uniform hypergraphs (H,)nen, there exists a k-hypergraphon H such that

11_)111 tinj (G, Hn) - tinj(Ga H),
lim ti,a(G, Hy) = tina (G, H); (21)
n—o0
lim p(G, Hy) = p(G, H);

for every fixed k-uniform hypergraph G. Conversely, if H is a k-hypergraphon,
then there exists a convergent sequence of k-uniform hypergraphs (Hy)nen
such that (21) holds for every fized k-uniform hypergraph G.

Thus, we get that k-hypergraphons are also cryptomorphic to elements of
Hom ™ (A[T% mypergraph], R) (cf. Corollary 2.17).

Example 35 (3-uniform random hypergraphs, cntd.) Following up on
Example 24, if we define the 3-hypergraphons #,, and H,, by

Hy ={r €& | zp2s <ph
H; = {SL’ S 53 | max{x{m}, I{Lg}, I{Qﬂg}} S p},

then with probability 1, the sequences (Hp, p)neny and (H), ,)nen converge to
H, and H,, respectively.

As one can imagine, since hypergraphons are somewhat more complicated
than graphons, the question of equivalence for hypergraphons (i.e., when
they represent limits of the same sequences) is also more intricate. Elek and
Szegedy define for this purpose so-called structure preserving maps [ES12,
§4.1], but since in this paper we adapt a different (and, arguably, simpler)
language, we defer further discussion until the next section in which we will
formulate much more general Theorem 3.9.

3 Peons and theons

In this section we present our main definitions of peons and theons and
formulate the main results. It is very important from this point on that
all theories we are considering are canonical (Definition 2.1); if we want to
apply these notions to a non-canonical theory it should be subdivided first
as explained in Theorem 2.3. Otherwise, although all our definitions are set
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up in such a way that formally they work for non-canonical theories, the
information about the behavior on the diagonal will be completely lost.

Definition 3.1 For a predicate symbol P of arity k, a P-on is a Lebesgue
measurable subset of £. We use the name peon when we do not specify the
predicate symbol P.

Let now L be a language, as always finite and with predicate symbols
only. An FEuclidean structure in the language £ is a function N that maps
each predicate symbol P € £ to a P-on Np C Exp)-

If M is an (ordinary) structure in the language £ and P € L then, in
analogy with Definition 2.20, we let!?

Rp(M) < {a: [k(P)] — V(M) | o € Rpas}
and
Rp(M) < {a: [k(P)] — V(M) | o ¢ Rp} -

Now, for an Euclidean structure N we give essentially the same chain of
definitions as in Section 2.7:

T(MN)E () () @) (Np) C Evar
PecaeRP(M)
Taa(MN) E TiyM NN () () ( Py \ Np);
PeL acRp(M)

ting (M, N) & N (T (M. N));
MMMM(MMM%

(M) M) & s (M)

Again, the intuition behind these definitions is the same as in the hyper-
graphon case: an “induced copy” of M in N is a point « € Ey(ar) such that for
every P € L and every tuple o € Rp(M), the induced function o* maps x to
a point inside Np (i.e., a point of N that “satisfies” the predicate P) and for
every tuple o € Rp(M), the induced function o* maps x to a point outside

13We prefer to introduce a slightly different notation since Rp s € V/(M)*) was defined
in Section 2.1 for arbitrary «, not necessarily injective.
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Np (i.e., a point of N that “falsifies” P). A (non-induced) copy of M is again
obtained by dropping the Rp(M) requirements. This makes Tiq(M, N) and
Tini(M,N) correspond to the set of induced and non-induced copies of M
in NV respectively, except that we totally ignore the values P(vq,...,v;) for
which vy, ..., v, are not pairwise distinct.

Definition 3.2 Let 7" be a (canonical) theory in a language £. A structure
M is canonical if it satisfies all axioms (5), that is, the predicate P(vy, ..., vy)
is always false in M whenever the tuple (vy, ..., v;) contains repeated entries.
A weak T-on is an Euclidean structure N in £ such that ¢;,q(M,N') = 0 for
every canonical structure M that is not a model of T'.

The diagonal of &y is the closed set

def .o . .
Dy ={z €&y |3, jeV(i#jNry =2y}
Again we use Dy, as a shorthand for Dy.
A strong T-on is an Euclidean structure N such that

Tina(M,N') € Dy

for every canonical structure M that is not a model of T. We will use the
name theon when the theory T is clear from the context.

Finally, a theon N is Borel if Np is a Borel set for every predicate symbol
P € £ in our language.

Thus, Definition 3.2 generalizes k-hypergraphons (which are precisely
strong T mypergraph-0ns) in three different ways:

e The symmetry condition is removed (which leads to peons);

e Different combinatorial structures on the same ground set can be com-
bined together at no extra cost (this gives us Euclidean structures and
weak theons);

e The resulting object can even be assumed to fully retain the combi-
natorial structure possessed by ordinary models of T', except for the
diagonal (strong theons).

One good reason why we are not attempting to control the behavior
on the diagonal are highly asymmetric theories like T" = Trourmament-
For example, both peons {x € & | 21 < 22} and {z € & | 11 < 2o}
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are weak T-ons representing the limit of transitive tournaments from
Example 20. Which of these two is the “right” strong T-on is completely
arbitrary, and, as we said before, if for whichever reasons one needs to
consider tournaments with loops, the “right” way of doing this is by
appending to the language a separate unary predicate.

While the first item in the above list is more of cosmetic nature, the last
two seem to be somewhat novel, and their importance is clearly determined
by whether weak and strong theons can be shown to exist. So without further
ado we formulate our central results addressing that question.

Theorem 3.3 (Induced Euclidean Removal Lemma) If T is a theory
in a language L and N is a weak T-on, then there exists a strong T-on N’
such that

ANp ANG) =0, (22)

for every predicate symbol P € L.

Note that (22) in particular implies that p(M, N') = p(M, N”) for every M,
that is, the T-ons N and N are indistinguishable in the statistical framework.
The following theorem is a far-reaching generalization of Theorem 2.21.

Theorem 3.4 (Existence) If (N,)nen S a convergent sequence of models
of a theory T', then there exists a weak T-on N such that
lim p(M, Ny) = p(M, N);

n—oo

7115{.10 tind(Ma Nn) - tind(Ma N)a (23>
lim tinj(M, Nn) = tinj(MvN);
n—00

for every fized model M of T. Conversely, if N is a weak T-on, then there
exists a convergent sequence (Np)nen of models of T' such that (23) holds for
every fived model M of T'.

In other words, for every canonical theory T', weak T-ons are cryptomorphic
to elements of Hom™ (A[T],R), and we will denote by ¢ the element of
Hom™ (A[T], R) corresponding** to a T-on A/. Note that Theorems 3.3 and 3.4
together imply a similar conclusion for strong theons. One reason why we

A cumulative summary of all the cryptomorphisms mentioned in the text will be given
in Theorem 6.3.
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prefer to keep weak theons as an intermediate step is that the ideas behind
the proofs of Theorems 3.3 and 3.4 are rather disjoint, and, moreover, the
first one is not even constructive — we do not know if strong Borel theons
always exist (we will provide more comments on this in the next section).

In the classical model theory, if we want to check whether a given structure
is a model of a theory 7', it suffices to perform this check for axioms only. We
now show that the same is true for theons, both weak and strong.

Definition 3.5 Let £ be a language and A be an Euclidean structure in L.
For an open formula F'(xy,...,z,) in the language £ we define its interpreta-
tion'® T(F,N') C &, as follows:

1. if F'is P(x;,...,2; ) and iy,. .., are not pairwise distinct, or F' is
(z; = ;) with i # j then T(F,N) <y,
2. T(x; =x;,N) def En:

3. it Fis P(4y,...,x;, ) and iy, . .., i are pairwise distinct, then T'(F, N) o
(i*)"Y(Np), where i is viewed as a function i: [k] — [n];

4. T(F,N) commutes with propositional connectives (e.g., we have T'(F; V
Fy, N) € T(F, N) UT(Fy, N)).

Remark 4 A straightforward but very useful observation is that if M is a
canonical structure with V(M) = [m] and N is an Euclidean structure, then
T(Dopen(M),N) = Tina(M,N') and T(PDpen(M),N') = Tinj(M, N'). Hence
Definition 3.5 can be viewed as a generalization of these notions to arbitrary
open formulas.

Definition 3.6 For an open formula F(z1,...,z,) and an equivalence rela-

tion ~ on [n| with m classes we let Fy(y1,...,Ym) def F(Yy,s---sYy,), where

v; is the equivalence class of i (cf. the proof of Theorem 2.3). A theory T is
substitutionally closed if for every axiom VZF(z1,...,x,) and any equivalence
relation ~ on [n], T proves VijFx(¢) using only propositional rules and, possi-
bly, renaming variables in its axioms (thus substitutions of the same variable
for two different variables are disallowed).

15We use the same letter 7" for “truth” as in Definition 3.1 in the hope that this will not
create confusion.
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Remark 5 Note that ViyF. () is always entailed by VZF(Z). Hence, to be
on the safe side one can always make a universal theory substitutionally closed
by adding axioms to it; in other words, this is a property of a particular
axiomatization rather than of the theory itself viewed as a set of theorems.
On the other hand, if the intention is on the contrary to rule out non-trivial
substitutional instances, then the simplest way to do it is by explicitly planting
in the additional assumption A, 4 (x; # ;) as we did in Example 21 (and,
prior to that, in several appropriate places in Section 2.1).

Example 36 All concrete canonical theories considered so far have been
substitutionally closed. Slightly developing on Example 21, let us also consider
the axiom

| A\ E@izim) A\ —E(x,) (24)

= i#§ €00

li=j]>2
forbidding induced copies of Cyp. Then T & Teraph + (24), is substitutionally
closed when ¢ > 3. The reason is simple: Cy does not contain twin vertices
and hence any attempt at identifying a pair of variables immediately leads to
a propositional tautology. This substitutionally closed theory is not trivial:
e.g. any blow-up of K33 is a T-on. On the contrary, the theory Terapn + (24),
is not substitutionally closed and remains trivial (the theory of empty graphs

from Example 19).

Theorem 3.7 Let T be a canonical substitutionally closed theory and N be
an Euclidean structure in the same language L. Then N is a weak [strong]
T-on if and only if for every axiom YZF (x1,...,x,) of the theory T' we have
MNT(F,N)) =1 [T(F,N) 2 &, \ Dy, respectively.

Proof. Note that for two different canonical structures M and M’ on the
same vertex set, the sets Rp(M) and Rp(M’) are different for at least one
P € £ and hence Tiq(M,N) and Tiq(M', N) are disjoint. Fix n > 0 and let
IC., be the set of all (labeled) canonical structures on the vertex set {vy, ..., v,}.
The above remark readily implies that the sets { Tiq(K,N) | K € K,,} form
a (measurable) partition of &,. Now it is easy to prove, by a straightforward

49



induction on the construction of the formula F', that (cf. Remark 4)

T(F,N) = U Tha(K,N). (25)

The “only if” part follows.

In the opposite direction, let M be a canonical structure that is not
a model of T, i.e., we have M = —F(wy,...,w,,) for at least one tuple
Wi, ..., Wy € V(M) and an axiom VZF(Z) of T. Let ~ be the equivalence
relation on [m| defined by i ~ j iff w; = w;. Then M = —Fx(vq,...,v,) for
pairwise distinct vy, ..., v, € V(M) with {vy,...,v,} = {wy,...,wy,}. Since
T is substitutionally closed, we know that Fx(yi,...,y,) is a propositional
consequence of some axioms Ay (y1,...,Yn)s -, Ar(y1, ..., yn) of the theory

T, possibly up to renaming variables. Let N be the submodel of M in-

duced by a & (v1,...,v,), then by our assumption we have \(T'(4;,N)) =1

(T(A;,N) 2 &, \ D, in the strong case). Since T commutes with proposi-
tional connectives (see Definition 3.5), we conclude that A\(T'(Fx,N)) =1
(T(Fs,N) 2 &, \ D, in the strong case). Applying (25) to Fx and not-
ing that N does not appear in the union, we see that A\(T'(N,N)) = 0
(Tina(N,N) C D, in the strong case). It only remains to note that ac-
cording to our definitions, we have Ti,q(M,N) C (a*) Y (Tina(N,N)) and
(04*)71<Dn) - DV(M).I

Example 37 The restriction of being substitutionally closed is essential.
Indeed, the exceptional theory Taph + (24), in Example 36 is, as we observed,
a peculiar axiomatization of the theory of empty graphs. On the other hand,
the second assumption in Theorem 3.7 is satisfied by the complete graphon

N:(SQ.

Remark 6 Another application of this construction is that it easily allows us
to define the action of open interpretations on theons. Namely, let I: T7 ~» T,
be such an interpretation, where T}, is in the language £,, and let N be a
Ty-on (weak or strong). For every P € Ly, I(P) is an open formula in the
language £, and thus we may form a P-on T(I(P),N) C & py according
to Definition 3.5. Then the Euclidean structure made by these P-ons for
P € Ly is a Ti-on (weak or strong) that will be denoted by () and satisfies
b1y = dn 0 7l (cf. Theorem 2.14). The proof goes along the same lines as
the proof of Theorem 3.7.
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Before we proceed to the rather technical statement of the uniqueness
theorem, let us provide some intuition for operations that preserve densities
of submodels in a theon.

For simplicity, let us consider the case of a single predicate P of arity 3. In
Theorem 2.18 for graphons, we have seen one example of such an operation,
“permuting vertices”. Namely, let fi: [0,1] — [0, 1] be an arbitrary measure
preserving function. If we let

N ={z e & | (filrpy), filry), [ilre), vao, Tasy, sy, Taes) € N,

then A and N’ represent the same limit object (i.e., we have ¢p = pr).
This is a complete triviality.

It is equally clear that in the same manner we can “permute” the variables
indexed by sets of higher cardinalities. Say, for a measure preserving function
f2:10,1] — [0, 1], the P-on

N = {$ €& | (37{1}7513{2}7-’17{3},f2(${1,2}), fz(fﬂ{l,s}), f2(${2,3})7${1,2,3}) € N}

also represents the same limit object as N.

Let us now do something slightly more interesting and allow f5 to depend
on the vertices. That is, we take a measurable function fo: & — [0, 1] such
that for every (zg1y,2123) € [0, 1]? the function rp0y — fo(xy, Ty pey) I8
measure preserving and define

N = {“f € 53‘(?6{1}71?{2}"'”{3}’
fQ(x{l}w T2}, 33{1,2})’ f2(${1}7 T3}, x{l,?}})? f2(${2}7 T3}, ${2,3})7
T{13}) € N}'

Then we will already need a consistency condition that, as it turns out,
simply amounts to requiring that f; is symmetric. The reason is best illus-
trated by the following simple example; remarkably, the symmetry condition
is mostly needed when the underlying predicates are highly asymmetric.

Example 38 Let us for a moment switch from &3 to &, i.e., to ordinary
digraphons (cf. [DJ08]). Then N of {x €& ‘ T2y < 1/2} describes a
random graph (viewed as a model of Tpigraph in which a graph edge is re-

def

placed by anti-parallel edges of the digraph), while the digraphon N’ =
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{x €& ‘ Ty <1/2=20y < x{g}} corresponds to a random tournament.
These are totally different combinatorial objects.
Nonetheless, the (non-symmetric) function

T{1,2} if zp1y < 22);

fo(xpy, Ty, 2 2)) = {

1-— T{1,2} if T{1}y > T{2}
maps N to N a.e. and vice versa.

Naturally, we can go one step further and mix all these “permutations”
as follows. If f;: & — [0,1] for d = 1,2, 3, then the P-on

NW = {x € 53‘(f1(${1})7fl(x{z})afl@{?)}),
fo(zpy, vy, 212y), fo@gay, sy mq13y), fo(@qey, Tqsy, Tr23y),

Fa(way, ey 2y, 2 0.2), sy sy To2sy)) €N }

(26)
represents the same limit object as A as long as each f; is Sg-invariant and
is measure preserving on the highest order argument.

Finally, let us note that in general there may not exist any measure
preserving transformation f taking N to N’ directly. The following example
is paradigmatic in this respect.

Example 39 Recall from Example 4 that T def TLinOrder has only one model
of each size. This immediately implies that Hom™ (A[T],R) has only one
element, hence all T-ons represent this unique limit object. However, it is
straightforward to check that for the T-ons

N = {z € & | wpy mod (1/2) < 2y mod (1/2)};

N {x € & | xpy mod (1/3) < 29y mod (1/3)}
there is no family of symmetric measure preserving functions f taking one

into another (see Figures 3a and 3b).
The remedy is to employ a “middle theon” (cf. [Lov12, Theorem 3.10]). Let

Ny & {x € & | xpny mod (1/6) < 29y mod (1/6)} (Figure 3c) and consider
measure preserving functions fi(z) = (3z) mod 1, g;(x) = (2z) mod 1. Then,
suppressing the dummy argument x; 5y, we have

v e Ny = (filry), filzggy)) €N = (gi(wy), g1(wgy)) € N
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Dually, and, perhaps, more naturally, we could instead “flatten out” the
structure and consider the “standard model” A; & {x €& | vpy < 2qyy}
(Figure 3d). Then, employing the same functions fi, g; as above, we would

have

reN = (qg(zpy), g1(rgy)) € Ni;
zeN' = (filzpy), fi(z)) € N

We would like to note, however, that we do not know how to extend this
second approach to the general situation.

T(2) (2}
1; 1
0

{1y 0

MMM MM

{1y

Figure 3: Projections of Tiiyorder-0ons of Example 39 on the coordinates x )
and x ).

Let us now proceed to formal definitions and statements.
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def def

Definition 3.8 For a finite set V, let (V)* = (V) \ {V} and let & =
[0,1]"")". Again, as a shorthand, when V = [k], we will write r(k)* and &
instead of r([k])* and £

Let f: & — [0,1]. The function f is said to be symmetric if it is invariant
under the action of Sy. Furthermore, the function f is said to be measure
preserving on the highest order argument (h.o.a.) if it is measurable and for
every x* € &}, the function

0,11 =10,1]"} — [0,1
y — f(z",y)

IS measure preserving.

Suppose now that f = (f,..., fx) is a family of symmetric functions
with fy: & — [0,1]. Then we define a new sequence f = (f1,..., fi) with
fdi (C:d — (C:d by

n def .

fa(x)a = fla(aa(@)) (A €r(d)),
where a4: [|A]] — [d] is a fixed injection with im(as) = A. This definition
is independent of the choice of ay, since the function fj4 is symmetric,
although in practice it is always convenient to take as a4 the enumeration of
A in the increasing order. As a consequence, f; is Sg-equivariant, and it is
straightforward to check that all f;’s are measure preserving in the ordinary
sense. Note also that the diagram

Ep L Ep
"
gd, L) Ed
is commutative, where 1 < d < D < k and : [d] = [D] is an arbitrary
injection. Hence (since 5* is surjective) fi, ..., fx_1 are in principle completely

determined by fk It is, however, more handy to keep all of them in the
notation.

Theorem 3.9 (Uniqueness, first form) Let T be a canonical theory in a

language L, let k < max{k(P) | P € £}, and let N and N be two weak
T-ons. The following are equivalent.
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1. We have ¢ = ¢pr, that is N and N' give rise to the same element of
Hom™ (A[T],R);

2. There exist families f = (f1,..., fr) and g = (¢1, ..., gx) of symmetric
functions measure preserving on h.o.a., fg: E; — [0,1] and g4: E4 —
0,1] and a weak T-on N with the property

for every P € L and almost every x € Ep).

Remark 7 Upon closer inspection of graphon uniqueness (Theorem 2.18),
the reader may have noticed that there is no analogue of the functions
fo,92: & — [0,1]. The reason comes from the way that we represent 2-
hypergraphons as graphons (cf. Section 2.7): a 2-hypergraphon # corresponds
to the graphon W (u,v) = A({p € [0,1] | (u,v,p) € H}) and since f, and gy
are measure preserving on h.o.a., these functions do not affect W.

Finally, let us present a slightly stronger but somewhat more technical
version that will turn out to be useful in Section 7 (cf. [DJ08, Theorem 7.1(vi)]).
For an intuition, note that the choice of [0, 1] as the probability space on
which the intermediate T-on N in Theorem 3.9 lives is rather arbitrary; we
will further elaborate on this point in Section 7. In particular, we can take as
its ground space the square 2 = [0, 1]2. Then the stronger version essentially
says that one of the two functions f, g can be taken as (or, rather, induced
from) the projection Q — [0, 1].

Definition 3.10 (Definition 3.8, cntd.) Consider the product action of
Sy on &y x Ey and let h: Ey x &y — [0, 1]. Analogously to the previous case,
the function h is said to be symmetric if it is invariant under the action of
Sy. Furthermore, the function h is measure preserving on the highest order
argument (h.o.a.) if it is measurable and for every (z*,7*) € & x &}, the
function

0,122 [0, 1] x [0,1]" — [0,1]
(v, 9) — h((@"y), (@",7))
is measure preserving.

Likewise, if h = (hq,...,hy) is a family of symmetric functions with
hg: EgxEy — [0, 1], then we define the tuple h = (hy, ..., hg); ha: EaxEq — &y
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by

~ P def % PRVPR

ha(2,%)a = hja(aa(2),04(7)) (A €r(d)),
where a4 is as before.

Theorem 3.11 (Uniqueness, second form) Let T be a canonical theory

in a language C, let k < max{k(P) | P € L}, and let N and N be two
T-ons. The following are equivalent.

1. We have ¢nr = ¢prr, that is N and N give rise to the same element of
Hom ™ (A[T],R);

2. There exists a family h = (hq, ..., hg) of symmetric functions measure
preserving on h.o.a., hq: €4 X E4 — [0, 1] such that

z € Np = hypy (2, %) € N,

for every predicate symbol P € L and for almost every (x,7) € Eppy X
Exp)-

Example 40 In the notation of Example 39, we can set

(2x) mod 1 N |37
3 3’

hy(z,2) =

which gives
€N =hy(z,7) € N,
for almost every (z,7) € & x &.
On the other hand, setting

(3zx) mod 1 |27

Py (z,7) =

gives

~

Ry(2,7) eN =z €N,

for almost every (z,7) € & x &,.
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4 FEuclidean removal lemmas

As a warm-up, we begin with proving a (much simpler and constructive)
version of Theorem 3.3 for almost Horn theories, which we define below.

Definition 4.1 A literal is either an atomic formula (positive literal) or its
negation (negative literal). An almost Horn clause is a disjunction of literals
with at most one positive literal not involving equality'®.

Let us call a canonical theory an almost Horn theory if all of its axioms
are almost Horn clauses (note that the canonicity axioms (5) are equivalent
to Horn clauses).

By using variable substitution and renaming and arguments similar to
Theorem 2.3 we can re-axiomatize any almost Horn theory to have only three
types of axioms.

1. Fact clauses, which are of the form

/\ Z; 7& Tj — Q(fl, e ,ZL‘k(Q)), (27)

1<i<j<n
where k(Q) < n.
2. Definite clauses, which are of the form
T
/\ Z; ?’é xj N /\ Pt(‘rit,ﬂ s 7xit,k(Pt)> - Q(xla SR 7Ik’(Q))7 <28>
1<i<j<n t=1

where T' > 0; k(Q),4:; < n and for any ¢, i1, ..., kp,) are pairwise
distinct.

3. Goal clauses, which are of the form
T

- ( N zi#x A\ P, ,xii,k(},ﬁ)> : (29)
1<i<j<n t=1

where T' > 0; 4; ; < n and for any ¢, 41, ..., % kP, are pairwise distinct.

16Thus, the difference with a Horn clause is that we allow any number of positive literals
based on equality. For example, the formula P(x,y)V—-Q(z)V-R(y, z)Vae = yVy = zVz # z
is an almost Horn clause but not a Horn clause.
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Note that this axiomatization makes the theory substitutionally closed (cf. Def-
inition 3.6): every non-trivial substitution will trivialize all the axioms due to
the presence of the term A, .., zi # ;.

Example 41 Up to re-axiomatization, the theories Tgraph, Tk -Hypergraph, 1 Order
and Tgqre are almost Horn theories. Furthermore, any theory obtained from
an almost Horn theory T' by forbidding non-induced models (i.e., by adding
goal clauses of the form = PDpen(M) for some M € MIT]) is also an almost
Horn theory.

Definition 4.2 Let A C [0,1]¢ be a Lebesgue measurable set. A point
x €[0,1]%is a Lebesque density point of A if

lim AB(z,r)NA)

r—0+ AN(B(z,r) N[0, 1]%) =L (30)

where B(z,7) denotes the (,.-ball'” of radius r centered in z.
We will denote the set of all Lebesgue density points of A by D(A).

The property of Lebesgue density points below says that almost every
point of a Lebesgue measurable set is a density point of it and almost every
point of its complement is not a density point (see e.g. [Bog07, 1-5.8(ii)]
or [Oxt80, Theorem 3.21}).

Proposition 4.3 If A is a Lebesque measurable subset of [0,1]¢ then D(A)
is a Borel set such that \(A A D(A)) =0 and D(D(A)) = D(A).

Theorem 4.4 (Horn Euclidean Removal Lemma) Let T be an almost
Horn theory in a language L. If N is a weak T-on, then setting

< D(Np) (31)
for every predicate symbol P € L yields a strong Borel T-on N' such that
ANp AND) =0, (32)

for every predicate symbol P € L. In particular, we have ¢ = dpr.

1"Tn fact, one can use other norms to define Lebesgue density points and get an a.e.
equivalent definition, but for us it will be slightly more convenient to use the ¢,,-norm.
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Proof. By our previous observations, we may re-axiomatize 7" to be substi-
tutionally closed and only have axioms of the forms (27), (28) and (29).

From Proposition 4.3, N satisfies (32), which in particular implies that
N’ is a Borel T-on satisfying ¢n = ¢nr; it only remains to prove that it is
strong. By Theorem 3.7, it is enough to show that T'(F,N’) 2 &, \ D,, for
every axiom VZF (zq,...,2,).

Consider first a fact clause F of the form (27). Since T(F,N) = N,
by the weak version of Theorem 3.7, we have \(Ng) = 1, which implies
T(FN') =Ny = DNg) = &

Consider now a definite clause F' of the form (28). For every t € [T, let
ay: [k(P)] — [n] be given by o (j) = 4;;. Let also ¢: [k(Q)] — [n] be the
natural inclusion. Then we have

T(FN') = (") (N U (& (@)~ z%))-

Hence it is enough to show that (), (a) ' (N},) \ Dy C () HNG).-

Fix then z in the first set and let G & {Aer(n)|0<zy<1}. Fix also

e > 0 and let 7y > 0 be small enough such that for every A € G we have
(24 — 70,24 +10) C [0, 1] and for every r € (0,r9) and every t € [T] we have
AB(aj(2),7) N Np,) €

>1— —.
AN B(aj(z),r) N Exp,)) — T

This inequality scales'® to &, as

A(B(z,r) N ()" (Np)) €
NBGNE) =TT

(The denominator in the above is equal to r2"~! . 2/¢1 )
By the union bound, it follows that

A (B(Z,T’) N m(a;‘)l(./\/’pt)> > (1—e)NB(z,7)NE,), (33)

18This is precisely why we prefer to use the £,,-norm: it behaves exceptionally well with
respect to projections.
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and from the weak version of (3.7) for T(F,N'), we get
MB(z,7) N ()1 NG)) = (1 — ONB(2,7) N Ey),

hence

ANB(*(2),7) N Ng) 1.
AB((2), 1) Néwe) — '

As € > 0 was arbitrary, this implies z € (:*)""(D(Ng)) = (t*)""(N) as
desired.

Finally, consider a goal clause F' of the form (29), define a; as in the
previous case and let again z € (N (a})~( 7.) \ D,. Repeating the
first part of the previous argument, we get (33). However, this time since
T(F,N) = &\ Ny ()" (Np,), the weak version of Theorem 3.7 implies
AN, ()" Y(Ng,)) = 0, a contradiction.m

Following up on Example 41, we have the following corollary.
Corollary 4.5 (Non-induced Euclidean Removal Lemma) Let T be a
theory of the form FoerTere (F), where Tpywe 1s the pure canonical theory in

the underlying language L with the set of axioms (5). If N is a weak T-on,
then there exists a strong Borel T-on N such that

AN ANP)=0
for every predicate symbol P € L.

Proof. Since T is almost Horn, this is a partial case of Theorem 4.4.m

For completeness, let us also explicitly state the dual of Corollary 4.5.

Let us call a canonical theory T positive if all its axioms VZF(Z) different
from (5) are positive, that is any occurrence of an atomic formula is in the
scope of an even number of negations.

Corollary 4.6 (Positive Euclidean Removal Lemma) Let T be a posi-

tive theory in a language L. If N is a weak T-on then there exists a strong
Borel T-on N such that
AMNp ANpP)=0

for every predicate symbol P € L. In particular, this implies that oxr = Pr.
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Proof. The theory T” obtained from 7' by negating all atomic formulas is
almost Horn. Apply to it Theorem 4.4 and negate the resulting 7"-on (note

that (31) now becomes N} def Ewpy \ D(Expy \Np)).m

The dual of full theorem 4.4 also follows by the same argument.

Note that the underlying reason why the proof of Theorem 4.4 works
is that every point y € N} is “guaranteed” to be correct because in its
neighborhood “almost all” points are also in Aj. The same idea will be used
in the proof of Theorem 3.3, but this time we need to ensure that points
both in N} and its complement are correct. However, there are points that
are neither density points of Np nor of its complement, and this is precisely
where we will have to resort to the axiom of choice.

The idea of the proof is that we want to “repair” the peons in a way that
all axioms of the theory are respected and apply Theorem 3.7. To do that,
we first invoke the Compactness Theorem for propositional logic and reduce
the problem to “repairing” only finitely many points y € &(p).

Then we define random variables y(™ uniformly distributed over B(y,r)
and we decide whether to put y in the P-on N}, based on whether y(™ is in
Np or not. If r is small enough, then with high probability density points
of Np will be put in N} and density points of Eypy \ Np will be put in
Expy \ Np. The remaining points will be assigned randomly, but will have
a positive measure witness to the fact that they satisfy the axioms of the
theory.

Let us now do the formal proof.

Proof of Theorem 3.3. By Remark 5, we can assume without loss of
generality that 7" is substitutionally closed. Let us call a point y € Ey(p)\ Di(p)
bad for P € Lif y ¢ D(Np)U D(Eypy \ Np) (ie., if y is not a density point
of either Np or its complement) and let Bp be the set of all points that are
bad for P. Note that A\(Bp) = 0 by Proposition 4.3.

Our P-ons N} will contain the set D(Np) and will be disjoint from
the set D(&kpy \ Np), which will immediately give (22). The behavior of
N} on the remaining set Bp can be described by an (uncountable) set of
propositional variables pp, (P € £, y € Bp) with the intended meaning
“ppy = 1 =y € N}”’. By Theorem 3.7, the T-on N/ = (N})pe, is strong
if and only if for every axiom VZF(xy,...,x,) and every z € &, \ D,, we
have z € T(F,N'). For any fixed z the latter fact is expressible by a finite
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propositional formula Ag, in the variables pp,. We have to prove that this
system of propositional constraints is consistent.

For this purpose we invoke the Compactness Theorem for propositional
logic (see e.g. [CK73]): as we noted in the introduction, while this step
may look innocent, it is actually equivalent to a weak form of the axiom of
choice. According to this theorem, it is sufficient to prove that any finite
system {Ap .,,...,Ap, .} of constraints is consistent. Fix for the rest of the
argument any such system, and let us denote by n, the number of variables
in F,. Let also Yp be the set of all y € &,(p) for which at least one of these
constraints contains a propositional variable pp,. Note that all y € Yp are
of the form i*(z,) for some v € [¢] and i: [k(P)] — [n,]. In particular, since
2, & Dy, we have Yp N Dypy = 0.

Now, let €2 C [0, 1] be the finite set of all the coordinates of all the points
21,...,2¢ (hence any y € Yp also has these coordinates). For z € € and
X C Q let us introduce a random variable £ (z, X) uniformly distributed in
[z—r, z+7]N[0, 1]; all these variables are assumed to be mutually independent,
including those that correspond to the same x.

These variables naturally define random perturbations yee ,zér) of
the points 21, ..., 24, as well as of all points y € Yp. Namely, we let

zY)

(257)4 E €D (), {(20) g0y |1 € A}),

and similarly for y € Yp:

r def r X
(¥™)a = € (ya {yay |1 € A}).
Two straightforward but very useful facts about these distributions are:

Consistency Let v € [(], and assume that y = i*(2,) for some i: [k(P)] —
[n,]. Then y™ is the pushforward distribution i*(zS").

Local Independence For any fized v € [¢], the variable 2" has uniform
distribution over B(z,,r) N &,,, and the same is true for y™ (y € Yp).
Indeed, since z, & D,,,, all sets {(zl,){i} ! 1€ A} are pairwise different.
Hence all random variables involved in the definition of 2" (or y™)
are mutually independent!®.

19This is precisely why we need the extra parameter X: our definition of the diagonal
D,, does not forbid collisions in higher-order coordinates.
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We now can also define a random Boolean assignment u(™) to the variables
ppy (y € Yp) by letting ng, = 1=y™ € Np. As there are only finitely

many of them, we can fix an assignment u in such a way that

lim sup P [’u,(’") =u] > 0. (34)
r—0

We claim that this u is good, i.e., it satisfies all the axioms Ap, ., .

Recalling the definition of Ap, ., , we want to show that upon updating all
P-ons Np to Nj on the points y € Bp N Yp according to the rule y € Np =
up, = 1 we will have z, € T(F,,N’) for all v. For that we compare to the
event 257 € T(F,, N).

Firstly, we have P [z,(,r) eT(F,, N )} = 1 simply because N is a weak
T-on. Thus, it suffices to show that

limsupP [2{"7 € T(F,,N) = 2, € T(F,,N")] > 0. (35)

r—0

For P € £ and i: [k(P)] = [n,], let E®(P,i) be the event i*(z,(f)) €
Np = i*(z,) € Np; then the event in (35) is implied by the conjunction of
all E™(P,4) (see item 3 in Definition 3.5). However, since i*(z,(f)) =y,
by the Consistency property, the conjunction A {E(T)(P,i) i*(z,) € Bp}
is precisely the event u(™ = u in (34). On the other hand, if i*(z,) & Bp
then lim,_,oP [E")(P,i)] = 1 is a consequence of Definition 4.2 and Local
Independence. Hence (34) implies (35).

The proof of Theorem 3.3 is complete.m

Note that the proof of Theorem 3.3 above actually gives us more informa-
tion (which will be useful in Section 7.3) about the structure of the difference
set:

Proposition 4.7 If T is a theory in a language £ and N is a weak T-on,
then there exists a strong T-on N’ such that

D(Np)\ Dipy € Np C Expy \ D(Erpy \ Np)

for every predicate symbol P € L.
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4.1 Constructive proof for linear orders

As we mentioned before, Theorem 3.3 gives a non-constructive proof of
the existence of the desired strong T-on using the axiom of choice. As a
consequence, this strong T-on is not necessarily Borel. On the other hand,
Theorem 4.4 gives a choice-free construction of a strong Borel T-on in the
case when T is an almost Horn theory. While we do not know whether a
constructive proof of Theorem 3.3 is possible in general, in this subsection
we present an ad hoc argument for the non-Horn theory of linear orders
(TLinorder)- The proof is somewhat on a technical side and this result is not
used in the rest of the paper. But it highlights the difficulties on the way of
trying to get a constructive version of Theorem 3.3 for arbitrary theories.

We start with defining a few notions that already were informally used in
various contexts.

Definition 4.8 Let P be a predicate symbol of arity 2 and let N’ C &, be a
P-on.

Let us say that the peon N is anti-symmetric if (xgy, g2y, vq10)) €N =
(z12y, 1y, a,2y) € N for every o € & \ D,. In other words, N is a strong

TTournament‘ on.

Let us say that N is transitive if for every z € &3 \ D3, we have
(I{l}, {2}, :L‘{l,g}) eNA (I{Q}, {3}, I{273}) eN — (l’{l}, {3}, I{Lg}) eN.

In other words, N is a strong Tpreorder-0n, Where Tpreorder 1S the theory
of (partial) preorders. In these terms, a strong Tiinorder-On is simply an
anti-symmetric and transitive peon.

For (z,y) € &, we define the section

An(z,y) € {2 €[0,1] | (z,y,2) € N},

The P-on N is called &;-measurable if for all (z,y) € &, the section Ax(z,y)
is either () or [0, 1], i.e., N does not depend on the third coordinate.

&;-measurable peons correspond to {0, 1}-valued graphons in Lovész’s
terminology; the reason we prefer the name &;-measurable is that peons are
sets rather than measurable functions to [0, 1] (cf. the correspondence between
graphons and 2-hypergraphons in Section 2.7).

It may seem that all strong 71 order-0ns are £;-measurable, but the
following example shows that this is not the case.

64



Example 42 The Ttinorder-on N defined by

No={z €& |zpy mod (1/2) < 25y mod (1/2)
Vi(zpy =2y — 12N 209 <1/2 ANz # 1)
Vi(zpy =2y +1/2 A w019y > 1/2)
Vay = 1}
is a strong Tiinorder-on (cf. Theorem 3.7); it differs from the (weak) T1inorder-on
N of Example 39 by a set of measure 0.

Intuitively, this T1norder-On corresponds to the “random total order” <
on [0, 1] defined as follows. First we let a < b for every x,y € [0, 1] such that

xz mod (1/2) < y mod (1/2).

We also let 1 <X z for every = € [0, 1]. Then for each = € [0,1/2) we, roughly
speaking, make a “random choice” z < x+1/2 or z+1/2 < x with probability
1/2 each.

The constructive (i.e., avoiding the axiom of choice) proof of Theorem 3.3
for Tiinorder below can be summarized into the following three steps:

1. Get a (weak Borel) anti-symmetric 77 in0rder-On.

2. Get &-measurability preserving anti-symmetry (and Borel measurabil-
ity).

3. Get transitivity preserving anti-symmetry (as well as Borel and &;-
measurability).

The first item on this program is easy but, remarkably, it takes care of
the only non-Horn axiom of T1i,0rder-

Lemma 4.9 If N is a weak Tiinorger-0n, then there exists a weak Borel
anti-symmetric Tiiorder-on N7 such that \(N A N') = 0.

Furthermore, if N is E5-measurable, then N’ can also be taken E;-
measurable.

Proof. By possibly changing N in a zero-measure set, we may suppose it is
a Borel theon. Then we let

NEze&lre N\WN-0) V(@ ¢gNAWN-0)Azpy <z},
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where o is the unique non-identity permutation in Sy (recall the natural
action of S5 on & from Definition 2.19). It is obvious that this construction
preserves & -measurability.m

Lemma 4.10 If N is a weak Borel anti-symmetric Tiinorder-0n, then there
exists a weak Borel E;-measurable anti-symmetric TLinoraer-on N such that

AN AN = 0.

Proof. Since the Borel g-algebra on &, is the product of Borel o-algebras
of [0, 1] in each coordinate, it follows that every section Axr(x,y) is a Borel
set for every (z,y) € &;.

Let us call a pair (z,y) € & vanishing if A(Ax(z,y)) = 0. By Fubini’s
Theorem, we know that if V is the set of vanishing pairs then (V x [0,1]) NN
is Borel and has measure 0.

Let us call a pair (z,y) € & full if A(An(z,y)) = 1. By Fubini’s Theorem,
we know that if F is the set of full pairs then (F x [0,1]) \ NV is Borel and
has measure 0.

Finally, let us call a pair (z,y) € & bad if 0 < M(An(z,y)) < 1. Again,
Fubini’s Theorem implies that the set of bad pairs B is a Borel set.

Note that if B has zero measure then setting

N (NVUEFEx[0,1)\ (BUY) x[0,1))

gives a weak Borel £5-measurable 771 i,0rder-01, to which we can apply Lemma 4.9
once more and get back anti-symmetry while preserving £;-measurability.
Thus, it remains to prove that B does have zero measure.

Suppose not, then by countable additivity there must exist n € N, such
that

SUNCHIEIEES:

S|

&g{WMEQ

has positive measure. Note that the anti-symmetry of N implies that B, is
symmetric, that is, we have (z,y) € B, = (y,z) € B,,.
For every z € [0, 1], define the section

Bu(x) € {y € [0,1] | (z,y) € Bu}.

By Fubini’s Theorem, the set X of x such that A(B,(z)) > 0 has positive
measure.

66



We now pick & uniformly at random from the set

{:1: €& } T2}, T{3} € Bn(x{u)} :

Since
1
Pwu}@{z}@{a} P${1,2}aw{1,3} [(w{2}7 {1}, 113{1’2}) eNA (112{1}, T{3}; w{1’3}) < N] > ﬁ =1,

and since N is a weak Tiinorder-0n, it follows that

P [(®g2}, Tsy, Tyz3y) EN] = 1.

But this implies
1
Patyy e e |Pramees (@03 Tepagy) €N A (@) 2e) o) €N 2~ =1,

hence, repeating the previous argument, P [(1}{1},${3},${1’3}) € ./\/'} =1,
contradicting the fact that xysy is picked in Bn(az{l}).

Therefore the set of bad pairs B has zero measure and the proof is
complete.m

Before we proceed to the final step, let us prove an easy lemma about

anti-symmetric peons.

Lemma 4.11 Let N be an anti-symmetric peon and let U C [0,1] be a
Lebesgue measurable set with A(U) > 0. Then there exist x1, x5 € U such that

A{(y,z) € U x [0,1]
A{(y,z) € U x [0,1]

| (1,9, 2) € N}) > 0; (36)
| (y,22,2) €N}) > 0.

Proof. For every x € U, let V(x) be the set in (36) with x; = z.
Since N is anti-symmetric, by Fubini’s Theorem, we have

AU)?

0
N

— MU x U x [0,1]) AN = / AV (2))dA(z),

U

so there exists z; € U such that A(V(z;)) > 0. The assertion for xo follows
by anti-symmetry.m
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Theorem 4.12 If N is a weak Tiinorder-0n, then there exists a strong Borel
E;-measurable Tiinorder-0n N7 such that A\(N A N') = 0.

Proof. By Lemmas 4.9 and 4.10, we may suppose that A is a weak Borel
&;-measurable anti-symmetric 77i,0rder-On.

Since all T1i,0rder-0ns in this proof will be £5-measurable, we will suppress
all dummy variables xy indexed by V with |V| > 2. Furthermore, since all
variables are now indexed by singletons, we will use the notation w; for z ;.

Let F' be the open formula

T<YyYNy<z—->x <2z

By Theorem 3.7, we have A(T'(F,N')) = 1. For every x € [0, 1], define the
sections

T(F,N(2) % {(23,05) € [0, 1 | (2,25, 23) € T(F,N)};
T(E,N)o(2) & {(21,25) € [0,1]2 | (21,7, 23) € T(F,N)};
T(F,N)s(x) = {(x1,22) € 0,1 | (21, 25,2) € T(F,N)};

and let G be the set of “good” points z € [0, 1] such that A\(T(F,N);(z)) =1

for all ¢ € [3]. Note that A(G) = 1 by Fubini’s Theorem.
For every (x1, ) € [0,1]%, define the “witness” set

W(z1,22) € {y € G| (z1,9) € N A (y,22) € N}

Let us call a pair (x1,22) € (G X G) \ Dy excellent if at least one of
W (z1,x9) or W(xs, 1) has positive measure and let £ C (G x G) \ D; be
the set of excellent pairs (note that (x1,72) € E = (19,21) € E).

We now define N by

N ¥ {(21,25) € E | MW (21, 25)) > 0}
U{(z1,22) € (GXG)\ E | 21 < 22}
U ([0,1]\ G) x G
U {(z1,22) € ([0,1]\ G) x ([0,1]\ G) | 21 < x}

(37)

Fubini’s Theorem guarantees that this is a Borel set. The intuition behind
this construction is that z; is declared “smaller than” x5 if there is a positive
measure witness W (xy, z5) to this fact. However, since we need the resulting
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relation to be total, we need to consistently decide the ordering between pairs
that are not excellent.

Let us prove that N is anti-symmetric. If (z1,29) ¢ E with 1 # x5, then
clearly (z1,22) € N' = (x2,21) ¢ N’. This means that the only way N can
fail anti-symmetry is if there exist distinct xq1, 29 € G with A(W (21, 25)) > 0
and A(W(z2,21)) > 0. But since z; € G, we know that for almost every
(y,2) € W(x2, 1) X W(x1,22), we have (y,z) € N. On the other hand, since
xe € G, we know that for almost every (z,y) € W(xy,z3) x W(xa,z1), we
have (z,y) € N. Hence if A(W(z1,22)) > 0 and A(W (xq,x1)) > 0, then
almost every point of the positive measure set W (z1, z2) x W(xq,x;) violates
the anti-symmetry of N, a contradiction. Therefore N’ is anti-symmetric.

Let us now show that A(N A N’) = 0. To do so, let us first show that
A(F) = 1. Note that since A\(G) =1 and E' C G x G, it is enough to show
that the set

7Y (GxG)\E
has zero measure. For every x; € GG, define

(iﬂl)dze Ty € G| (21,22) € ZNN};

Z X
Zo(11) € {2y € G| (21, 72) € Z\ N}

We claim that A(Z1(z1)) = 0 for every z; € G. Indeed, otherwise, by
Lemma 4.11, there would exist y € Z;(x1) such that \({z € Z1(x1) | (2,y) €
N}) > 0, which would imply that A(W (z1,y)) > 0, contradicting (z1,y) ¢ E.

Using anti-symmetry, we also conclude that A\(Zy(z;)) = 0 for every
x1 € G, and by Fubini’s Theorem, we get \(E) = 1. This means that to show
that AN A N’) =0 it is sufficient to prove that A(N AN’)NE) = 0.

If (21, 29) € (N'\N)NE, then for every y € W (1, x2) we have (x1,y, x2) €
T(=F,N). But then Fubini’s Theorem implies that \(W (xy,x2)) = 0 for
almost every (x1,25) € (N'\ N) N E. Now the definition of N’ gives
AW (x1,x9)) > 0 for every (z1,22) € N'N E, so we must have A((N"\ N)N
E)=0.

On the other hand, by anti-symmetry, we have (z1,29) € (N \N')NE =
(xe,21) € N\ N)NE, so it follows that A(N \ N') N E) = 0 as well.
Therefore A(N A N”) = 0. It remains to prove that A7 is also transitive. Fix
(z1, T, 23) € [0, 1]3.
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If at least one of x, Ty, x3 is not in G, then clearly N satisfies transitivity
for (all permutations of) (z1, 3, x3). The same holds if none of the pairs
(21, 22), (22, x3), (x3,21) is in E.

Suppose then that z1,x9,23 € G and that at least one pair is in E.
Without loss of generality, let us suppose that A(W(zy,x9)) > 0.

By anti-symmetry of N, for every z € W(z1,z2) \ {3}, we either have
(2,23) € N or (x3,2) € N. Since A(W(z1,22)) > 0, at least one of these
possibilities must have positive probability, so we either have A\(W (x1,x3)) > 0
or A(W(x3,x2)) > 0; in both cases, it follows that N/ satisfies transitivity for
(1,22, 23). Therefore N’ is a strong Borel £-measurable T;,0rder-0n such

that AN AN')=0.m

Corollary 4.13 If N is a weak Tperm-on, then there exists a strong Borel
Tperm-on N such that N, is E-measurable and AN~ AN”,) =0 for all
i€ (2]

Proof. Simply apply Theorem 4.12 to each of the peons separately. The
resulting Tper-on is strong since Tpey 18 the disjoint union of two copies of

TLinOrder -a

5 Existence and uniqueness

The objective of this section is to prove Theorems 3.4 and 3.9, but before
we do so, we will prove that yet another object is cryptomorphic to limits of
convergent sequences of models. Throughout this section, random variables
will be identified with their distributions, that is we do not distinguish between
random variables corresponding to the same probability measure.

Let us first recall the definition of weak convergence.

Definition 5.1 A Polish space is a separable completely metrizable topo-
logical space. Let S be a Polish space endowed with the Borel o-algebra
B(S); we view it as a (standard) Borel space. A sequence (X, ) ey of random
S-valued variables weakly converges (or converges in law, or converges in
distribution) to another S-valued random variable X if for any bounded
continuous function f € C(S), lim, o E[f(Xn)] = E[f(X)].
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It is a direct consequence of Prokhorov’s Theorem that the random variable
X is uniquely defined (due to our convention), we will denote it by lim,, ., X,
and say that the sequence (X, )nen weakly converges if this limit exists.

Let us recall two important theorems on weak convergence. A continuity
set of X is a Borel set B such that P [X € 0B] = 0, where 9B is the boundary
of B.

Theorem 5.2 (Portmanteau) If X and X,, (n € N) are random variables,

then the following are equivalent.

o The sequence (Xp)nen weakly converges to X .

e For every continuity set B of X we have

lim P[X, € B]=P[X € B].

n—oo
e For every open set U C S, we have

liminfP [X,, € U] > P[X € U].

n—o0o
e For every closed set C' C S, we have

limsupP [X,, € C] <P[X € C].

n—o0

Theorem 5.3 (Method of moments) Let I be a finite or countable set of

indices, and let S o [0, 1] be endowed with product topology. Let (X )nen be

a sequence of S-valued random variables such that all joint moments converge,
that s, for every finite I' C I and every k: I' — N, the limit

1 m(Xn)’““)] (38)

icl’

lim E
n—oo

exists (m;: [0,1] — [0,1] denotes the projection on the ith coordinate).
Then (Xn)nen weakly converges and lim,, ., X,, depends only on the
moments (38).

After these preliminaries, let us get to our framework. First, we prove
a technical lemma that says that weak convergence of sequences of random
models is the same as convergence in expectation. This is a far-reaching gener-
alization of Theorem 2.13 (the latter corresponds to deterministic sequences).
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Lemma 5.4 Let (S,)nen be an increasing sequence of integers and (Nyp)nen
be a sequence of random models of a theory T such that |V (Ny)| = s, for
every n € N. Then the following are equivalent.

1. limy, 00 E [p(M, Ny,)| exists for every M € M.

2. The sequence (p(—, Np))nen of [0, 1]M-valued random variables weakly
converges.

3. The sequence (p(—, Ny))nen weakly converges to a random variable
supported on Hom™ (A, R).

Moreover, if the above holds then lim,, .. p(—, Ny,) is uniquely determined by
the limits lim,, o E [p(M, Ny)].

Proof. 3) = 2) and 2) = 1) are obvious. Let us prove 1) = 3).
Let My, Ms, ..., M; € M be arbitrary fixed models of T. By Lemma 2.11,
we know that

t

lim max |p(My, Ms,..., M N,) = [[p(M;, No)| = 0. (39)

n—00 NpeMop ey
1=

But by Lemma 2.9 we know that p(M;, Ms, ..., My; N,) can be written
as a linear combination of (p(M, Nyp))wmem, which by linearity of expecta-
tion implies that the limit lim,,_,, E [p(M;, Ma, ..., My; N, )| (and hence also
lim,, o E [H§:1 p(M;, Nn)}) exists.

Since all joint moments of (p(—, Nyp))nen converge, by Theorem 5.3 the
sequence (p(—, Np))nen weakly converges and the limit distribution ¢ is
completely determined by its joint moments, which, by (39), are completely
determined by (lim, o E [p(M, Ny )]) prem-

It remains to prove that P [gz’) € Hom™ (A, R)] = 1. Since M is countable,
it is enough to prove that ¢ a.e. satisfies the relations defining Hom™ (A, R),
that is:

e for every M € M and every ¢ > |V(M)|, we have

Plop(M)= Y p(M,M)p(M)| =1; (40)

M'eM,
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e for every My, My € M and every { > |V (M;)| + |V (M3)], we have

P [¢(M1)¢<M2) = Z p(M1,M2;M/)¢(M,)] =1 (41>

M'eM,

Note that the event in (40) is a closed set in [0, 1] and note that if s, > ¢,
then

P [p(MaNn) = Z p(M,M/)p(MI,Nn)] =1,
M'eM,

hence (40) follows by Theorem 5.2.
On the other hand, fixing My, My € M, £ > |V/(M;)|+ |V (M,)| and € > 0,

the set
. }

Ue = {7/) € [0, 1]MH@/}(M1)¢(M2) - Z p(My, Ma; M )p(M)

M'eM,
is open, and by Lemma 2.11 we know that

lim P[p(—, Ny) € U] = 0.
n—0o0
By Theorem 5.2, we get P[¢p € U] = 0 for every ¢ > 0, which implies
that (41) holds.m

Next we need to make precise the notion of a random canonical structure
on an infinite countable set that we choose to be N, = N\ {0}.

Definition 5.5 Let V' be a set, and let (V) o Uken(V)e- Let us also
denote by Ky [L] the set of all canonical structures in the language £ with
vertex set V' (we do not identify isomorphic canonical structures). As usual,
we will drop [£] from the notation when it is clear from context, and we will
denote K, by K. For K € Ky, and V' C N, we denote by K|y € Ky the
structure induced by K on the set V.

The set Ky, can be naturally identified with {0, 1}{(Pe)IPEL, ac®)im}
and, in particular, it inherits the ordinary product topology from that space.
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The same topology can be alternatively described by the basis {Uk | K €
Ko, 0 € N}, where

Ui = {L € K, | Ll = K}

Note that each Uk is a clopen set. This immediately implies that a random
structure K € Ky, is uniquely determined by its marginals (K|jg)sen-

Lemma 5.6 Let (K, ),en be Ky, -random variables. Then the sequence
(Kp)nen weakly converges if and only if the limit lim, ., P [Kn\[@ = K}
exists for every £ € Ny and every K € K,.

Moreover, if this is the case and K = lim,,_,, K,, then

lim P [Ky |y = K] =P [K|jg = K],
again for every £ € N, and every K € ;.

Proof. “Only if” part readily follows from Theorem 5.2 and the observation
that every clopen set is a continuity set.

For the “if” part we have to invoke Prokhorov’s theorem again. The space
of all probability measures on Ky, (that we identify with random variables)
with the topology given by weak convergence is compact. Hence, for any
(Kp)nen there exists a subsequence (K, ) weakly converging to a random
variable K. But this space is also metrizable. Hence if the whole sequence
(K,) would not have converged to K, we could have found in it another
subsequence (K, ) converging to a different probability measure L, This,
however, is absurd since

P[K|g=K] = lim P[K,, |y = K]

m—0o0
= lim P [ lig = K] =P [Lljg = K],
and, as we remarked above, a probability distribution over Ky, is completely
determined by its finite marginals. This contradiction shows that in fact
The second part of the lemma is again immediate from Theorem 5.2.m

Definition 5.7 For a fixed target set €2, an array (indexed by (N;).,) is a
function X : (N} )., — Q.

74



Let Sy, denote the symmetric group over N and define the (right) action
of Sy, on the set of arrays indexed by (N.)., by letting

def
(X : 0)04 = Xsoa (O-/ € (N+)<w)a
for every permutation o € Sy, and every array X.
A random array X indexed by (N,)., is (jointly) exchangeable if for
every o € Sy, we have X ~ X - 0.

Let now Q & {0,1}*. The elements of the set Ky, that was previously

identified with {0, 1 HPIPEL acMor}  will be now viewed as Q-valued

arrays X, where we for definiteness put (X,)p &0 whenever P € £ and
a: [k] — N; are such that k # k(P).

A random structure K in Ky, is exchangeable if the associated random
array is exchangeable.

Remark 8 Since K is completely determined by its finite marginals, to
check whether K is exchangeable, it is sufficient to check that K ~ K - o
only for those o € Sy, for which {n € N} | o(n) # n} is finite.

This further implies that K is exchangeable if and only if for every ¢ € N
and every K, L € K, with K and L isomorphic we have

P[K|y=K]=P[Kl|y=1L]. (42)

Indeed, given a € (N} ), and o0 € Sy, pick £ to be large enough so that
im(a) Uim(o o &) C [¢]. Then we only have to replace o with an arbitrarily
chosen ¢’ € S, such that 0 o &« = ¢’ o «, and apply (42) to all possible
extensions of K, to K|y.

Definition 5.8 Let N be a canonical structure on n vertices. The distribu-
tion R(N) over Ky, is defined by picking uniformly at random a labeling
of N by [n] and completing it with isolated vertices. Formally, we pick
f:[n] — V(N) uniformly at random and define the random structure R(N)
on N, by letting

a € Rp(R(N)) =im(a) C [n]A foa € Rp(N),

for every P € L and every a: [k(P)] — Nj.

Furthermore, if IN is itself a random canonical structure, then we define
R(N) by picking f independently from IN.
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The next theorem (or, more exactly, its Corollary 5.11) add extreme
distributions of exchangeable random structures in Ky, to the list of objects
cryptomorphic to convergent sequences (this connection was originally pointed
out independently by Diaconis and Janson [DJ08] and Austin® [Aus08]).

Theorem 5.9 If ¢ is a probability distribution on the set Hom™ (A[T],R) C
[0, 1]MIT1 ) then there exists an exchangeable probability distribution K over
Kn, satisfying

P (K| = M] = E[¢(M))] (43)

for every M € M,,,. In particular, almost surely K is a model of T'.
Conversely, for every exchangeable probability distribution K over Ky,
that is almost surely a model of T, there exists a probability distribution ¢
over Hom™ (A[T],R) such that (43) holds.
Furthermore, (43) gives a one-to-one correspondence between probability
distributions over Hom™ (A[T],R) and distributions of exchangeable random
structures in Ky, that are almost surely models of T'.

Proof. Suppose first that ¢ is a probability distribution over Hom™ (A[T], R).
For every n € N, we define the probability distribution IV,, over M,, by

P[N, = N] E E[(N)].

Note furthermore that for every M € M,, with m < n, we have

E[p(M,Ny) = Y p(M,N)E[$(N)] =E[p(M)].

NeM,

On the other hand, for K € K, and N € M with |V(N)| > ¢ we have
P[R(N)|jg = K] = twa(K,N) (= (|Aut(K)|/€) - p(K,N)). Therefore, for
every n > {, we have

[Aut(K)|
P [R(N,) 1 = K] = Eftna(. N)) = 22 g g0y a)

By Lemma 5.6, it follows that (R(INy))nen is weakly convergent; let K
be its limit. By (44), it follows that if Ky, Ky € K, are isomorphic then
P [K|g = Ki] = P[K|y = K], hence K is exchangeable by Remark 8.

20Unlike us, Austin also covers the case of flag algebra homomorphisms of non-zero types.
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Furthermore (44) also implies (43), from which it follows that K is almost
surely a model of T

Let us now prove the converse. Suppose K is an exchangeable probability
distribution over Ky, that is almost surely a model of T". Then we define the
probability distributions K,, over I, as its marginals:

def

PK, = K| ¥ P[K|, = K],

and we note that since K is exchangeable, for every L € K, with ¢ < n, we
have

E[p(L, Ky)] = % KX}; tina (L, K)P [ K| = K]
¢!
= A" [Klig = L]
=P[K|g=L].

Hence by Lemma 5.4 (p(—, Ky,))nen is weakly convergent and its limit ¢ is
supported on Hom™ (A, R) and satisfies (43).

Finally, the one-to-one correspondence follows from the uniqueness state-
ment of Lemma 5.4 and the fact that the distribution of K is uniquely
determined by its marginals K|j;.m

Definition 5.10 Recall that an extreme point of a convex set S is a point
that does not lie in any open segment joining two distinct points of S. We say
that an exchangeable random structure K in Ky, is extreme if its distribution
is an extreme point in the set of distributions of all such structures.

Corollary 5.11 Let ¢ be a random homomorphism in Hom™ (A, R) and let
K be an exchangeable random structure in Ky, with distribution corresponding
to @ according to Theorem 5.9. Then K is extreme if and only if there exists
¢ € Hom™ (A, R) such that ¢ = ¢ almost surely.

Proof. Follows directly from the fact that the correspondence (43) is
linear w.r.t. convex combinations of probability measures and the obvious
observation that extreme points in the space of all probability distributions
on the set Hom™ (A, R) are precisely as described.m

77



Definition 5.12 Given an array X indexed by (N, )., and a set I C N
(possibly, infinite), we define the restriction X|; as the restriction of X to

(I) <w:

A random array X indexed by (N.)., is local (or dissociated) if for
every pairwise disjoint Iy, Is, ..., I;, C N, the restrictions X |;, are mutually
independent.

We extend the definition of locality to random structures in Ky, via the
correspondence with arrays.

Remark 9 Note that if X is exchangeable, then to check whether X is local
it is enough to test only the case I = [my] and Io = {m; + 1,...,m; + ma}
for every my, mo € N.

Analogously, if K is an exchangeable random structure, then to check

.....

,,,,,

for every pair M; € M,,,, and My € M,,,.

Proposition 5.13 (cf. [Lov12, Proposition 14.62]) Suppose K is an ex-
changeable random structure in Ky, . Then K is local if and only if it is
extreme.

Proof. Suppose first that K is extreme. Then by Corollary 5.11 we know
that (43) holds with a single element ¢ € Hom™ (A, R). Now, for every
M, € M,,, and My € M,,,, the desired equality

P (K| & My A K41, may = M| = (M M)

77777
7777

immediately follows from Definition 2.8 of the product in flag algebras (and
the fact that ¢ is an algebra homomorphism).

In the opposite direction, if K is not extreme then (43) holds for a distribu-
tion ¢» on Hom™ (A, R) that is not supported on any single point. The latter im-
plies that for some M € M,,, ¢(M) is not supported on any single point and
hence that Var(¢(M)) > 0. But now we have P [K | & M A K i1, om = M| =

E[p(M?)] > E [p(M)P. Hence K is not localm

The next two theorems on exchangeable arrays are key for the theon
existence. Recall from Definition 2.19 that r(V') and &y are well-defined even
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if V' is countable, but even in that case (V') stands for the collection of
non-empty finite subsets of V. We let £ = (€4)aerv,) be drawn uniformly
(w.r.t. the Lebesgue measure) from &y, and let n be drawn uniformly from

[0, 1], independently of £&. We also let & & [0,1] x &y

Theorem 5.14 (Hoover [Hoo79], see also [Kal05, Theorem 7.22]) Let
Q be a Polish space and let X = (Xa)acm,)-., be an Q-valued exchangeable
random array indexed by (Ni),.

Then there exist measurable functions

Xk €= Q (ke Ny)

such that X 1is equidistributed with the random array Y given by

Yo = Xjal(m,07(€) (€ (N}) o). (45)

The theorem below proved first by Aldous [Ald81] for arrays indexed by
N2 and extended for arrays indexed by N% (k > 1) by Kallenberg [Kal05,
Lemma 7.35] (see also [Ver02] for an alternative proof via ergodic theory)
says that in the local case, we can remove the dependency on 7. We provide
an ad hoc proof from Theorem 5.14 for the case of arrays indexed by (N, ).

Theorem 5.15 (Aldous [Ald81], Kallenberg [Kal05, Lemma 7.35]) Under
the assumptions of Theorem 5.14, the array X 1s local if and only if there
exist measurable functions

ngk—>Q (k€N+)

such that X 1is equidistributed with the random array Y given by

def

Yo = xo(@(§) (o€ (Ny)ew). (46)

Proof. For the “if” part, note that (46) implies that Y'|; depends only on
{€a| A€ r(I)}, hence if I N Iy =, then Y|;, and Y|}, are independent.

For the “only if” part, let x; be as in Theorem 5.14, so that the random
array Y defined by (45) is local. First, we claim that Y is independent of
n. To prove this, we need to show that for every Borel set C' C [0, 1] with
0 < MC) < 1, for every £ € N, and every Borel set B C QU< we have

P[Y|[g]EB|’I7€C]:P[Y|[g]EB|’I7¢C]
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(recall once more that random arrays are uniquely determined by their finite
marginals).

Let a and B be the left and right-hand sides in the above expression
respectively. Then

P[Y]ig € B] =pa+ (1-p)B,

where p & AC).

Let now o € Sy, be a permutation such that o(i) = ¢ + ¢ for every
i € [{] and note that the events Y| € B, (Y - 0)|jq € B are conditionally
independent given 7 since by (45), the first one depends only on {n} U
{€a | A € r(¢)}, and the second one only on {n} U {€a | A € r({{ +
1,...,2¢})}. Furthermore, (45) readily implies that Y remains exchangeable
after conditioning on any event that depends on 1 only. In particular,

P[Y|g€BA(Y -0)|g € B]
=pP[Y|g € BA(Y -0)|g € B|neC]
+(1=pP[Y[ge BA(Y -0)lg€B|n¢C]
= pa’ + (1 - p)p~.

From strict convexity of x — 22, it follows that
2
P[Y|y€BA(Y 0)|g€ B]>(pa+(1-p)p)?=P[Y|qe B]",

with equality if and only if « = . But the locality of X implies that we do

have equality here, hence indeed o =  and thus Y is independent of n.
The rest is a routine exercise in measure theory. First of all, since €2 is

Polish, it has a countable base and hence Fubini’s theorem implies that for

almost all x € [0, 1], all fiber functions x§ o Xk (2, —) are measurable and
hence we can form random arrays Y (z) by Y, () = xja/(z, a*(§)). We claim
that for almost all z, Y (x) is equidistributed with Y.

Since the space of {)-valued arrays indexed by (N, )., is also Polish, it
suffices to check that P[Y € A] = P[Y (z) € A] a.e. for any fixed Borel set
A in this space. But for any fixed n, the sets {z € [0,1] | P[Y (z) € A] >
PY € A]+1/n}and {x € [0,1] | P[Y € A] > P[Y (x) € A]+1/n} must have
measure 0 since otherwise by Fubini’s theorem we would get a contradiction
with the independence we have just proven. Hence indeed P[Y (z) € A] =
P[Y € A] for almost all z € [0, 1], which completes the proof.m
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Let us finally show how Theorem 5.15 implies theon existence.

Proof of Theorem 3.4. For an element ¢ € Hom™ (A, R), by Corollary 5.11
and Proposition 5.13, let K be a local exchangeable random structure in Ky,
with distribution corresponding to ¢ via (43).

Recall that we view K as a local exchangeable random array X indexed

by (N, )<, with values in Q o {0,1}*, where (X,)p is the characteristic
function of the event o € Rp(K) if k(P) = |a| and defined arbitrarily if
k(P) # |a|. By Theorem 5.15, there exist measurable functions x: & —
such that (46) holds.

Define the Euclidean structure N by letting

def
Np ={z¢€ Ewpy | Xep)(T)p = 1},

for every P € L, where xx(z)p denotes the Pth coordinate of yj(x).
By (43), for every (unordered) model M € M,,, (M) =P [K|j, = M],

and (see Definition 3.1), p(M,N') = Ix/u%\zl‘)!l)\(ﬂnd(M, N)). Thus, passing to

the labeled case, we have to prove that

P [K|m = K] = X(Tina(K,N)) (47)

for any K € K,,. The latter quantity, however, can be interpreted as
P [if, (&) € Tina(K,N)], where i,,: [m] — N, is the natural inclusion, and
now the events on both sides of (47) are identical. Namely, for every P € £
and every a: [k(P)] — [m], xxp)(a*(§))p = 1 if and only if o € Rp(K).

In the opposite direction, if N is a weak T-on, then we define the random
structure K in Ky, by letting

a € Rp(K) = a*(€) € Np,

for every P € L and every a: [k(P)] — N,.
Reversing the above argument, for every structure K € C,,, we have

tind(K,N) =P [Khm] = K]
and hence also

i (K, N) = P [K ) 2 K] ;
p(EK,N) =P K| = K]
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By Theorem 5.15, this implies that the corresponding X is a local ex-
changeable array, and by Proposition 5.13 and Corollary 5.11, we know that
X corresponds to a homomorphism ¢ € Hom™* (A, R). Theorem 2.13 then
concludes the proof.m

The next task is to prove theon uniqueness that will require extending
Definition 3.8.

Definition 5.16 (Definition 3.8, cntd.) For a function f on &} (= [0, 1] x
Ev), we will abbreviate its zth fiber f(z,—) as f*. A function f: & — [0,1]
is symmetric if f* is symmetric for every x € [0, 1]. Furthermore, the function
f is measure preserving on highest order argument (h.o.a.) if it is measurable
and f* is measure preserving on h.o.a. for every x € [0, 1].

Suppose now that f = (fq)aen is a family of symmetric functions with
fa: €5 —[0,1]. Then we define a new sequence f = (f3)gen with fg: £ —
E by

falx,y) = (fol@), (F)aw)). (48)

Analogously, for h: &) x & — [0,1] and for (z,2’) € [0, 1]?, we define
the function

e &y x & — [0,1]
(v,¥) > h(z,y), (@",9)).

The function A is symmetric if h** is symmetric for every (z,z’) € [0, 1]2.
Furthermore, the function h is measure preserving on highest order argument
(h.o.a.) if it is measurable and h**' is measure preserving on h.o.a. for every
(z,2') € [0, 1]

If h = (ha)aen is a family of symmetric functions with hy: Ef xE5 — [0, 1],
then we define the sequence h = (ﬁd)deN by

o~ o —

ha((z,y), (@, y) € (ho(z,2"), (ho) (5, 4))-

The following theorem by Hoover [Hoo79] and Kallenberg [Kal92] (see
also [Kal05, Lemma 7.28]) characterizes equidistributed exchangeable arrays.
Recall that £ is uniformly distributed in &y, and 7 is uniformly distributed
in [0, 1]; thus, the pair (n, &) defines a uniform distribution over 5&;.
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Theorem 5.17 (Hoover [Hoo79], Kallenberg [Kal92]) Let Q be a Pol-
1sh space and let

Xas Xa: €5 — Q

be measurable functions. Define the random (exchangeable) arrays X and X'
indexed by (Ny)<, by letting

Xo = Xja(n, " (§)); X0 = Xjay(m, 2" ().
Then the following are equivalent.
e The arrays X and X’ have the same distribution.

o There exist families f = (f4)aen and g = (ga)aen of symmetric functions
measure preserving on h.o.a., fa,94: E5 — [0,1] (d € N), such that

xalfa(w,y)) = Xa(@a(x. ).
for every d € N and almost every x € [0,1], y € &,.

e There exists a family h = (hq)aen of symmetric functions measure
preserving on h.o.a., hg: £ x €5 —[0,1] (d € N), such that

o~

Xd(hd((m7 y)u (I/, y/>>> = Xil(x7 y)
for every d € N and almost every x,x’ € [0,1] and y,y' € &y.

As the reader may have noticed, Theorems 3.9 and 5.17 are very similar,
with the difference that the latter uses extra variables x € [0,1]. The proof
of theon uniqueness below consists of a standard measure-theoretic trick to
remove these extra variables (cf. the proof of Theorem 5.15).

Proof of Theorem 3.9. By the definition of ¢y and ¢pr, 2) = 1) is
straightforward.

Assume now that ¢nr = ¢n, and let us prove 2). Define random canonical
structures K and K’ from our theons as in the proof of Theorem 3.4. That
is, for every P € L and every a: [k(P)] — N, we let

a € Rp(K) = a*(&) € Np; a € Rp(K') = a*(&) € Np.
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Note that for every L € Ky, we have

|

hence K ~ K’. In particular, random exchangeable arrays X and X’ derived
from K and K’ also have the same distribution. But the specific way in
which K, K’ were constructed also provides us with a natural representation
of the arrays X, X’ as required in Theorem 5.17. Namely, define first the
functions (4, ¢}: E4 — Q by letting

Gly)r € {1’ ify € N Gly)p = {1’ it € Ny

0, otherwise; 0, otherwise

for every y € £; and P € L with k(P) = d; as always, the values (4(y)p can
be chosen arbitrarily when k(P) # d.

Next, define the functions x4, x5: & — Q by adding z as a dummy
variable:

Xa(®,y) = Ca(y); Xa(®,y) = Ci(y).

for every d € N, every x € [0,1] and every y € &,.

By Theorem 5.17, there exist families f = (fq)aeny and g = (ga)aen of
symmetric functions measure preserving on h.o.a. with f4, g4: €& — [0, 1]
such that

Xa(fa(z,y)) = X4(Galz, ), (49)

for every d € N and almost every (z,y) € £F. As in the proof of Theorem 5.15,
we have to get rid of the first argument but this time it more or less immediately
follows from the fact that the definition (48) is local. Formally,

Xa(Fa(,9)) = xa(fo(x), (F)a(y)) = Cal((F)a(y)),

and likewise for x/,. Hence we have

Gl(F)a(v) = G(g)aly)  ace. (50)

Since all our spaces are Polish, we can apply Fubini’s theorem and find a
particular xy such that for every d the functions fj°, ¢;° are measurable
and (50) holds for almost every y € &;. The families (f7°)%_, and (g5°)%_,,
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where k = max{k(P) | P € L} have the required properties, and the P-on
NP is provided by (49): y € N7 if and only if (say) xxp)(zo,y)p = 1.m

The proof of Theorem 3.11 from Theorem 5.17 is analogous.

Let us finish this section by pointing out that exchangeable arrays, or,
more precisely, exchangeable random distributions on Ky, are interesting
objects in their own right by highlighting a problem from the literature.
Building on Example 44 below, a model K € Ky, of a theory T is called
universal if it satisfies the following extension property: for every finite model
M, every W C V(M) and every embedding f: W — N, of M|y in K,
we can extend f to an embedding of M in K. It is easy to see via the
back-and-forth method that any two universal models of a fixed theory T
are necessarily isomorphic, in other words, the set of universal models is an
Sn,-orbit in Ky, . A natural question is then if there exists an exchangeable
distribution concentrated in this orbit. For the theory of hypergraphs, an
example of such a distribution is K, in Example 44 below coming from the
random hypergraph. However, for many more complicated theories such as
the theory Trp.grapn Of triangle-free graphs, no meaningful definition of a
random model seems to be possible. Nevertheless, for the theory Trp.grapn and
more generally of K,-free graphs, such distributions are explicitly constructed
and characterized in [PV10]. More generally, the class of structures on Ky,
that admit an exchangeable distribution concentrated on their Sy, -orbit is
completely characterized in [AFP16] (even allowing constant and function
symbols in the language).

6 One final cryptomorphism: ergodicity

In this section we will prove an ergodicity property and wrap up the list of
cryptomorphic objects in the style of [Lov12, Theorem 11.52].

Definition 6.1 Let us call a random structure K in Ky, weakly ergodic if
for every Sy, -invariant Borel set A (i.e., A= Ao for every o € Sy, ), the
event K € A is trivial, that is P[K € A] € {0, 1}.

Let SY, be the subgroup of all permutations in Sy, that fix all but finitely
many elements of N;. A random structure K in Ky, is strongly ergodic if
for every Sy, -invariant Borel set A, the event K € A is trivial.

Since an Sy, -invariant set is clearly an S3, -invariant set, it follows that
strong ergodicity implies weak ergodicity. It is also important to note that
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although the concepts of Sy, -invariant and S, -invariant distributions over
Ky, are equivalent (cf. Remark 8), the notions of Sy, -invariant and Sy, -
invariant sets are not the same, see Examples 43 and 44 below.

Proposition 6.2 Let K be an exchangeable random structure in Ky . The
following are equivalent.

1. The structure K 1is strongly ergodic.
2. The structure K 1is local.

3. The structure K 1s extreme.

Proof. The equivalence 2) = 3) is the content of Proposition 5.13.
Suppose the distribution D of K is not an extreme point, then there are
distinct distributions Dy and Dy of exchangeable random structures K; and
K> such that D = (Dy + Ds)/2.
Let (P, N) be a Hahn decomposition (see e.g. [Bog07, Theorem 1.3.1.1])
of the signed measure D; — D,, that is, P and N are Borel sets such that

e Ky, = PUN;

e for every Borel set A C P, we have D;(A) > Dy(A);
e for every Borel set A C N, we have D;(A) < Dy(A).
Let then

PE\Jop N'Z Ky, \P'= () 0N,

O'ES'KIJr UESKIJr

and note that since S, is countable (this is how we use strong ergodicity),
these sets are Borel. Clearly these sets are also Sy, -invariant. We claim that
(P’, N') is another Hahn decomposition of Dy — Ds.
Firstly, since N’ C N, if A C N'is a Borel set, then clearly D;(A) < Dy(A).
Thus, it remains to prove that if A C P’ is a Borel set, then D;(A) > Dy(A).
Fix an enumeration (o, ),en of Si, and define the sets

Ay (0, -P)N (A\UAm>
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inductively. Since o, L. A, C Pand Dy and D, are Sy .-invariant, we have

Di(A,) > Dy(Ay). Since A = |, oy An, We get
Dy(A) = ZDl(An) > Z Ds(A,) = D2(A)
neN neN

as desired. Therefore (P’, N') is also a Hahn decomposition of Dy — D, as
claimed above.

We claim now that D(P’) ¢ {0,1}. Indeed, if D(P’) = 1, then D(N’) =0,
which implies that D;(A) > Dy(A) for every Borel set A C Ky, . Since Dy
and D, are probability measures, by taking complements we get Dy = D,
contradicting our assumption. Analogously, D(P’) = 0 implies the same
contradiction Dy = Dj. Therefore D(P') ¢ {0,1}, hence D is not strongly
ergodic as P’ is S, -invariant.

Conversely, if D is not strongly ergodic and A is an Sy, -invariant set
with 0 < D(A) < 1, then D is a convex combination of the exchangeable
distributions D; and D, defined by

_ D(BnNA)

i) - LB, D(B\ 4)

Dy(B) = 1——D(A);

for every Borel set B C Ky, .m

The following examples show that not all weakly ergodic random structures
are local.

Example 43 Consider the theory T5_coloring and note that Ky, is naturally
identified with {0, 1}"+. Note that =,y € {0, 1}'*+ are in the same Sy, -orbit
if and only if |7(0)| = |y~1(0)| and |z7*(1)] = |y~*(1)| (either one of these
four quantities can be infinite, of course). In particular, there are countably
many orbits.

For p € (0,1), let D, be the distribution of the random structure in Ky,
corresponding to the homomorphism ¢, € Hom™ (A[T%_coloring), R) in which
a fraction p of the vertices has color y( (via the identification made above,
D, is simply the product of Bernoulli distributions with parameter p). Note
that the Sy, -orbit of sequences that have infinitely many zeros and ones has
D,-measure 1 and all other orbits have D,-measure 0.

Take p,q € (0,1) distinct and let D = (D, + D;)/2. Then any Sy, -
invariant Borel set A C Ky, must be a union of orbits, hence must have
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D-measure either 0 or 1 depending only on whether A contains the orbit of
infinitely many zeros and ones. Therefore, D is weakly ergodic. It is not
strongly ergodic by Proposition 6.2; more explicitly, the D-measure of the
S\, -invariant set

{x e {0, 1}

-1
s 2000 20

n—00 n o 2
is 1/2.

Example 44 Consider the theory T apn and let D), be the distribution of the
random structure in Ky, corresponding to the almost sure limit of (Gp p)nen
(cf. Example 23). For p € (0,1), the distribution D, is concentrated on
the Sy, -orbit of Rado graphs (see e.g. [Cam97]). As in Example 43, the
distribution D = (D, + D,)/2 for p,q € (0, 1) distinct is non-local (and hence
not strongly ergodic), but it is weakly ergodic.

One can also generalize this example to the theory T} _nypergrapn- Let D,
be the distribution of the random model K, over N, in which each hyperedge
is present independently with probability p € (0,1). Just as in the graph
case, one can show that K, satisfies the following extension property with
probability 1: for every finite k-hypergraph H, every W C V(H) and every
embedding f: W — N, of H|w in K, we can extend f to an embedding of
Hin K.

Then, by a straightforward application of the back-and-forth method, one
can prove that all hypergraphs over N that satisfy this extension property
are isomorphic to each other and form an Sy, -orbit; they make a perfect
hypergraph analogue of Rado graphs. Again, the same construction D =
(D, + D,)/2 yields a non-local weakly ergodic random model in the theory

T} -Hypergraph-

Theorem 6.3 Consider the following objects for a theory T
1. A convergent sequence of models (Ny)nen-
2. A flag algebra homomorphism ¢ € Hom™ (A[T], R).
3. AT-on N.

4. A local exchangeable random structure K in Ky, supported on models

of T.
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5. A strongly ergodic exchangeable random structure K in Ky, supported
on models of T'.

6. An extreme exchangeable random structure K in Ky, supported on
models of T.

The objects above are cryptomorphic in the sense that given an instance
of one of them, one can construct instances of the others that satisfy the
following for every K € Ky:

Tim p(K, N,) = 6(K) = p(K,N) =P [K|jg = K].

Aut(K
Jl%tind(K7 Nn) = %#gb(‘[{) = tind(K7N) =P |:K|[€] - K} :
, Aut(K))|
i () = 3 D gy — e ) = B [y 2 K]
K'DK

Proof. This is the content of Theorem 2.13, Theorem 3.4, Corollary 5.11,
Proposition 5.13 and Proposition 6.2.m

Comparing with Lovész’s list for ordinary graphs [Lov12, Theorem 11.52],
we see two omissions in our treatment: consistent finite random models and
convergence w.r.t. the cut-distance. The former are omitted because they
are “trivially” cryptomorphic to homomorphisms in flag algebras (item 2)
in Theorem 6.3). The situation with cut-distance is, however, way more
intriguing, and to the best of our knowledge, no unambiguous and useful
analogue of it is known even for 3-graphs. We will return to this discussion
in the concluding section 8.

7 Other limit objects

Let us now see a few concrete examples of how to connect theons with several
limit objects previously considered in the literature other than graphons,
digraphons and hypergraphons. Most of them are defined on “nice” o-algebras,
but the probability measures involved are normally entirely out of our control.
In particular, a priori we do not have any idea how their completion may look
like, and that adds additional measure-theoretical subtleties to be taken care
of. This is our first order of business.
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7.1 Measure-theoretic background

In all definitions and results presented so far, there is nothing special about
using the unit interval [0, 1] as the underlying space for the coordinates of
Euclidean structures and peons. In fact, in definitions we can use instead any
probability space 2 = (X, A, u). In order for our results to hold, however, we
need a few more assumptions on 2.

Definition 7.1 Recall that an atom of () is a measurable set A € A such
that u(A) > 0 and every measurable set B € A contained in A has either
measure 0 or p(A). The space Q is called atomless if it does not have any
atoms.

Assumption P. The space X can be endowed with the structure of a
Polish space such that A is the o-algebra consisting of its Borel sets and
uw({z}) =0 for every x € X.

Let us note at once that o-algebras appearing in Assumption P are
automatically atomless.

Lemma 7.2 Let X be a Polish space, let A be its Borel o-algebra and
let p be a probability measure on (X, A). Then (X, A, u) is atomless if
and only if u({z}) = 0 for every x € X. Also, in that case the diagonal
{(z,2) € X? |z € X} has measure 0 w.r.t. the product measure .

We defer the proof of this lemma to Appendix B.

We can now define a version of all our concepts by replacing [0, 1] with 2.
Some care, however, must be taken with respect to the type of measurability
required.

Definition 7.3 Let Q = (X, A, 1) be a probability space satisfying Assump-

tion P. For a finite set V', we define &y (2) X7 and we let By (£2) be the
product o-algebra of |r(V')| copies of A. Let also Ly/(€2) be the completion
of By () with respect to the product u"") of |r(V)| copies of the measure
. Note for the record that the space (Ey(Q), By (Q), V) also satisfies
Assumption P. We will sometimes abuse the notation denoting by p"(") the
completion of this measure as well.

We use the same shorthand conventions when V' = [k]. For a predicate
symbol P of arity k, a P-on over € is a set in L;(2). Define Dy (2), a (weak

or strong) T-on over 2 and related concepts such as Tiy; (M, N), Tina(M, N),
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T(F,N) etc. by replacing [0, 1] with € in Definitions 2.19, 3.1, 3.2, 3.5, 3.8,
and 3.10, saying that a theon N over Q is Borel if Np is a set in Byp)(Q)
(rather than just in Lyp)(€2)) for every P € L. Measurability of functions
f:Ev(2) = Qand h: Ey(Q) x Ey() —  in Definitions 3.8 and 3.10 is
taken with respect to A in the codomain and Ly (2) and Ly (2 x Q) (via
the natural identification of £, (Q2) x &y (Q) with £ (2 x Q)) in the domain
respectively. Note that for ; = ([0, 1], By, A), where By is the o-algebra of
Borel sets, we recover all our previous notions.

We claim that all the previous results continue to hold for an arbitrary
probability space Q = (X, A, ) satisfying Assumption P. One way to verify
this is by a direct inspection of proofs. Alternately, we can do it in a more
intelligent way by invoking relatively deep results from measure theory.

Definition 7.4 Let Q = (X, A, ) and Q' = (X', A, i) be measure spaces.

A measure-isomorphism between Q and € is a bijection F': X — X' such
that both I and F'~! are measurable and measure preserving. Two spaces are
said to be measure-isomorphic if there exists a measure-isomorphism between
them.

The spaces €2 and € are said to be measure-isomorphic modulo 0 if there
exist A € A and A’ € A" such that u(X \ A) = /(X" \ A’) = 0 and the spaces
(A, A|a, pt|a) and (A", A'|ar, /| 4r) are measure-isomorphic.

We will denote by B; the o-algebra on [0, 1]* that consists of all Borel sets,

by L; the o-algebra consisting of Lebesgue measurable sets, and by A! the

Lebesgue measure itself. Let also €2, o ([0,1], B;, ). Finally, we denote by

mi: [0,1]* — [0, 1] the projection on the ith coordinate.

Theorem 7.5 ([Bog07, Theorem 9.2.2]) FEvery probability space Q = (X, A, u)
satisfying Assumption P is measure-isomorphic modulo 0 to €.

Measure-isomorphism modulo 0 is clearly sufficient for transferring results
about weak theons, i.e., those concerning only densities of models. For re-
sults involving points in £, (2) such as the ones involving strong theons or
measurable functions, measure-isomorphism modulo 0 is not enough. Note,
however, that since (£ (), By (), u"V)) also satisfies Assumption P and
since we define peons over ) to be measurable with respect to the com-
pletion (Ey (), Ly (), u"V)) of this space, we can use the following neat
characterization.
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Theorem 7.6 A probability space can be represented as the completion of
a space satisfying Assumption P if and only if it is measure-isomorphic to
([0,1], L1, A1).

Since we have not been able to find this statement in the measure-theoretic lit-
erature, we defer its simple (that is, modulo Theorem 7.5) proof to Appendix B
as well.

As a corollary of the above, the spaces (E, Ly, A"®)) and (£,(€2), Li(€2), u™*)
are measure-isomorphic, where Ly, is the o-algebra of Lebesgue measurable sets
of &,. Using this measure-isomorphism, results such as Theorems 3.3 and 3.7
continue to hold for spaces satisfying Assumption P (see also Proposition 7.7
below).

For the uniqueness results, Theorems 3.9 and 3.11, we can mix several
different spaces (it will turn out handy for comparing “theonic” definitions of
various objects with original ones). Notably, for spaces Q = (X, A, u) and
Q = (X', A", i) satisfying Assumption P, we can extend Definition 3.8 for
functions f: Ey(Q) — " and h: E () x Ey(Q) — ', where measurability
is taken with respect to A’ in the codomain and Ly (2) and Ly (€2 x §2) in the
domain respectively (that is, f~1(A4) € Ly/(2) and h ' (A4) € Ly (2 x Q) for
any A € A’). This implies that fa: Ea(Q)) — E4() and ha: Ea(Q)) x E4(Q2) —
E4(Y) are measurable with respect to B4(2) in the codomain and £4(2) and
L4(£2 x Q) in the domain respectively.

We can then combine and generalize Theorems 3.9 and 3.11 into the
following form that we will need below. Recall that Q; = ([0, 1], By, A').

Proposition 7.7 Let T be a canonical theory in a language L, let k =
max{k(P) | P € L}, and let N and N be two T-ons over Q = (X, A, n) and
O = (X', A", 1), respectively, where Q0 and Y satisfy Assumption P. Then
the following are equivalent.

1. We have ¢nr = opar.

2. There exist families f = (fi,...,fx) and g = (g1,...,9x) of sym-
metric functions measure preserving on h.o.a., fq: E4(21) — Q and
ga: E4() = Q' and a weak T-on N over Qy with the property

xr € IgEfk(p)(fL‘) ENPE/g\k(p)(l’) GNIID,

Jor every P € L and almost every x € Eppy($hr).
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3. There exists a family h = (hq, ..., hy) of symmetric functions measure
preserving on h.o.a., hq: E4(2') x E4(Y) — Q such that

/flk(p)(x,f) eNp=zx E./V]/D,

for every predicate symbol P € L and for almost every (x,%) € Exp) (€)X
Erpy ().

Since transferring this result is a bit more sensitive with respect to mea-
surability, we explicitly provide the proof below.

Proof. The implications 2) = 1) and 3) = 1) are immediate.

Suppose then that ¢ = oar.

By Theorem 7.5, there exist B € By and A € A and a measure isomorphism
F: (B,Bi|g, AN|g) = (A, Ala, t|a). Let zg € A be an arbitrary point and
extend F' to a measure preserving function F': Q3 — Q by setting F'(z) = xg
for every z € [0,1] \ B (note that we may lose bijectivity in the process).

For every d € [k], let Fy: E4(Q) — E4(©2) be the function obtained by
applying F' to each of the coordinates, that is we set

Fd(-r)A = F(iL’A)

for every A € r(d). Note that Fj is measurable and measure preserving when
we equip the domain with (B4(;), \"@) and the codomain with (B4(£2), u™@).
We define measure preserving F': Q; — " and FJj: E4(Q1) — E4(Y') by the
same process.

Consider then the T-ons over €); defined by

Ne % Fyp (Wp); Np € (Fip) ™ (Np):

and note that since Fy; and F); are measure preserving, we have ¢ = 0N =
ONT = P

By Theorem 3.9, there exist families f = (f1,..., fx) and g = (g1, ..., gx)
of symmetric functions measure preserving on h.o.a., fg: E4(21) — € and
ga: E4(Q1) — Q4 such that there exists a T-on N over §2; with the property

v € Njp = fupy () € Np = Giep) () € N,

for almost every z € Epy(21).
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Then item 2) holds for the families f' = (f{,..., f;) and ¢' = (¢},...,9})
given by

; def . ; def .+
i = o fa 9a = F0ga

since for these we get
fa=Fao fa; 9o = FgoGa.

Let us stress once more that measurability of the f; and ¢/, only follows
because we used Borel o-algebras in the domain of F, F” and in the codomain
of f4: the completion £; of By may totally misbehave in this new context.

Let us now prove item 3). By Theorem 7.6 there exists a measure iso-
morphism G: (&1(Q), £1(Q), 1) — ([0,1], L1, A1). Let Gq: E4(2) — E4(Q) be
the function obtained by applying G to each of the coordinates. Note that
(4 is a measure-isomorphism if we equip its domain and codomain with the
product o-algebras of |r(d)| copies of £,(€2) and L, respectively. By complet-
ing both measure spaces, we get that GG, is a measure-isomorphism between
(E4(Q), Lay(Q), @) and (E5(1), La(), D). Define measure preserving
F':Qy — Q and F): () — £4() as in the previous item and let

Ne € Gipy(Np); NoE (L p) HNG).

Finally, let H: &(Q) x £(2) — Q; x Q1 be the function obtained by
applying G to each coordinate and let Hy: E4(Q2) x Eq(Q) — Ea(21) x E4()
be the function obtained by applying G4 to each coordinate.

By Theorem 3.11, there exists a family h = (hy,..., hg) of symmetric
functions measure preserving on h.o.a., hy: E5(21) X E4(21) — €y such that

zeNp= Ek(P)(JJ,E) e Ny,

for every predicate symbol P € £ and for almost every (z,7) € Eypy X Excpy,
which implies

y € Np = (Fip) 0 higpy © Hyp) (9, 9) € N,

for every predicate symbol P € £ and for almost every (y,¥) € Exp)(£2) X
Erp)(2). Then item 3) holds for the family A" = (h],..., h},) given by

W, FohgoH
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since for these we get
A/d = Féo/ﬁdo Hd.

Again, measurability of the A/, only follows because we used the Borel o-
algebras for F’ and the completions for G.m

The requirement in Assumption P that y is atomless is very crucial. For
example, if X is finite then there are only finitely many different theons,
which is certainly an undesirable feature of the theory.

7.2 Permutons

Recall (see Example 6) that in our formalism the theory of permutations
is defined as Tperm = TLinOrder Y TLinOrder- On the other hand, the following
definition was made before.

Definition 7.8 ([HKM™13]) A permuton is a probability measure p on
([0,1]%, By) (recall that B, denotes the o-algebra of Borel sets) such that both
marginals of y are equal to the Lebesgue measure \!.

Note that the last condition simply says that each of the projections
;2 ([0,1]%, Ba, ) — € is measure preserving.

For a fixed permutation o € S,,, we view it as an element of M, [Tperm| and
define p(o, ) by the following probabilistic experiment. We let Xy,..., X,,
be i.i.d. random variables picked according to the measure p and define the
random structure M in KC,,,[{<1, <2}] by letting

def

Rem = {(a,b) € [m]” | mi(Xa) < mi(Xs)}, (51)

for all ¢ € [2]. Note that the marginal condition on p guarantees that the diag-
onal has measure 0 and hence M is almost surely a model of Tpe.,,. We then

define p(o, p) Lp [M = o] and define the functional ¢, o p(—, p). It is easy
to see by a direct computation that ¢, € Hom™ (A[Tperm), R), and [HKM™13,
Theorem 1.6] proved that every convergent sequence converges to a permuton.
Along with Theorem 6.3, this implies that permutons are cryptomorphic to
Tperm-ons and hence to all other objects listed in its statement. But this
detour via flag algebras is definitely unnatural, and our purpose in this section
is to give a direct translation between permutons and 7pe-ons bypassing any
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density counting. As an application, we will present an alternate proof of the
uniqueness of permutons [HKM™ 13, Theorem 1.7 and discussion thereafter].

In one direction, such a translation is more or less straightforward (modulo
the background material we developed in Section 7.1). Namely, the marginal
conditions imply that every permuton u satisfies u({z}) =0, z € [0, 1]*> and
hence Assumption P. Consider the (strong Borel £;-measurable) Tpey,-on
N (p) over the space ([0, 1]%, By, i) given by*!

N« E{ @y e i) € E((10.11 Bo ) | milzpy) < milzey)

V (mi(zpy) = milpy) Amsi(ray) < msoi(rgy));

(52)
we will sometimes call it the standard Tperm-on associated with p. It is
straightforward to see that if M is the random permutation defined in (51),
then p(o, N'(p)) = P[M = o] = p(o, p).

In the opposite direction, we need to show how to obtain the measure
p from a (weak) Tperm-on N. Let us briefly remark first that with material
from flag algebras slightly more advanced than we reviewed in Section 2.5,
this is also completely straightforward. Let us sketch the argument for the
readers familiar with those parts of the theory (this argument will not be
used in the sequel).

First, the (easy!) part of Theorem 6.3 gives us a homomorphism ¢ €
Hom™ (A[Tperm], R). Now, define from it a random distribution @' over
Hom™ (A [Tperm), R) as in [Raz07, Definition 10] and consider two elements
L', [* € A}, where L' is the sum of the (two) flags in F} in which v <; 1, 1
being the labeled vertex and v being the unlabeled one. Then it is easy to
check that the pushforward distribution (¢*(L;), ¢*(L,)) defines the required
permuton . It is worth noting that this argument already gives us an
alternative proof of the existence of permutons.

As a by-side remark, the uniqueness of permutons is also quite straight-
forward in this language. Indeed, let p be a permuton, and let p* ~
(¢5,(L1), ¢,,(L2)) be the permuton (uniquely) retrieved from ¢, by the process
described in the previous paragraph. We have to show that u* = u. But this
is immediate from the observation that the measure (;blll with the (uniquely!)
defining property [Raz07, Definition 10] can be geometrically constructed

21The second term here resolves conflicts along horizontal and vertical lines and is
inserted to make sure that the theon N(u) is strong.
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from any Tperm-on N with ¢nr = ¢,. In particular, it can be constructed
from the standard Tperm-on N (u1). Now the fact that (¢}, (L1), ¢, (L2)) has
the same distribution as pu is straightforward.

The above argument, while formally quite simple, entirely obscures the
geometric nature of both permutons and Tpe,-ons and replaces it with formal
algebraic and measure-theoretic manipulations. While this is arguably the
whole point of the theory of flag algebras, it is certainly not the main thrust
of the current paper. Fortunately, in this particular case the geometric
translation is not very difficult to describe (and prove) explicitly.

So, we start with a weak Tpem-on N over a space 2 = (X, A, u1) satisfying
Assumption P. For i = 1,2, define the function s),: X — [0,1] as the measure
of the corresponding section:

siv() € 12({(x,2) € X2 | (2,y,2) € N, }) (53)

(by Fubini’s theorem, s; is defined a.e. and is measurable), and let sy : X —
def

0, 1] be their pointwise Cartesian product: sy (z) = (si(z), s3(z)). We
claim that the pushforward measure vy, dof (Sa7)«ft is the desired permuton.

The most subtle part is to prove that the functions s, are measure
preserving. Towards that end, fix i € {1,2} and a € [0,1], and let us

abbreviate s << sty We have to prove that pu(s™'([0,a])) = a. This clearly
follows from

pu(s7([0,a])) < a, ps™([a, 1)) <1 —a,

and by symmetry it suffices to prove the first bound.

Denote Y & s71([0,a]), and assume, for the sake of contradiction, that
w(Y) > a. By [Oxt80, Theorem 3.15], there exists a Gs-set Z O Y with
w(Z) = uw(Y), and by [Bog07, Theorem 6.1.12], the set Z with the in-
duced topology is a Polish space. Hence the induced probability space
oY (Z,Al|z, i), where

oy def f1(A
i) e )
w2)
satisfies Assumption P. Endow this space with the (induced) structure of a

T‘LinOrder'OI1 ./i\/’ by lettmg
N {(@.,2) € 27 | (2.9, F()) €N
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where F' is an arbitrary fixed measure-isomorphism modulo 0 between Q and

Q.

Let n > 0 and let S,, be the model of T,ger With V'(S,,) = [n] in which 2 <
1, 3<1,...,n <1 and the elements 2,3, ...,n are mutually incomparable.
Since M, [TLinorder] consists of a single element, say, M, (15) allows us to
calculate ti,;(Sy,, My,), for any L > n, as follows:

tinj(snv ML) = tinj(Sna Mn) = 1/’/1.
Taking the limit, we conclude that
tinj(Sn,ﬁ) = 1/n (54)

On the other hand, this quantity can be calculated geometrically as

n

tinj(Sna-/i\/‘) =P [/\(m’byazi) S N - Ey |:Pw’z [(w7y7z) < ﬁ] n1:| ’

1=2

where y, xa,..., %y, 2Z2,..., 2y, €, z are sampled from Z i.i.d. with respect
to the measure fi.
Finally, for almost all y € Z we have s(y) < a and hence

P [(w,y,z) EJ(\/'} =P[(x,y,z) e N, |z € Z]
P[(mvywz) 6N‘<i] . 8<y) a
STz T Ty

Putting things together, we get tinj(Sn,./\Af) < (a/p(Y))"!, and since u(Y') > a
this contradicts (54) as long as n is large enough.

Now that we know that vy is a permuton, it follows that the space
Q' = ([0,1]%, By, vy) satisfies Assumption P. By the definition of vy, the
functions

f1 : 51 (Q) — Q/ f2 : gg(Q) — Q,

r — sy(x) r — sy(epgy) (55)

are symmetric and measure preserving on h.o.a., and since

reNL = Jg(iU) € N(vw)<,

for almost every = € £(2), by the (easy!) part of Proposition 7.7 and the
first direction of the cryptomorphism, we get on = Onry) = oy

We end this subsection with a geometric proof of permuton uniqueness.
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Theorem 7.9 ([HKM'13, Theorem 1.7 and discussion thereafter])
Let i and v be permutons. Then ¢, = ¢, if and only if p = v (as measures).

Proof. The backward implication is obvious, so suppose ¢, = ¢,.

Let Q, = ([0,1]?, Bz, 1) and Q, = ([0,1]2, Ba, v).

Using standard Tperm-ons N (1), N (v) associated to p and v and by Propo-
sition 7.7 (see also Figure 4 below), we know that there exists a symmetric
measure preserving function® hy: Q, x Q, — Q, such that

7 (ha(yay, Yy)) < mi(ha(ygay, Ur2y)) = milypy) < m(ygay), (56)

for almost every ((ya)aer(2), (Ua)aerz)) € E2(2,) x E(£2,) and every i €
[2]. By Fubini’s Theorem, it follows that (56) holds also for almost every

1. T 4
(y{l}ay{Q}ay{1}7y{2}> S Qu'

QM Ql/

hi(yqy, vay)
| @

| ¥

T (yy) < m(ygey) m1(h1(yy, Yay)) < m(ha(yg2y, Uizy)

Figure 4: Function h; and property (56). The variables g1y and ¥goy act as
dummy variables, so their relative order does not matter.

Define y; ef m; o hy; this function is measure preserving since h; and
m; are so. Our objective is to prove that y;(y,y) = m(y) for almost every

22Gince N (u) and N (v) are £;-measurable, we do not need hs.
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(y,7) € Q2. We will show this for x; (the proof for x is analogous); it might
be instructive to compare this proof with those in Section 4.1.
Let

CY {(2.2,9.9) € | xa(2,7) < \i(1,) = mi(2) <my)}-

As we have previously observed in (56), we have u*(C) = 1. For every
(y,9) € 2, define the section

C(y,/y\)dg{(:vx EQQ‘ T, 2,Y,Y) GC}

AN

and let G be the set of all (y,7) € Q2 such that p?(C(y,7y)) = 1. By Fubini’s
Theorem, it follows that p?(G) =
Finally, define the set

Ly, 5) € {(2,7) € 2 | xa(2,7) < xa(4,9)}

=i ([0 (5,9 ):

note that p?(L(y, 7)) = x1(y, ) since x; is measure preserving.
Tracking down our definitions, it follows that for every (y,y) € G, we have

#2 (L) & (770, m(y) x Q) = 0.

Hence (since m1: Q, — ) is measure preserving) m(y) = p*(L(y,7)) =
x1(y, y) whenever (y,7) € G. Since p*(G) = 1, it follows that x; ( ,9) = m1(y)
for almost every (y,7) € Q2 as desired. Analogously, we get x2(y,y) = m(y)
for almost every (y,7) € Q2

Since y; = m; 0 hy, it follows that hy(y,y) = y for almost every (y,y) € Qi
Let then I be the set of all (y,7) € Q7 such that this holds (4*(I) = 1) and
note that for every A € By, we have

v(A) = p?(hy'(A)) = p*(hy ' (A) N 1)
= 12 ((Ax Q) NI) = p*(A x Q) = u(A),

hence y =v.m
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7.3 Posetons

Our next objective is to show how posetons from [Janlla] can be identified
with Torder-OIlS.

Definition 7.10 ([Janlla]) A poseton is a measurable function W: [0, 1]* —
[0, 1] such that for every (z1,y1), (x2,42), (z3,y3) € [0, 1]%, we have

1 >y = W(x1,y1,22,y2) = 0;
W1, y1, 22, ¥2) > 0 AW (22, y2,23,y3) >0 = W(z1,y1,23,93) = 1.

For a poseton W and a fixed poset M € M,,[Torder), we define p(M, W) by
the following probabilistic experiment. We let X1,Y7, X5, Ya,..., X, Y
be ii.d. random variables picked uniformly in [0,1] and define the ran-
dom structure M in K,,[{<}] by putting each (a,b) € [m]* with a # b
in R_ pr independently with probability W (X4, Y,, Xp, Ys). Note that M
is almost surely a model of T ge (the first condition in Definition 7.10 en-

forces the axiom (3) while the second enforces transitivity). We then define

p(M, W) Lp [M = M| and define the functional ¢y = p(—, W). By a direct

computation, we have ¢y € Hom™ (A[Torae], R).

Janson [Janlla, Theorems 1.7 and 1.9] proved that convergent sequences
of finite posets are cryptomorphic to posetons. In this section, we will show
how this cryptomorphism looks in our framework for To,qe-0ns. To do so,
we will need another theory: let Tgytendedorder b€ the theory obtained from
T1inorder U Torder by adding the axiom

VaVy(r <oy — = <1 y), (57)

where <1 and < are the predicate symbols of Tt ;,0rder and Torqer respectively.
In other words, Tgytendedorder 18 the theory of a partial order <, along with
its extension <; to a linear order. The cryptomorphism between posetons
and (strong) Torger-ons will be established via the following constructions:
posetons = strong To,qe-0ons = strong Borel T ger-0nS

— strong TExtendedOrder-ONS = posetons.

The first arrow is simple: given a poseton W, it is easy to see that the
Euclidean structure over €y (= ([0, 1]%, Bz, A?)) defined by

NW)2 E {2 € &) | mizpsy) < W(zny, 2i2)

(58)
V Wz, 212y) = mi(zp2y) = 1},
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where W is viewed as a function W: [0,1]*> x [0,1]*> — [0,1], is a strong
Toraer-on and satisfies op- ) = ¢w. For future reference we note that we
can retrieve W from N (W) by

W (1,51, 72,52) = N({z € [0, 1 | ((z1,51), (22,12), 2) € N(W)<}). (59)

In other words, the mapping W — N (W) is injective.

The second arrow follows from Theorem 4.4 for To,ger that (unlike Tin0rder)
15 a Horn theory.

For the third arrow, let I: Torger ~ TExtendedOrder D€ the structure-erasing
interpretation that erases the linear order. Syntactically, it is easy to see that
the mapping 7*(I): Hom™ (A[TExendedorder)s R) — Hom™ (A[Torae], R) (see
Section 2.5) is surjective. That is (in theonic language), given a To,qe-on N,
we can find a ThxtendedOrder-0nL N such that ¢ = 1. Indeed, since every
partial order on a finite set can be extended to a linear order, we know that for
every finite model M of Toiqer, there exists a model N of TgytendedOrder SUCh
that I(IN) = M. Fix any sequence (M, )nen of partial orders converging to
¢ and let (N,)nen be an arbitrary sequence of models of TrytendedOrder Such
that I(N,) = M,. By possibly passing to a subsequence, we may suppose
that (N, )nen converges to some v € Hom™ (A[Tgytendedorder) R), and we can
let N/ be any strong Tryendedorder-0n such that ¢ = 1. By Theorem 2.14
and Remark 6, we get ¢rnr) = ¢a 0 7!l = ¢ (and in fact, for this syntactic
construction, we do not even need the fact that N is Borel).

However, since the construction above is syntactic, the theons N and N’
are geometrically unrelated, that is, there are no a priori reasons why they
should satisfy I(N') = N (not even a.e.). One naive attempt to achieve a
semantic construction might be to invoke Proposition 7.7 and align partial
orders N/, N, . Then one might hope that this alignment could be used to
create the linear extension on N from N7, .

There are no general reasons for this plan to work, however, and Exam-
ple 45 below shows that this in fact can fail quite badly for another simple
pair of theories. For a geometric construction of N, we do need the following
deep measure-theoretic result.

Theorem 7.11 ([HMPP15, Theorem 1.10 and discussion thereafter])
Every measurable partial order on a complete atomless probability space can
be extended to a measurable linear order.
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The geometric construction then proceeds as follows. Let N be a strong

Borel Torqer-on over £ = (X, A, ). Our first task is to take care of vanishing

and bad pairs (cf. Lemma 4.10). Recall from Definition 4.8 that Axr(x,y) o

{z€ X | (z,y,2) € N} and let

VE {(z,y) € &(Q) | p(Ax(z,y)) = 0};
BE {(z,y) € &(Q) | m(An(z,9)) > 0 A p(An(y, ) > 0}

be the sets of wanishing pairs and of bad pairs respectively. By Fubini’s
Theorem, both these sets are Borel and (V x X) N A has zero measure.

We claim that B also has zero measure. Suppose not, then for some
n € N, the set

&ﬂf{@w)eﬁﬁﬂ’MAW%@)>%AMMN@JD>%}

must have positive measure.
Pick ®1, 2, 3 € X uniformly at random. Then by Cauchy-Schwarz,

P[(z1,x3) € By A (x5, 23) € By] > P[(x1, 23) € B,)* > 0.

By the last part of Lemma 7.2, this implies that there exist pairwise distinct
x1, T, x3 € X such that (xy,23) € B, A (v9,23) € B,. Now, the point
(21,22, x3) can be easily extended to x € 3(Q2) (with xgy = a; for i = 1,2,3)
violating either the transitivity axiom or the asymmetry axiom (for the pair
(w1, 22)). This contradicts the fact that A is a strong Toqe-on?3, therefore B
has zero measure.

This means that the To,ger-0n

NE N\ (VUB) x X)

differs from A only by a zero-measure set. Note that N is also a strong Borel
Tordger-on. Define now the relation

e=y=z=yVulAg(r,y) >0,

23The proof that bad pairs have zero measure is much simpler here in comparison to
Lemma 4.10 due to the fact that the starting theon N is strong.
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and note that since Ag(z,y) # 0 = pu(Ag(r,y)) > 0 and since N does
not have bad pairs, =’ is a partial order. From Fubini’s Theorem, it also
follows that it is a Borel set. By Theorem 7.11 above we can extend =’ to a
measurable linear order <’. We then let

def def [
./\/’_/<1 = {:L‘ € 52(9) ’ i1y <! :L‘{Q}}, N_/<2 = N,

and it follows that N is a strong TgytendedOrder-0n satisfying I(N7) = N and
hence also pu(I(N") AN) =0.

Thus, it remains to show how to “naturally” obtain a poseton W satisfying

(bW = ¢I(N) from a strong TExtendedOrder-O11 N.

The core of this construction (and of the construction in the next section)
is given by the next lemma, which says that given an open interpretation
I: Tiinorder ~ 1, we can convert every T-on into a strong T-on over ),
(= ([0, 1]%, By, A?)) such that the linear order is given by the natural order of
[0, 1] in the first coordinate, similarly to standard Tpem-ons in Section 7.2.
As Example 45 below suggests, this statement is more subtle than it may
appear at first glance.

Lemma 7.12 Let I: Tiinorder ~ T be an open interpretation. If N is a T-on
over Q = (X, A, i), then there exists a strong T-on Ny over Qo such that

P, = dnr and

{z € &(Q) | mi(zy) < mi(ry)} C I(N2)<

C {r € &() | ml(egy) < mizpm)} (60)

Proof. As in Remark 2, let T be the theory obtained from Ti,0rder U T
by adding the axiom x < y = I(<)(z,y). Then the open interpretation
I:T ~ T acting as identity on T is an isomorphism and the diagram

I
TLinOrder — T

S| |7

A ~
TLinOrder ur —— T

commutes, where S and A are the structure-erasing and the axiom-adding
interpretations respectively.
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Recall that Hom™ (A[TLinorder], R) has a unique element (cf. Examples 4
and 39); it is represented by both T1i0rqer-0nS

G- = {r € &) |20y < 2y}
and I(N). By Proposition 7.7, there exist symmetric functions hy: & (1) X
E1(1) = Q and hy: E(Q1) x E(21) — Q measure preserving on h.o.a. such
that

~

ho(z,7) € IN)x =2 € G2 = xp1y < Ty

for almost every (x,7) € E() x E2(Q).
Pick then arbitrary symmetric functions hg: E4(21) X E4(€1) — 2 measure
preserving on h.o.a. for every d > 3 and define

Nb Y {z € ) () | hugpy () € Np}

for every predicate symbol P in the language of T', where we use the natural
identification between £;(2;) x £4(4) and E4(2) and define N, as the set in
the left-hand side of (60). Since 71 acts identically on T" and as I on T1in0rder,
Proposition 7.7 implies that N is a weak T-on satisfying o = ¢f_1( A hence
¢f( N T ¢N .

By Proposition 4.7, there exists a strong T-on N whose peons contain all
the density points of the corresponding peons of N’ and are disjoint from the
set of density points of the complements of the corresponding peons. This in
particular implies that N satisfies ¢p = ¢p~ and that N7 still satisfies (60).

Let then Ap & I(N). Since I(N3) = S(A(N™)) and since both S and A
act identically on T inorder, it follows that (M) < = N, so it also satisfies (60).
On the other hand, we have

(%5/\/2 = ¢f(j\[“) = ¢f(j\[’) = Qb/\/-
Finally, since N/ is a strong T\—on, it follows that A5 is a strong T-on.m

Example 45 Lemma 7.12 is no longer true if we replace {25 by €2;.

Let T = T2 .4 De the extension of Tiiuorder With a unary predicate
symbol A, and let I: T1;,0rqer ~ 1 be the structure-erasing interpretation.
Consider the (weak) T-on N over Q5 in which N is given by the left-hand
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side of (60) and Ny o {z € Qy | mo(x) < 1/2}. Then there does not exist
any (weak) T-on N’ over Q; such that ¢p» = ¢p and {z € E() | 2y <
zpoy SN, CH{r € &) | xpy < 2y }-

Indeed, assume the contrary, i.e., that there exists a measurable set
Ny € [0,1] such that ¢ = ¢ar. Then the latter fact would have readily
implied that N, has density 1/2 in every non-empty interval. That is
impossible by Proposition 4.3.

We can now establish poseton cryptomorphism. Given a TgytendedOrder-ON
N, Lemma 7.12 above with the structure-erasing interpretation I : T7inorder ~

def .
Thxtendedorder defined by I(<)(z,y) = x <1 y gives us a strong ThxtendedOrder-
on N satisfying (60) and ¢n;, = ¢n. Then we set

Alz,y) € {2 €[0,12 | (x,y,2) € (M), };

def | N (A(z,y)), if A(z,y) is measurable and m(z) < m (y);
W(z,y) = )
0, otherwise.

(61)
It is straightforward to check that (60) and the fact that A5 is strong imply that
W (when viewed as a function [0, 1]* — [0,1]) is a poseton and ¢w = ¢
for the structure-erasing interpretation J: Torqer ~ TExtendedOrder-

We finish this subsection with poseton uniqueness. Just as in the case
of graphon uniqueness, the higher order variables 2y of Torqe-ons get
“integrated out” (cf. Remark 7). Let us also remark that the original list of
equivalences for poseton uniqueness in [Janlla, Theorem 7.1] also includes
other items that are not covered here.

Theorem 7.13 ([Janlla, Theorem 7.1]) Let W, and Wy be posetons. The
following are equivalent.

1. We have ¢w, = ow,.

2. There exist measure preserving functions f,g: [0,1] — [0,1]* such that

Wi(f(z), f(y)) = Wa(g(z), 9(y)),

for almost every (z,y) € [0,1]* x [0, 1]%.
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3. There exists a measure preserving function h: [0,1]* x [0,1]* — [0, 1]?
such that

Wl(h(xa /IE\), h(ya @\)) = Wg(l', y)
for almost every (x,7,y,7) € ([0, 1]?)*.

Proof. (sketch) The implications 2) = 1) and 3) = 1) are trivial.

For the implication 1) = 2), suppose ¢w, = ¢w, and consider the
Torder-ons N (Wy) and N (Ws) defined in (58). By Proposition 7.7, there
exist f1,91: E1(Q1) = Qo and fa, go: E2(21) — Qo symmetric and measure
preserving on h.o.a. such that

folw) € N(Wh) = Go(w) € N(W2)
(5

for almost every = € &(€;). Then by (59), item 2) follows for f = f; and

9g=491
The implication 1) = 3) follows by an analogous argument using item 3)
of Proposition 7.7 instead.m

7.4 Limits of interval graphs

We now consider limits of interval graphs, which were first studied in [DHJ13].

Definition 7.14 An interval graph is a graph G for which there exists a
family of intervals (I,)yev(q) in the real line** such that vw € E(G) if and
only if I, N I, # . We let TintervalGrapn b€ the theory of interval graphs.

An interval graph limit is a probability measure p over ([0,1]?, By) such
that u({(a,b) € [0,1]* | b < a}) = 0 and such that the first marginal (7). ()
is equal to the Lebesgue measure.

For a fixed graph G, we define p(G, ) by the following probabilistic exper-
iment. We let X7, X5,..., X,, be ii.d. random variables picked according
to the measure p and define the random structure M in IC,,,[{ E'}] by letting

Rir = {(0,0) € [ | v 4w A [ (X, 72 X)) 0 [ Xo), 72 X)) 20

24Tt is easy to see that we may suppose that all such intervals are of the form [a, b] for
0 <a <b <1 and that no two intervals have coinciding endpoints. By dilating locally, one
can further assume that the left endpoints are of the form i/n for some i € {0,1,...,n—1}
where n = |V(G)].
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where we let [a, b] %' ) when a > b. From the definition above, it follows that
M is always an interval graph. We then define p(G, ) = P[M = G| and
define the functional ¢, = p(—, ).

The first direction of the cryptomorphism between interval graph limits
and TintervalGraph-ons follows by an argument similar to the one in Section 7.2:
the marginal condition implies that p satisfies Assumption P, so we can
consider the (strong Borel) TiytervalGrapn-on N (1) over ([0, 1]2, Ba, ) given by

N(p)p € {2 € &((10, 1% B, 1) | [mi(zay), ma(zay)] N [m(wy), ”2(93{2}2]6; "

We call N (i) the standard T IntervalGraph-0T0 associated with . It is straight-
forward to see that ¢ar(u) = @p.

For the other direction, we will employ an intermediate theory just as
in Section 7.3. Let TTefiintervaiGrapn D€ the theory obtained from 7iinorder U
TintervalGraph DY adding the axiom

VQ;N:@‘V’@, (iIZ’l < To ANxoy < x3 N\ E(l’l,%g) — E(l’l,l'g)), (64)

where < and E are the predicate symbols of T1inorder and TintervalGraph T€-
spectively, and let I: TiptervaiGraph ~* TLeftIntervalGraph D€ the structure-erasing
interpretation.

The intended meaning of TieintervalGraph 15 that its interval graphs have
the extra information about the order of the left endpoints of its intervals.
With this in mind, if G is an interval graph represented by a family of intervals
([av, bu])vev (), then defining the linear order < on V(G) by v < w = ay < ay,
we get a model M of TiefntervalGraph Such that I(M) = G. By the same
syntactic argument as in Section 7.3, it follows that given a TintervalGraph-On
N, there exists a TiefimtervaiGraph-on N (N) such that ¢ = drvrvy). We
would like to remark that we have not been able to come up with an entirely
semantic argument (like Theorem 7.11) in the context of interval graphs. One
good approach to this problem might be to analyze existing algorithms for
constructing interval representations of interval graphs and see if they are
“transferable” to the infinite world but it does not seem to be an easy thing to
do.

It remains to show how to construct an interval graph limit py from a
TLeftIntervalGraph-0ont N satisfying Guy = ¢1v)- To do so, we appeal again to
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Lemma 7.12 for I(<)(z,y) et < y. Let Ny be a strong T eiintervalGraph-O1
over ), satisfying (60) and, for z,y € [0,1]?, define

Ale,y) € {2 € [0,12 ] (2,9, 2) € (No)g);

X(@) € m(x) + A2({y € 0,12 | mi(x) < mi(y) AN (A(z,)) > 0});

s(x) & (m(x), x(2)).

Fubini’s Theorem guarantees that the functions Yy, s are defined and measur-

able a.e. We claim that the pushforward measure def 5.2 is the desired
interval graph limit.

Since the first coordinate of s is the projection, the first marginal of pys is
A and since x(z) > i (z), we have pup({(a,b) € [0,1]* | b < a}) =0, so py is
an interval graph limit.

Note now that since Ny is a strong TicfimtervaiGraph-0n satisfying (60), by
Theorem 3.7 for the axiom (64), it follows that if x,y, 2z € [0, 1] are such that
A(z,2) # 0 and m (z) < m(y) < m1(2), then A(z,y) = [0,1]?. This implies
that

X(z) = sup{t € [m(x),1] | 7 (z) =tV IJu € [0,1]A(x, (t,u)) # 0}

=sup{t € [mi(z),1] | m(x) =tV 3u € [0,1]A(z, (t,u)) = [0,1]*} (65)

for almost every z € [0, 1].
Let then Q & ([0,1]%, By, ppr). By the definition of pr, the functions
)

f1 : 51 (QQ — f2 : gQ(QQ) — Q
x — s(z) r — s(xpgy)

are symmetric and measure preserving on h.o.a. and from (65), it follows that

r € (N2)p = [miray), x(zay)] N [m(ze), x(ze)] # 0

for almost every x € &(€), which by Proposition 7.7 implies ¢y =
PN (unr) = P

7.5 Lineons

Our last example is motivated by research on limits of functions on finite
vector spaces [HHH14, Szel0, Yos16], and it is of somewhat different nature.
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As we noticed several times before, our theory is not directly applicable
to first-order languages containing function symbols, like the language of
rings. This section illustrates that when the structure in question possesses
sufficiently high symmetries, it is still possible to salvage a significant part of
it.

Let A C I} be given. For m < n, let us consider a randomly chosen linear
mapping a: F' — ) that, after composing it with the characteristic function
14: F} — {0, 1} of A gives a probability distribution over functions from F}" to
{0,1}. Removing the zero vector from the domain, we get a distribution over
functions f: F*\ {0™} — {0,1}. Hence, just as in Section 2, we can define
densities p(f, A), converging sequences of subsets A, C F) (for p fixed and
n — 00), etc. We note that the quantities additive combinatorics is typically
interested in, like E[14(x)1a(x 4+ h)1a(x +y)la(x +y + h)] (z,y,h €r
), are retrievable from a finite number of densities p(f, A).

Upon a moment’s reflection, it is clear how to formulate this in the
framework of theons (cf. [Szel0, §1.4]), but we need a small twist.

Definition 7.15 A first-order language £ (as always, consisting of predicate
symbols only) is locally finite if for every k > 0 it contains only finitely many
k-ary predicate symbols.

Note that if T is a canonical theory in a locally finite language L, then
for every fixed n > 0, there are only finitely many non-isomorphic models of
T of size n. This is the only property that we actually need from 7', and it is
easy to verify that our formalism extends to this situation straightforwardly;
in particular, we still can define T-ons with all nice properties.

Let us now return to linear mappings and assume for a moment that

p = 2. Then we introduce the locally finite language Lr;, that has one

k-ary predicate symbol Ej, for every k£ > 1, and the canonical theory 77, o

T _typergraph U1 Graph U T3 -Hypergraph UT 4 -Hypergraph U - - 1 our language asserting
that all predicate symbols are symmetric. Any given A C [} can be turned
into a model My of the theory T1;, with vertex set 5 if we interpret the
symbols Fj by

def

Rpo, = {(z1,...,2x) € (F$)* | 21, . .., zx pairwise distinct Azy +---+ x5 € A}.

If p > 2 the notation becomes slightly heavier: for any linear form
a1x1+ -+ apxy with a; € {1,...,p—1}, a; > -+ > a; we introduce its own
predicate symbol Ej, along with axioms asserting that Ej is symmetric under

110



those elements of Sy that stabilize @. But this does not entail any principal
changes in what follows.
A linear mapping «a: F;' — [ is uniquely determined by its values

aler),...,a(en), where B = {ei,...,en} is a fixed basis in F}'. Moreover, if
aler),. .., a(ey) are pairwise distinct then f = (14 0 a)|pp\ (omy if and only
def

if o|p determines an embedding of the model Ny g = My-1(1)|p into My in
the theory T1;,. In particular, we have p(f, A) = p(Ny,5, Ma) £ O(p™™) (the
error term accounts for collisions that are allowed in the left-hand side but
not in the right-hand side), and hence both formulations are cryptomorphic.
Following the well-established tradition, we will call lineons both classes
of convergent sequences A, C Fg, as well as Ty;,-ons resulting from such
sequences.

Note, however, that the situation here is very different from all other
examples considered in this section. The reason is that lineons make only a
subspace in the space of all Ti;,-ons, and the structure of this subspace is at
the moment understood quite poorly. We can only contribute the following
simple remarks.

e We cannot add any extra axioms to the theory 71, without losing some

lineons. Indeed, it is easy to see that for every model M of Ti;,, there is

a model M, for A C F%* such that p(M, M) > 0 and then p(M, M)

. . . . def _
is bounded away from 0 in the increasing sequence A, = A x F5~™.

e On the other hand, lineons make a proper subspace in the space of all
Tiin-ons. For example, the densities of all components E), must be the
same in every lineon. This is certainly not true in an arbitrary 77;,-on.

e We at least know that this is a closed subspace (in the standard
product topology, see Section 2.4). This simply follows from the
fact that lineons can be described as accumulation points of the set
{p(—, My) € [0, JMITtn] | A CF3',m € N, } (for the notation see again
Section 2.4). Since [0, 1]M[Ttin] is metrizable, the set of accumulation
points of any of its subsets is closed. As we will see at the end of this
section, this implies that the set of all lineons can be in principle de-
fined by countably many inequalities and equations. Giving an explicit
description of these relations, however, is an enormously difficult task
that, in a slightly different language, is a recurrent theme in arithmetic
combinatorics.

111



e Expanding on the previous item, we can show that the space of lineons
is path-connected. Before we present the argument below, let us remark
that it is not entirely obvious even for the space of Ti;,-ons itself or, for
that matter, even for graphons unless we have the whole theory of limit
objects at our disposal. The argument below can be also used to give a
simple elementary proof of connectedness in those cases as well.

Theorem 7.16 The space of all lineons, viewed as a subset in [0, 1]MTLin]
1S path-connected.

Proof. (sketch) Every lineon corresponds to a convergent sequence {A4,, C
th}, ng<mng<---<mng<---. By letting A, def Ay, X Fp7", where { is the
largest index for which n; < n, we can assume without loss of generality that
the sets A, in our convergent sequence are defined for all positive integers n.

Next, let {A,, C Fp} and {B,, C F;} be two convergent sequences. Con-
sider their convex combination (1 —t)-14, +¢-1p,: Fj — [0, 1] depending on
the parameter ¢ (see Remark 10 below). For every fixed ¢ € [0, 1] this sequence
contains a subsequence converging to a lineon ¢, € [0, 1]M[TL1“], with ¢y and
¢1 being precisely the lineons the sequences {A4,,} and {B,} are converging
to. One remaining technical problem is that the mapping ¢t — ¢; need not
necessarily be continuous since e.g. the sequences corresponding to different ¢
may be disjoint.

In order to circumvent this problem, let us fix an arbitrary enumeration
t1,. .. tm,... of all rationals in [0, 1] and, by induction on m, construct the
lineons ¢y, in such a way that for any m < m/, the lineon ¢, , is derived from
a subsequence of the sequence used for defining the lineon ¢, . This property
implies that for any fixed model M, the function Q N [0,1] — [0,1] given
by ¢ — (¢,)m is Lipschitz, with the corresponding Lipschitz constant ¢,
depending only on M. We can then use a definition of distance in [0, 1]M[TLin]
analogous to Definition (11), but with denominators 2" - max{cyy,, 1} instead;
such distance still induces the product topology and we see that the function ¢
itself is uniformly continuous on QN [0, 1]. Hence it can be uniquely extended
to a continuous function [0, 1] — [0, 1]M[7Lin] Finally, recalling that the set of
lineons is closed in [0, 1]MTtn] finishes the proof.m

Remark 10 As the reader may have noticed, in the proof above we used
actually densities of sets A C F/ in functions f: F — [0,1] that are not
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necessarily {0, 1}-valued. It is straightforward to extend the definitions of
lineon densities to [0, 1]-valued functions (weighted lineons).

Furthermore, one may also argue that the proof above only shows that
the space of limits of [0, 1]-valued functions is path-connected, which a priori
may be much larger than just the space of lineons (i.e., the space of limits of
{0, 1}-valued functions). However, these spaces turn out to be the same by
the following standard argument. Every [0, 1]-valued function f: F}* — [0, 1]
is the almost sure limit of the sequence of random sets A,, C IFZ”“” where each
element » € F'*" is independently present in A,, with probability f(7(z)),
where 7: IF;"‘*" — )" is the projection to the first m coordinates. Hence,
every p(—, f) is in fact a lineon. Finally, the fact that lineons form a closed
set implies that limits of [0, 1]-valued functions are also lineons.

Once we know that lineons form a proper subspace of Hom™ (A[Tyi], R),
one natural question that arises is: can we at least describe it with countably
many polynomial inequalities? Note that Hom™ (A[T1i], R) itself can be
described like this from the explicit description given by flag algebras (see
Section 2.5).

As the final result of this section, we will prove that this is indeed possible,
and in fact, we can prove that this is the case for any closed subset of the set
of all limit objects (and any theory). We will need the following basic lemma
in topology /geometry (since we were not able to find it in the literature, we
offer a simple proof in Appendix C).

Lemma 7.17 Let C C [0,1]N be a closed conver set. Then C' can be described
as the set of points p € [0,1]N that satisfy some system of countably many
linear inequalities, each depending on finitely many coordinates of p.

Theorem 7.18 FEuvery closed set F' C Hom™ (A[T],R) can be described with
countably many polynomial inequalities (each in a finite number of coordi-
nates).

Proof. Since Hom™ (A[T],R) itself can be described with countably many
polynomial inequalities (see Section 2.5) and in light of Lemma 7.17 above, it
is enough to show that there exists a closed convex set C' C [0, 1]M["] such
that F'= C' N Hom™ (A[T],R). Let C be the closed convex hull of F. Since
both F and C are compact, by [Rud91, Theorem 3.28], every element of C'
is of the form E [¢] for some random variable ¢ supported on F. Thus, it
is enough to show that if ¢ is supported on F and E [¢] € Hom™ (A[T],R),
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then we must have P[¢p = E[¢]] = 1. This is immediate from item 6) of
Theorem 6.3 and the observation that the isomorphism between distributions
on Hom™ (A[T],R) and exchangeable random structures is linear and hence
preserves extreme points.m

But all in all, these pieces of information about the space of lineons
generate more questions than they answer, and we defer further discussion to
the concluding section.

8 Conclusion and open problems

One topic that we have touched only very briefly is the distance and topology
on the space of all T-ons for a given theory T'. Both can be defined via densities
(see Section 2), but to the best of our knowledge, no alternative “intrinsic”
description bypassing statistical sampling is known even for the case of 3-
hypergraphons. This is of course in sharp contrast with the case of ordinary
graphons where the characterization in terms of cut-distance [BCLT08] is an
inherent part of a fruitful and beautiful theory [Lov12, Part 3]. Is it possible
to give an analogous characterization for an arbitrary theory 7', presumably
based on a suitable generalization of the cut-distance to higher dimensions?

Expanding on the previous question, in the sparse graph setting, conver-
gence in (normalized) cut-distance yields the theory of LP-graphons [BCCZ14,
BCCZ18], which forms a semantic limit theory just as ordinary graphons.
A natural question is whether it is possible to generalize such notions of
cut-distance convergence in the sparse setting to arbitrary combinatorial
objects. While one stepping stone in answering this would be a generalization
of cut-distance to higher dimensions, another would be to provide some sort
of syntactic limit for sparse graphs capturing cut-distance convergence.

On the other hand, for convergence of densities there have been successful
adaptations of flag algebras to some theories in the sparse setting [Babll,
BHLL14], providing a syntactic limit for them (recall that convergence in
cut-distance and convergence of densities are not equivalent in the sparse
setting). Can one then also provide a semantic limit for these theories? One
possible approach would be to substitute the exchangeability notion used
in this work with the notion of partial exchangeability (see [DF84] for a
definition and further references on the topic).

As we have mentioned before, our proof of the Induced Euclidean Removal
Lemma (Theorem 3.3) heavily depends on the axiom of choice. A natural
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question is whether one can prove it without using the axiom of choice or
whether this theorem is equivalent to some weak form of the axiom of choice.
As we saw in Section 4, this question is “morally similar” to the question of
whether strong theons can be always made Borel (using whatever methods).
The simplest theory for which we do not know the answer is the theory of
graphs with forbidden induced cycles Cy.

The undecidability result by Hatami and Norine [HN11] says that given
an element f € A[Tgrapn] With rational coefficients, it is algorithmically
undecidable whether the inequality f > 0 holds in the limit for all graphs.
It is very natural to ask for which other universal theories 7" in a relational
language this is true; let us provisionally call such theories “statistically
undecidable”. One obvious example of a statistically decidable theory is
T1inOrder, and this notion is clearly invariant under isomorphisms as defined in
Section 2.2. More generally, if I: T7 ~» T5 is an open interpretation such that
(1) is surjective (see Example 29) and Ty is statistically decidable then T}
is also statistically decidable. But other than these simple remarks we have
little to say on the subject. In particular, we do not know how statistical
decidability compares with ordinary (in the full first-order logic) decidability,
either way:.

Let us finally ask several questions about lineons (Section 7.5). On the
semantical side, it would be very interesting to give a theon-free description
of limit objects that better takes into account the specific Fp-linear structure.
A natural test for the validity of such a description should be a (two-sided)
cryptomorphism between these hypothetical objects and lineons, as described
syntactically in Section 7.5. While a progress in this direction has been
reported in [HHH14, Szel0, Yos16], the question still remains open.

We concluded Section 7.5 by observing that the set of lineons is a proper
closed subset of Hom™ (A[TLi], R) C [0, 1]l that can be described by
countably many polynomial inequalities. However, our proof does not provide
these inequalities explicitly, so it remains an open question whether the set of
lineons has an explicit description (i.e., computably enumerable) by countably
many polynomial inequalities.

Finally, the hypergraph interpretation of lineons allows us to transfer
to this framework the whole host of questions asked in the asymptotical
extremal combinatorics about concrete relations f > 0, and some of them
will look quite natural in this setting. For example, inspired by the concept
of commonality in graph theory, we might ask the following. Is it true that
for any coloring c: 5 — [Fo, the density of monochromatic affine k-cliques
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(D ica Ti)aer(r) (that is, all non-trivial linear combinations of xy, ...,z have
the same color) is always at least 92-2* (that we would get from a random
coloring)? This is true for k£ < 2, see [SW17, Example 2.2]. More generally,
we refer the reader to [SW17] for a more systematic study of these arithmetic
extremal combinatorics problems.
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A Mobius Inversion

In this section we present the Mobius Inversion used in our particular appli-
cation in a lightweight ad hoc manner. For a more thorough introduction to
the topic, we refer the interested reader to [SO97].

Definition A.1 Let (P, <) be a finite poset. A (closed and bounded) interval
in P is a set of the form
@b € {cePlaxe=b),

for some a,b € P with a < b. The length of the interval [a,b], denoted by
{([a,b]) is defined as the cardinality of the largest chain contained in [a, b],
that is, we have

é([a,b])défmax{EEN|Elal,ag,...,age [a,b], (a=a; <ay <---<a,=0b)}.

The Mobius Function of the poset P is the function pu: P x P — R defined
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by induction on the length of intervals by

1, if a = b;

— wla,c), ifa<b;
,u(a, b) = cgz;b}
c#b

0, ifa A0

Theorem A.2 (Mobius Inversion) Let (P, =) be a finite poset and f and
g be real-valued functions defined on P. If

Vo€ P, f(z) =Y g(y), (66)

yrx

then

Ve € P,g(z) = Zﬂ(xay)f(y)-

yrw

Proof. Follows directly from the calculation below.

> oy fly) = ulay)d g(z)

=> 9(2) > wlx,y)
zrT y€[z,z]
— g ) + Y () (u(x,2)+ 3 u(x,w)
z-x yze/z;z]
= g(x).

As a corollary, if we consider a model M of a theory T and form the
poset Py of (labeled) models of T" whose set of vertices is V(M) and with the
partial order C, the equation (10) is exactly of the form (66). Hence we get

tina(M,N) = > (M, M')ti5(M', N). (67)

M'DM
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Example 46 (uniform hypergraphs) In the theory of k-uniform hyper-
graphs T}, fypergraph, We have

(M, N) = (1) FERERDL

for every M C N with V(M) = V(N), where E(M) denotes the set of
hyperedges of M, that is, we have

E(M) = {{vi,v9,...,0.} CV(M) | Rga(v1,v2,...,0)}
Therefore, we have

tma(M,N) = Z (1) ECNEMDI (M N).

M'DM

Example 47 (uniform directed hypergraphs) In the theory of directed
k-uniform hypergraphs (that is, the canonical theory in the language with a
single predicate whose arity is k and with only the canonicity axiom (5)), we
have

(M, N) = (—1)Ben\eal

for every M C N with V(M) = V(N).
Therefore, we have

tind<M, N) = Z (—1)|RE,IV[’\RE,J\/I‘tinj(M/’ N)

M'DM

Example 48 (permutations and tournaments) Since in the theory of
permutations and in the theory of tournaments we have

V(IM)=V(N)AM CN = M =N,
then the Mobius Function for these theories is trivial:

1, if M = N;

HMN) = {0 if M #N.

Which is another way of saying that induced and non-induced settings for
these theories are the same.
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B Measure theory proofs

In this section, we prove Lemma 7.2 and Theorem 7.6.

Proof of Lemma 7.2. The forward implication follows directly from the
fact that if u({x}) > 0 for some x € X, then {x} is an atom of (X, A4, u).

For the backward implication, fix arbitrarily a metric dist(z,y) leading
to the topology and let {p, | n € N} be a countable dense set in X. Let

us denote by B(z,r) the open ball of radius r centered at x and denote by

diam(B) o sup{dist(z,y) | z,y € B} the diameter of a set B.

Suppose that A € A is an atom of 2 and let us show that there exists
x € X such that u({z}) > 0.
We construct inductively a sequence (A,,)nen of measurable sets satisfying

e A, is an atom of €;
o diam(A4,,) <27

o Ay C A

o u(An) = (A).

As an initial step, we set A_; 4 (note that we do not claim that
A_; has finite diameter). Given A,,_; for some m € N, since A,,_; =
Unen(B(0n, 2771 N Ay—1), we know that p(B(py,,, 27" ") N Apq) > 0 for
some n,, and since A,, 1 is an atom and p(A,,—1) = p(A), this measure must
be u(A). Set then A, oo B(py,,,27™ 1) N A,,_1 and note that all required
properties are satisfied.

Consider now the set B % Mmen Am- Since p(B) = limy, o0 p1(Am) =

u(A) > 0, it follows that B is non-empty. On the other hand, we know that
diam(B) = 0, so B must be of the form {z} for some z € X and we get

p({r}) > 0.

Finally, let us prove that in this case the diagonal D = {(z,z) € X? |z € X}
has measure 0 w.r.t. the product measure p2. First note that since the topol-
ogy is metrizable (and hence Hausdorff), the diagonal is a closed set, hence
measurable. On the other hand, by Fubini’s Theorem, it is enough to show
that for every z € X, the section D(x) = {y € X | (z,y) € D} has measure 0.
But this is indeed the case as D(z) = {«} for every x € X and p is atomless.m

To prove Theorem 7.6, we first need a technical lemma.
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Lemma B.1 If A C [0,1] is a Lebesgue measurable set with \(A) > 0, then
there exists a set K C A of zero Lebesque measure and cardinality of the
continuum.

Proof. By possibly replacing A with a closed set F' C A such that A\(F) >
A(A)/2 > 0, we may suppose that A is closed. We construct a Cantor subset
in A.

More precisely, let us define closed sets F,, inductively with F,,.; C F,
and such that F,, is a union of 2" disjoint closed intervals contained in [0, 1],
each such interval I satisfying \(I N A) = A(A)/3™. It will be convenient
to index the intervals by finite strings over {0, 1}, with the ones indexed by
{0,1}" corresponding to F,.

We start with Fy = I, = [0, 1], where € is the empty string. Suppose by

induction that we have constructed Fj, = J,e91yn La- For a € {0,1}", we let

. A
l, def sup {p €l,N A‘/\([QP] NI,NA) < 27(1-&-1) } ;

. 2\(A
To et sup {p el,N A’A([Om] NI,NA) < 3n(+1) } ;

]ao d:ef {pela |p§€a}7

[al déf {p € Ia |p Z Ta}-
Clearly I, and I,; are disjoint closed intervals contained in [, and since all
singletons have Lebesgue measure zero, it follows that A(I,0 N A) = A(La1 N
A) = A(A)/37*1. Setting Fpyq = Uaego.1yn+1 Lo concludes the construction.

Let then K % Npen(Fn M A) and note that since F, 41 C F, and A(F, N

A) = A(A) - (2/3)", we have A\(K) = 0. For every infinite string « € {0, 1},

the decreasing family of bounded closed sets
{AN I, 050, | n €Ny}

contains at least one point p, € K. Moreover, since I, N Iz = () for any pair
a # B of the same length, all these points are pairwise different and hence K
has the cardinality of the continuum.m

Proof of Theorem 7.6. For the backward implication, ([0,1], £, A!)
is the completion of the space ([0,1], B, \!) satisfying Assumption P, and
Assumption P is clearly invariant under measure-isomorphisms.
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For the forward implication, suppose €2 = (X, A4, 1) is a space satisfying
Assumption P and let Q = (X, A, ) be its completion. By Theorem 7.5, we
know that € is measure-isomorphic modulo 0 to ([0, 1], By, A!), that is, there
exist B € By and A € A with A\}([0,1]\ B) = u(X \ A) = 0 and there exists
a measure-isomorphism f: (B, Bi|p, A\'|5) — (A, Ala, pt|a).

Since every measurable set C' in A is of the form C' = C’ U C” for some
C" € A and some C” contained in a zero u-measure set and the same holds for
Ly, it follows that f is also a measure-isomorphism between (B, £;|g, \'|5)
and (A, Ala,|a)-

By possibly replacing B with B\ Y for a set Y C B such that A\'(Y) =0
and Y has cardinality of the continuum, whose existence is guaranteed by
Lemma B.1, we may suppose that [0,1] \ B (and hence also X \ A) has
cardinality of the continuum. Note that this conclusion does not use either
the axiom of choice or the continuum hypothesis, only the Cantor—Schroder—
Bernstein Theorem.

Then we can extend f to a bijection between [0, 1] and X arbitrarily and
the resulting function is a measure-isomorphism between ([0, 1], £1, A!) and
(X, A, 1) since these measure spaces are complete.m

C Closed convex sets in the Hilbert Cube

Proof of Lemma 7.17. For every n € N, let 7,: [0, 1]N — [0,1]" be the
projection to the first n coordinates. Note that since [0, 1]" is compact, the
projection 7, is a closed map.

Clearly we have C' C ﬂneN (7, (C)). On the other hand, if z €
MNpen T (70 (C)), then since {m,, ' (U) | n € NAm,(x) € UAU C [0,1]" open}
is a basis of neighborhoods of z in [0, 1]" and every such 7, }(U) must have
at least one point y of C satisfying m,(y) = m,(x), we get # € C = C.

Therefore, we get

C =) " (7(C)). (68)

neN

But (since 7, is a closed map) m,(C') is a closed convex set in [0, 1], hence it
can be described as the set of points p € [0, 1]" satisfying (possibly uncountably
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many) linear inequalities involving the coordinates of p, that is, we have

Vi€ Iuaz',O_'_Zai,jpj > 0},

j=1

T (C) = {p = (p;)j= € 10,1]"

where @; ; € R for every i € [ and j € {0,1,...,n} and [ is some (possibly
uncountable) set.

Now, for each i € I and each j € {0,1,...,n}, we let (¢ jm)men be a
sequence of rational numbers such that ¢; ;,» > a;; and lim,,_,o ¢i jm = @i ;-
Then we have

T (C) = {p = (p;)j=1 €10, 1]"

VieI,Yme N, giom+ Zqz‘,j,mpj > 0} -

J=1

But note now that there are at most [Q""| distinct (¢ jm)j—0, i.e., countably
many. Therefore 7, (C') can be described by countably many linear inequalities.
Equation (68) then finishes the proof as the intersection is countable.m
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