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Abstract

In recent years manifold methods have attracted a considerableamount of atten-
tion in machine learning. However most algorithms in that class may be termed
\manifold-motiv ated" as they lack any explicit theoretical guarantees. In this pa-
per we take a step towards closing the gap betweentheory and practice for a class
of Laplacian-basedmanifold methods. These methods utilize the graph Laplacian
associated to a data set for a variety of applications in semi-supervised learning,
clustering, data representation.

We show that under certain conditions the graph Laplacian of a point cloud of
data samplesconvergesto the Laplace-Beltrami operator on the underlying mani-
fold. Theorem 3.1 contains the �rst result showing convergenceof a random graph
Laplacian to the manifold Laplacian in the context of machine learning.
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1 In tro duction

Manifold methods have becomeincreasingly important and popular in ma-
chine learning and have seennumerousrecent applications in data analysis
including dimensionality reduction, visualization, clusteringand classi�cation.
The central modeling assumptionin all of thesemethods is that the data re-
sideson or neara low-dimensionalsubmanifoldin a higher-dimensionalspace.
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It shouldbenotedthat such an assumptionseemsnatural for a data-generating
sourcewith relatively few degreesof freedom.

However in almost all modeling situations, one does not have accessto the
underlying manifold but insteadapproximatesit from a point cloud. The most
commonapproximation strategy in thesemethods it to construct an adjacency
graph associated to a point cloud. Most manifold learning algorithms then
proceedby exploiting the structure of this graph. The underlying intuition
has always been that since the graph is a proxy for the manifold, inference
basedon the structure of the graph correspondsto the desiredinferencebased
on the geometric structure of the manifold. However few theoretical results
are available to justify this intuition.

An important and popular classof learning methods makesuseof the graph
Laplacianfor variouslearningapplications.It is worth noting that in almostall
cases,the graph itself is an empirical object, constructedasit is from sampled
data. Thereforeany graph-theoretic technique is justi�able only when it can
be related to the underlying processgeneratingthe data.

In this paper we take the �rst steps towards a theoretical foundation for
manifold-basedmethods in learning, by showing that under certain condi-
tions the graph Laplacian is directly related to the manifold Laplace-Beltrami
operator and convergesto it as the amount of data goesto in�nit y.

1.1 Prior Work

Many manifold and graph-motivated learningmethodshavebeenrecently pro-
posedfor various problemsand applications, including [26,32,3,14,12]for vi-
sualizationand data representation, [38,34,37,10,27,5,2,31]for partially super-
visedclassi�cation and [30,33,28,21,17],amongothers, for spectral clustering.
A discussionof various spectral methods and their out-of-sampleextensions
is given in [6].

The problem of estimating geometric and topological invariants from point
cloud data has also recently attracted some attention. Some of the recent
work includesestimating geometricinvariants of the manifold, such ashomol-
ogy [39,24],geodesicdistances[7], and comparingpoint cloudsusingGromov-
Hausdor� distance[18].

In this paper we show how the Laplace-Beltrami operator on the manifold
can be approximated from point cloud data. More speci�cally, we show that
for the uniform distribution on the manifold, the graph Laplacian converges
to the Laplace-Beltrami operator as the number of points increasesand the
kernel bandwith is selectedappropriately. This convergenceis uniform over a
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classof functions and over points of the manifold. We then show that the same
argument alsoworks for an arbitrary probability distribution, whenthe graph
Laplacian convergesto a slightly di�eren t weighted version of the Laplace-
Beltrami operator. We alsoconsiderthe caseof the normalizedLaplacian and
prove a stronger uniform convergencetype result.

This paper grew out of an attempt to analyze the Laplacian Eigenmapsal-
gorithm of [3] and is an extendedversion of the COLT 2005paper [4]. Our
extensionsinclude a more completeproof of the uniform convergenceresults
for the graph Laplacian as well as a discussionof how the ingredients of the
basicproof needto be modi�ed to handle the caseof an arbitrary probability
distribution. The �rst results on the convergenceof the graph Laplacian in a
manifold setting were presented in the Ph.D. Thesis [1]. Theorem 3.1 of this
paper is a probabilistic versionof thoseresultsshowing the convergenceof the
empirical graph Laplacian and was �rst presented in [22].

Thoseresultsweresubsequently generalizedto the caseof the arbitrary prob-
abilit y distribution in the 2004Ph.D. thesisof StefanLafon [19] (seealso[12]).
Further generalization and an empirical convergenceresult was presented
in [16] and an improved rate in [29]. A more subtle analysisof uniform con-
vergencehas recently been made in [15]. We also note the closely related
work [35],wheresimilar functional objects werestudied in a di�eren t context.
In a non-geometricsetting convergenceof the graph Laplacian was observed
in [8]. We also note [20], where convergenceof spectral properties of graph
Laplacians,such astheir eigenvectorsand eigenvalues,wasdemonstratedin a
non-geometricsetting for a �xed kernel bandwidth. Connectionsto geometric
invariants of the manifold, such as the Laplace-Beltrami operator, were not
consideredin that work.

Finally wepoint out that while the parallel betweenthe geometryof manifolds
and the geometry of graphs is well-known in spectral graph theory and in
certain areasof di�eren tial geometry(see,e.g.,[11]) the nature of that parallel
is usually not mademathematically precise.

2 Basic Ob jects

We will now introducethe main setting of the paper and the basicobjects of
study. Wewill considera compactsmooth manifold M isometricallyembedded
in someEuclideanspaceRN . This embeddinginducesa measurecorresponding
to a volumeform � on the manifold. For example,the volumeform for a closed
curve, i.e. an embeddingof a circle S1, measuresthe usualcurve length in RN .

The Laplace-Beltrami operator � M is a key geometricobject associated to a
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Riemannianmanifold. Givenp 2 M , the tangent spaceTpM canbe identi�ed
with the a�ne spaceof vectorstangent to M at p. This vector spacehas the
natural inner product induced by the embedding M � RN .

Given a di�eren tiable function f : M ! R, let r M f be the gradient vector
�eld on the manifold. Recall that the gradient vector r M f (p) points in the
direction of the fastestascent for f at p.

The Laplace-Beltrami operator � M (on functions) can be de�ned as diver-
gence1 of the gradient, � M f = � div(r M f ). Alternativ ely, � M can be de-
�ned as the only operator, such that for any two di�eren tiable functions f ; h

Z

M
h(x) � M f (x)d� (x) =

Z

M
hr M h(x); r M f (x)i d� (x) (1)

wherethe inner product is taken in the tangent spaceof the manifold and � is
the canonicaluniform measure.The Laplace-Beltrami operator is one of the
classicalobjects in di�eren tial geometry, see,e.g.,[25]for a detailedexposition.
Recall also that in the Euclidean space,the Laplace-Beltrami operator is the
ordinary Laplacian:

� f = �
X

i

@2f
@x2

i

On a k-dimensional manifold M , in a local coordinate system (x1; : : : ; xk)
with a metric tensor gij , the Laplace-Beltrami operator applied to a function
f (x1; : : : ; xk) is given by

� M f =
1

q
det(g)

X

j

@
@x j

 q
det(g)

X

i

gij @f
@x i

!

wheregij are the components of the inverseof the metric tensor G� 1.

The eigenfunctionsof the Laplace-Beltrami operator form a basisfor the the
spaceof squareintegrable functions L 2(M ) on the manifold. In the special
case,whenthe manifold is a 1-dimensionalcircle, the corresponding basiscon-
sistsof the usual Fourier harmonicssin(k� x) and cos(k� x). Indeed,functions
on a circle can be consideredas periodic functions on R. The correspond-
ing Laplacian is simply the secondderivative � @2

@x2 . It is easyto seethat the
Fourier harmonicsare the only eigenfunctionsof the secondderivative in the
spaceof the periodic functions.

If the manifold is taken with a measure� (given by d� (x) = P(x)d � (x) for
some function P(x) and with d� being the canonical measurecorrespond-
ing to the volume form), which is not uniform, a more generalnotion of the

1 We usethe minus sign in front of the gradient following a convention that makes
the Laplacian a positive operator.
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weighted Laplacianseemsnatural. The weighted Laplaciancanthen bede�ned
as � M ;� f (x) = � P f = 1

P (x) div(P(x)r M f ). See[23] for details.

The questionaddressedin this work is how to reconstructthe Laplace-Beltrami
operator on M givena sampleof points from the manifold. Beforeproceeding,
we will needto �x notation and to describe the basiconjectsunder consider-
ation.

Graph Laplacian. Given a sampleof n points x1; : : : ; xn from M , we con-
struct the complete weighted graph associated to that point cloud by tak-
ing x1; : : : ; xn as vertices of the graph and taking the edge weights to be

wij = e�
kx i � x j k2

4t . The corresponding graph Laplacian matrix L t
n is given by

(L t
n ) ij =

8
><

>:

� wij ; if i 6= j
P

k wik ; if i = j

We may think of the matrix L t
n as an operator on functions, de�ned on the

data points:

L t
n f (x i ) = f (x i )

X

j

e�
kx i � x j k2

4t �
X

j

f (x j )e�
kx i � x j k2

4t

Poin t cloud Laplace operator . We immediately seethat this formulation
extendsto any function on the ambient spaceand will denotethe correspond-
ing operator by L t

n :

L t
n f (x) = f (x)

1
n

X

j

e�
kx � x j k2

4t �
1
n

X

j

f (x j )e�
kx � x j k2

4t

It is clearthat L t
n f (x i ) = 1

n L t
n f (x i ). Wewill call the operator L t

n the Laplacian
associated to the point cloud x1; : : : ; xn .

Functional appro ximation to the Laplace-Beltrami operator . Given a
measure� on M we construct the corresponding operator

L t f (x) = f (x)
Z

M
e� kx � y k 2

4t d� (y) �
Z

M
f (y)e� kx � y k 2

4t d� (y)

We observe L t
n is simply a special form of L t corresponding to the Dirac

measuresupported on x1; : : : ; xn .

The objects of interest in this paper are the Laplace-Beltrami operator � M ,
its functional approximation L t and its empirical approximation (which is an
extensionof the graph Laplacian) L t

n .
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3 Main Result

Our main contribution is to establisha connectionbetweenthe graph Lapla-
cian associated to a point cloud and the Laplace-Beltrami operator on the
underlying manifold from which the points are drawn.

Considera compact2 k-dimensionaldi�eren tiable manifold M isometrically
embedded in RN . For our primary result, we will assumethat the data is
sampledfrom the uniform probability measuregiven by the induced metric
on M , i.e., the induced metric scaledby the factor 1

vol(M ) .

Givendata points Sn = f x1; : : : ; xng in RN sampledi.i.d. from this probability
distribution we construct the associated Laplaceoperator L t

n . Our main result
shows that for a �xed function f 2 C1 (M ) and for a �xed point p 2 M , after
appropriate scaling the operator L t

n convergesto the true Laplace-Beltrami
operator on the manifold.

Theorem 3.1 Let data points x1; : : : ; xn be sampled from a uniform distri-
bution on a manifold M � RN . Put tn = n� 1

k +2+ � , where � > 0 and let
f 2 C1 (M ). Then the following equality holds:

lim
n!1

1

tn(4� tn )
k
2

L tn
n f (x) =

1
vol(M )

� M f (x)

where the limit is takenin probability and vol(M ) is the volumeof the manifold
with respect to the canonical measure.

This theoremis the outcomeof joint work with its roots in the results of [1].
It was�rst communicated in its essentially current form in [22] and appeared
with a proof in [4]. The proof of this theoremconsistsof two parts. The main
and more di�cult result connectsL t (with the standard uniform measure)
and the Laplace-Beltrami operator � M . We show that when t tends to 0,
L t (approprately scaled) convergesto � M . The secondpart usesthe basic
concentration inequalities of probability theory to show that 1

n L t
n converges

to L t when n tends to in�nit y and the points x1; : : : ; xn are sampledfrom a
probability distribution on the manifold.

The proof of this primary theorem contains several key ideas that appear
in various generalizationsof the result. In the above theorem, we assert the
pointwiseconvergenceof L t

n f (p) to � M f (p) for a �xed function f and a �xed
point p. Uniformit y over all points p 2 M follows almost immediately from
the compactnessof M . Uniform convergenceover a classof functions require

2 It is possibleto provide weaker but more technical conditions, which we will not
discusshere.
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a few additional considerations.A versionof such a uniform theorem is

Theorem 3.2 Let data points x1; : : : ; xn be sampled from a uniform distri-
bution on a compact manifold M � RN and let F be a family of functions
f 2 C1 (M ), with a uniform bound on all derivatives up to order 3. Then
there existsa sequence of real numbers tn , tn ! 0, suchthat in probability

lim
n!1

sup
f 2F

�
�
�
�
�

1

tn (4� tn )
k
2

L tn
n f (x) �

1
vol(M )

� M f (x)

�
�
�
�
�
= 0

This theorem is proved in Section6 of this paper.

Another important direction for further generalizationis the considerationof
an arbitrary probability distribution P on M accordingto which points may
be sampled.Such a distribution function P : M ! R satis�es two properties
(i) P(q) > 0 for all q 2 M and (ii) integratesto one,i.e.,

R
M Pvol(q) = 1 where

vol(q) is the volume form at the point q. This direction was systematically
pursuedby Lafon, Coifman, and others(see[19,12]).In Section5, we consider
this situation and provide an exposition of how the ideas in the proof of
Theorem 3.1 needto be modi�ed to cover this more generalcase.An almost
immediate consequenceof Theorem 3.1 that is applicable to the caseof an
arbitrary probability distribution is the following

Theorem 3.3 Let M be a compact Riemannian submanifoldof RN and let
P : M ! R be a probability distribution function on M according to which
data points x1; : : : ; xn are drawn in i.i.d. fashion. Then, for tn = n� 1

k +2+ � ,
where � > 0, we have

lim
n!1

1

tn (4� tn )
k
2

L tn
n f (x) = vol(M )P(x)� P 2 f (x)

We seehere that the graph Laplacian convergesto a scaledversion of the
weighted Laplacian � P 2 f . To remove the scaling factors that occur in the
theoremabove, oneneedsto considerthe normalizedLaplacian. A discussion
of this is provided in Section 5 where we show how to construct a proof of
convergenceof the normalizedLaplacianusingthe toolsof this paper. The nor-
malized Laplacian and a generalizationto a family of normalized Laplacians
was �rst pointed out in the current manifold learning context by [19,12].

3.1 Laplace Operator and the Heat Equation

The Laplaceoperator is intimately related to the heat equation that governs
the di�usion of heat on a manifold. We will now discussthis relationship and
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develop someintuitions about the methods usedin the proof of Theorem3.1.

Let us begin by consideringthe heat 
o w in Euclideanspace,Rk . Recall that
the Laplace operator in Rk is de�ned as

� f (x) = �
X

i

@2f
@x2

i
(x)

We say that a su�cien tly di�eren tiable function u(x; t) satis�es the heat equa-
tion if

@
@t

u(x; t) + � u(x; t) = 0 (2)

The heat equation describes di�usion of heat with the initial distribution
u(x; 0). At any time t, the distribution of heat in Rk is given by the func-
tion u(x; t). The solution to the heat equation is given by a semi-groupof
heat operators H t . Given an initial heat distribution u(x; 0) = f (x), the heat
distribution at time t is given by u(x; t) = H t f (x).

It turns out that this operator is given by convolution with the heat kernel,
which for Rk is the usual Gaussian.

H t f (x) =
Z

Rk
f (y)H t (x; y)dy

H t (x; y) = (4� t) � k
2 e� kx � y k 2

4t

We summarizethis in the following

Theorem 3.4 (Solution to the heat equation in Rk) Let f (x) be a suf-
�ciently di�er entiablebounded function. We then have

H t f = (4� t) � k
2

Z

Rk
e� kx � y k 2

4t f (y)dy (3)

f (x) = lim
t ! 0

H t f (x) = (4� t) � k
2

Z

Rk
e� kx � y k 2

4t f (y)dy (4)

The function u(x; t) = H t f satis�es the heat equation

@
@t

u(x; t) + � u(x; t) = 0

with initial condition u(x; 0) = f (x).

The heat equation is the key to approximating the Laplaceoperator.

� f (x) = �
@
@t

u(x; t)

�
�
�
�
�
t=0

= �
@
@t

H t f (x)

�
�
�
�
�
t=0

= lim
t ! 0

1
t

�
f (x) � H t f (x)

�
(5)
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Equation 5 abovesuggestsour schemefor approximating the Laplaceoperator.
Recallingthat the heatkernelis the Gaussianwhich integratesto 1, weobserve
that

� f (x) = lim
t ! 0

�
1
t

�

(4� t) � k
2

Z

Rk
e� kx � y k 2

4t f (y)dy � f (x) (4� t) � k
2

Z

Rk
e� kx � y k 2

4t dy
�

This quantit y can easily be approximated from a point cloud3 x1; : : : ; xn by
computing the empirical versionof the integrals involved:

�̂ f (x) =
1
t

(4� t) � k
2

n

 

f (x)
X

i

e� kx i � x k 2

4t �
X

i

e� kx i � x k 2

4t f (x i )

!

=

1

t(4� t)
k
2

L t
n (f )(x)

This intuition canbe easilyturned into a convergenceresult for Rk . Extending
this analysisto an arbitrary manifold, however, is not asstraightforward as it
might seemat �rst blush. The two principal technical issuesare the following:

(1) With somevery rare exceptionswe do not know the exact form of the
heat kernel H t

M (x; y).
(2) Eventhe asymptotic form of the heatkernelrequiresknowing the geodesic

distancebetweenpoints in the point cloud. However we can only observe
distancesin the ambient spaceRN .

Remarkably both of these issuescan be overcomebecauseof certain miss-
ing terms in the asympotic expansionof various instrinsic objects! This will
becomeclear in the proof that we provide in the next section.

4 Pro of of the Main Results

4.1 Basic Di�er ential Geometry

Before we proceed further, let us brie
y review some basic notions of dif-
ferential geometry. Assumewe have a compact4 di�eren tiable k-dimensional
submanifoldof RN with the inducedRiemannianstructure. That meansthat

3 We are ignoring the technicalities about the probabilit y distribution for the mo-
ment. It is not hard however to show that it is su�cien t to restrict the distribution
to someopen set containing the point x.
4 Weassumecompactnessto simplify the exposition. A weaker condition will su�ce
as noted above.
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||x-y||

x

y

M

dist  (x,y)M

Fig. 1. Geodesicand chordal distance.

we have a notion of length for curveson M . Given two points x; y 2 M the
geodesicdistance distM (x; y) is the length of the shortest curve connectingx
and y. It is clear that distM (x; y) � kx � yk.

Given a point p 2 M , onecan identify the tangent space TpM with an a�ne
subspaceof RN passingthrough p. This spacehas a natural linear structure
with the origin at p. Furthermore it is possibleto de�ne the exponential map
expp : TpM ! M . The key property of the exponential map is that it takes
lines through the origin in TpM to geodesicspassingthrough p. The expo-
nential map is a local di�eomorphism and producesa natural systemof coor-
dinates for someneighborhood of p. The Hopf-Rinow theorem(see,e.g., [13])
implies that a compactmanifold is geodesically complete, i.e. that any geodesic
can be extendedinde�nitely which, in particular, implies that there exists a
geodesicconnectingany two given points on the manifold.

The Riemannianstructure on M inducesa measure(which we will denoteby
� ) corresponding to the volume form (denoted at a point q 2 M as vol(q)).
For a compact M total volume of M is guaranteed to be �nite, which gives
rise to the canonicaluniform probability distribution on M given by d� (q) =

1
vol(M ) vol(q).

Beforeproceedingwith the main proof westateonecuriousproperty of geodesics,
which will be neededlater. It concernsthe relationship betweendistM (x; y)
and kx� yk. The geodesicand chordal distancesareshown pictorially in Fig. 1.
It is clear that whenx and y are close,the di�erence betweenthesetwo quan-
tities is small. Interestingly, however, this di�erence is smaller than one (at
least the authors) would expect initially . It turns out (c.f., Lemma 4.3) that
when the manifold is compact

kx � yk2 = dist2
M (x; y) � O(dist4

M (x; y))

In other words chordal distance approximates geodesicdistance up to order
three. This observation and certain consequent propertiesof the geodesicmap
make the approximations usedin this paper possible.
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The Laplace-Beltrami operator � M is a secondorder di�eren tial operator.
The family of di�usion operators H t

M satis�es the following properties:

� M H t
M (f ) = �

@
@t

H t
M (f ) Heat Equation

lim
t ! 0

H t
M (f ) = f � -family property

In other words, the di�usion of heat on a manifold (from an initial distribu-
tion u(x; 0) = f (x)) is governed by the heat equation on the manifold. The
solution of the heat equationis given by convolution with the heat kernel. The
corresponding family of integral operators is denotedby H t

M (see,e.g., [25]).

Our proof hingeson the fact that in geodesiccoordinates the heat kernel can
be approximated by a Gaussian(in the ambient Euclidean space)for small
valuesof t and the relationshipsbetweendistancesin the ambient spaceand
geodesicsalong the submanifold.

4.2 Main Proof

We will now proceedwith the proof of the main theorem.

First we note that the quantities

Z

M
e� kp� x k 2

4t f (x) d� (x)

and

f (p)
Z

M
e� kp� x k 2

4t d� (x)

can be empirically estimatedfrom the point cloud. In particular, considerthe
operator

L t f (p) =
1
t

1

(4� t)
k
2

Z

M
e� kp� x k 2

4t (f (x) � f (p)) d� (x) (6)

By the simple law of large numbers, it is clear that for a �xed t > 0, a �xed
function f and a �xed point p 2 M ,

lim
n!1

1
t

1

(4� t)
k
2

1
n

L t
n f (p) = L t f (p)

where the convergenceof the random empirical point cloud Laplacian is in
probability.

The bulk of our paper will constitute an analysisof the operator L t as t ! 0.
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Then noting that

lim
n!1

1
t

1

(4� t)
k
2

L t
n f (p) = L t f (p) and lim

t !1
L t f (p) =

1
vol(M )

� M f (p)

we obtain the main theorem.

The analysisof the limiting behavior of L t will be conductedin several steps:

Step 1 Reduction of the integral to a ball on M ..

This argument is provided in Sec.4.3whereweproveLemma4.1which implies
that

lim
t ! 0

L t f (p) = lim
t ! 0

1
t

1

(4� t)
k
2

Z

B
e� kp� x k 2

4t (f (p) � f (x)) d� (x)

whereB is an arbitrary open subsetof M containing p.

Step 2 Changeof coordinatesvia the exponential map.

This step is discussedin Sec.4.4 where in particular, we derive Equation 10
that is a suitable asymptotic approximation to L t f . By changing to expon-
tial coordinates, the integral over the manifold in the de�nition of L t is ulti-
mately reducedto a new integral over a k-dimensionalEuclideanspacegiven
by Eq. 10.

Step 3 Analysis in EuclideanspaceRk .

The last step is an analysisof the integral of Eq. 10 in Rk and is conducted
in Section4.5. The key Proposition 4.4 provesthe limiting behavior of L t as
t ! 0.

This leadsto the proof of the main theoremas follows:

Pr oof: (Of Main Theorem 3.1)

Recall that the point cloud Laplacian L t
n applied to f at p is

L t
n f (p) =

1
n

 nX

i =1

e� kp� x i k2

4t f (p) �
nX

i =1

e� kp� x i k2

4t f (x i )

!

We note that L t
n f (p) is the empirical averageof n independent random vari-

ableswith the expectation

E L t
n f (p) =

�

f (p)
Z

M
e� kp� y k 2

4t d� (y) �
Z

M
f (y)e� kp� y k 2

4t d� (y)
�

(7)
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By an application of Hoe�ding's inequality (Eq. 7.2), we have

P

"
1

t(4� t)k=2
jL t

n f (p) � E L t
n f (p)j > �

#

� 2e� 1=2� 2nt (4� t )k =2

Choosing t as a function of n by letting t = tn = ( 1
n )

1
k +2+ � , where � > 0, we

seethat for any �xed � > 0

lim
n!1

P

"
1

tn (4� tn)k=2
jL tn

n f (p) � E L tn
n f (p)j > �

#

= 0:

Noting that by Proposition 4.4 and Eq. 7

lim
n!1

1
tn (4� tn)k=2

L tn
n =

� M f (p)
vol(M )

we obtain the theorem. 2

4.3 Reduction to a ball

In this section,we show that the integral over the entire manifold M in the
operator L t can be replacedby an integral over an open subsetof M with no
changein the limiting behavior. In other words,

�
�
�
�L

t f (p) �
Z

B
e� kp� y k 2

4t (f (p) � f (y)) d� (y)
�
�
�
� = o(ta) (8)

for any a > 0. This is a consequenceof the following

Lemma 4.1 Given an open set B � M , p 2 B, and a function f 2 L 1 (M ),
for any a > 0 as t ! 0, we have

�
�
�
�

Z

B
e� kp� y k 2

4t f (y) d� (y) �
Z

M
e� kp� y k 2

4t f (y) d� (y)
�
�
�
� = o(ta)

Pr oof: Let d = inf x62B kp � xk2 and let M = � (M � B) be the measureof
the complement to B . SinceB is open and p is an interior point of B , d > 0.
We thus seethat

�
�
�
�

Z

B
e� kp� y k 2

4t f (y) d� (y) �
Z

M
e� kp� y k 2

4t f (y) d� (y)
�
�
�
� � M sup

x2M
(jf (x)j)e� d2

4t

As t tends to zero e� d2

4t , decreasesat an exponential rate and the claim fol-
lows. 2
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4.4 Exponential Changeof Coordinates

To proceedwith our analysis we will need a tool, enabling us to reducean
operator on a manifold to an operator on a Euclidean space.This is doneby
observingthat in a neigborhood of a point p; a Riemannian manifold has a
canonical local coordinate systemgiven by the exponential map expp. Recall
that expp is a map : TM p(= Rk) ! M , such that expp(0) = p, expp is a
local isomorphismand an imageof a straight line through the origin in Rk is
a geodesicin M .

In order to reducethe computations to Rk we will apply the following change
of coordinates:

y = expp(x)

where y 2 M . Thus given a function f : M ! R, we rewrite it in geodesic
coordinates (locally around p) by putting

~f (x) = f (expp(x))

We will needthe following key statement relating the Laplace-Beltrami oper-
ator and the EuclideanLaplacian:

Lemma 4.2 (See, e.g. [25], p.90)

� M f (p) = � Rk ~f (0) = �
kX

i =1

@2 ~f
@x2

i
(0) (9)

Sinceexpp : TM p(= Rk) ! M is a locally invertible (within the injectivity
radius) map, we can choosea small open set ~B � Rk , s.t. expp is a di�eo-
morphism onto its image B = expp( ~B) � M . We will generally let ~B be a
k-dimensionalball of radius � , where� can be chosenappropriately.

By the de�nition of the exponential map, we see that for any point y =
expp(x), we have that d2

M (y; p) = kxk2
Rk � ky � pk2

RN wherep;y 2 M � RN

and x 2 Tp = Rk . However, crucially for our purposes,it is possibleto show
that the chordal distanceky� pkRN and the geodesicdistancekxkRk arerelated
by the following

Lemma 4.3 For any two points p;y 2 M , y = expp(x), the relation between
the Euclidean distance and geodesicdistance is given by

kxk2
Rk � ky � pk2

RN = g(x)

where jg(x)j = O(kxk4
Rk ) uniformly. In other words, there exists a constant

14



C > 0 suchthat

0 � kxk2
Rk � ky � pk2

RN = g(x) < Ckxk4
Rk

for all p and y = expp(x). The constant C dependsupon the embedding of the
manifold and boundson the third derivativesof the embedding coordinates.

Notation: from now on we will supresssubscriptsin the norm notation. For
example,we will write kxk instead of kxkRk .

Following Eq. 8, we seethat an appropriately scaledversionof L t f (p) can be
approximated by the following integral

1
t

1

(4� t)
k
2

Z

B
e� ky � pk 2

4t (f (p) � f (y))d� (p)

which can be written in exponential coordinatesas

1
vol(M )

1
t

1

(4� t)
k
2

Z

~B
e�

k exp p ( x ) � pk 2

4t ( ~f (0) � ~f (x))
q

det(gij )dx

wheredet(gij ) is the determinant of the metric tensor in exponential coordi-
nates.Now wemakeuseof the fact (see[35,36]and referencestherein) that the
metric tensor has an asymptotic expansionin exponential coordinates given
by

det(gij ) = 1 �
1
6

xT Rx + O(kxk3)

whereR is the Ricci curvature tensor.On a smooth, compactmanifold M , the
elements of R areboundedand therefore,we canwrite det(gij ) = 1+ O(kxk2).
Combining this with Lemma 4.3, our approximation to L t becomes

L =
1

vol(M )
1
t

1

(4� t)
k
2

Z

~B
e� kx k 2 � g( x )

4t ( ~f (0) � ~f (x))(1 + O(kxk2))dx (10)

where ~B is a su�cien tly small ball.

4.5 Analysis in Rk

In this manner,by switching to exponential coordinates,we have reducedour
task to analysis of an integral in Rk . We begin by considering the Taylor
expansionof ~f (x) about 0 as follows

~f (x) � ~f (0) = x � r f +
1
2

xT H x + O(kxk3)

wherer f = ( @~f
@x1

; @~f
@x2

; : : : ; @~f
@xk

)T is the gradient of ~f and H is the correspond-
ing Hessian.The remainder term may be bounded in terms of third order

15



derivativesof the function ~f . From now on we will assumethat the third or-
der derivatives of f exist and are bounded. In particular, we have that for
someconstant K and any x

j ~f (x) � ~f (0)j � K kxk (11)

We now considerthe quantit y e� kx k 2 � g( x )
4t that occursin the integrand of inter-

est in Eq. 10. We make useof the following approximation:

e� kx k 2 � g( x )
4t = e� kx k 2

4t e
g( x )

4t = e� kx k 2

4t

�

1 + O
� 1

4t
g(x)e

g( x )
4t

� �

wherewe have usedthe fact that e� = 1 + O(� e� ) for � > 0.

Armed with theseexpansions,we can rewrite the integral of Eq. 10 as

L = 
 t

Z

~B
e� kx k 2

4t

 

1 + O(
g(kxk)

4t
e

g( kx k )
4t )

!
�

~f (0) � ~f (x)
� �

1 + O(kxk2)
�

dx

where
 t = 1
vol(M )

1
t

1

(4� t )
k
2

.

To simplify computations we split the integral in three summands

L = A t + B t + Ct

where

A t = � 
 t

Z

~B
e� kx k 2

4t

�
~f (x) � ~f (0)

�
dx

B t = � 
 t

Z

~B
e� kx k 2

4t

�
~f (x) � ~f (0)

�
O(kxk2)dx

and

Ct = � 
 t

Z

~B
e� kx k 2

4t

�
~f (x) � ~f (0)

�
 

O

 
g(x)
4t

e
g( x )

4t

!
�
1 + O(kxk2)

�
!

dx

It remains to bound each of the terms A t ; B t and Ct , which we do in the
following proposition

Prop osition 4.4 For A t ; B t ; Ct de�ned asabove,the followinghold(i) lim t ! 0 A t =
1

vol(M ) � M f (p) (ii) lim t ! 0 B t = 0 and (iii) lim t ! 0 Ct = 0 implying that

lim
t ! 0

1
t(4� t)k=2

L t f (p) =
1

vol(M )
� M f (p)
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Pr oof: We begin by consideringA t . Using the Taylor expansionof ~f (x), we
have

A t = � 
 t

Z

~B

�

x � r ~f +
1
2

xT H x + O(kxk3)
�

e� kx k 2

4t dx

We now make the following four observations. First, note that

Z

~B
x i e� kx k 2

4t dx = 0 (12)

and for i 6= j
Z

~B
x i x j e� kx k 2

4t dx = 0 (13)

Thesefollow directly from the properties of a zero mean Gaussiandistribu-
tion with diagonal covariancematrix and the symmetriesinherent in such a
distribution function. Further, for i = j , we seethat

lim
t ! 0

1
t

1
(4� t)k=2

Z

~B
x2

i e� kx k 2

4t = vol(M ) lim
t ! 0


 t

Z

~B
x2

i e� kx k 2

4t = 2 (14)

Now note that
1
t

1
(4� t)k=2

Z

~B
kxk3e� kx k 2

4t = O(t1=2) (15)

Thesefour observations immediately imply that

vol(M ) lim
t ! 0

A t = � tr( H ) = �
nX

i =1

@2 ~f (0)
@x2

i
= � M f (p)

We now turn to B t . Note that

jB t j � 
 t

Z

~B

�
�
�
�

~f (x) � ~f (0)
� �

�
� e� kx k 2

4t O(kxk2)dx � 
 t

Z

~B
e� kx k 2

4t O(kxk3)dx

wherethe last inequality follows from eq. 11. Clearly, B t tends to 0 as t ! 0
from Eq. 15.

Finally, considerCt . We note that for su�cien tly small valuesof kxk

kxk2 � g(x) �
kxk2

2

and so

jCt j � 
 t

Z

~B

�
�
�
�

~f (x) � ~f (0)
� �

�
� e� kx k 2

8t

�
1 + O(kxk2)

�
dx

� 
 t

Z

~B
O(

kxk5

t
)e� kx k 2

8t (1 + O(kxk2))dx

The sameargument as above shows that lim t ! 0 Ct = 0. 2
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5 Arbitrary Probabilit y Distribution

The convergenceproof for the caseof a uniform probability distribution can
easily be extendedto cover the caseof an arbitrary probability distribution
with support on the submanifoldof interest. Minimal modi�cation is required
as we now demonstratebelow.

The setting is as follows: consider M 2 RN to be a compact Riemannian
submanifoldof Euclideanspaceasbefore.Let � be a probability measurewith
support on M . Under reasonableregularity conditions (essentially , absolutely
continuous with respect to the volume measure),� may be characterizedby
meansof a probability density function P : M ! R+ such that

Z

M
f (y)d� (y) =

Z

M
f (y)P(y)vol(y)

where
R

M P(q)vol(q) = 1 and vol(q) is the volume form on Tq. Thus, our
previousdiscussionconsideredthe caseP(q) = 1

vol(M ) .

As before, �x a function f : M ! R and a point p 2 M . Then if x1; : : : ; xn

are points sampledfrom M accordingto P, the point cloud Laplacian L t
n is

de�ned as beforeas

L t
n (f )(x) =

1
n

8
<

:
f (x)

X

j

e�
kx � x j k2

4t �
X

j

f (x j )e�
kx � x j k2

4t

9
=

;

By the simple law of large numbers, this (suitably scaled)convergesto L t
P

(wherewe explicitly denotethe dependenceon P by the subscript) de�ned as

L t
P f (p) =

1
(4� t)k=2t

Z

M
e� kp� x k 2

4t (f (p) � f (x)) d� (x)

which by the relation d� (x) = P(x)vol(x) can be written as

L t
P f (p) =

1
(4� t)k=2t

Z

M
e� kp� x k 2

4t (f (p) � f (x)) P(x)vol(x)

Now considerthe function

h(x) = (f (p) � f (x))P(x)

Clearly, h(p) = 0 and therefore,we seethat

L t
P f (p) = vol(M )

1
t(4� t)k=2

L th(p)

where L t is the operator associated to the uniform probability distribution.
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By Proposition 4.4, we seethat

lim
t ! 0

L t
P f (p) = vol(M ) lim

t ! 0
L th(p) = � M h(p)

Let us now consider� M h(p). We seethat

� M h(p) = � M (P(x)(f (x) � f (p)))

Usingthe fact that at the point p 2 M , �( f g) = g� f + f � g+2hgradf ; gradgi Tp ,
we seethat

� M h(p) = P� M f + 2hgrad f ; grad Pi = P
1

P2
div(P2grad f ) = P� P 2 f (p)

where� P 2 f is the weighted Laplacian de�ned as

� P 2 f = � M f +
2
P

hgradf ; gradPi =
1

P2
div(P2gradf )

For more details on this form of the weighted Laplacian, see[23].

Thus, we can state the following theorem

Theorem 5.1 Let M be a compact Riemannian submanifoldof RN and let
P : M ! R be a probability distribution function on M according to which
data points x1; : : : ; xn are drawn in i.i.d. fashion. Then, for tn = n� 1

k +2+ � ,
where � > 0, we have

lim
n!1

1
tn (4� tn )k=2

L tn
n f (x) = P(x)� P 2 f (x)

5.1 Normalizing the Weights

In the previoussection,we saw that the empirical point cloud Laplacian con-
vergespointwise to an operator which is the weighted Laplacian scaled(mul-
tiplied) by the probability density function at that samepoint. It turns out
that by suitably normalizing the weights of the point cloud Laplacian, the
scalingfactor may be removed.By a di�eren t normalization it is even possible
to recover the LaplaceBeltrami operator on the manifold thus separatingthe
truly geometricaspects of the manifold from the probability distribution on
it.

We now considerthe convergenceof the Laplacian with normalized weights.
As before,we have a smooth, compact,Riemannianmanifold M alongwith a
probability distribution function P : M ! R+ on it accordingto which points
x1; : : : ; xn are drawn in i.i.d. fashion. We assumethat a � P(x) � b for all
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x 2 M . Considera �xed function f : M ! R and a point x 2 M . The point
cloud Laplacian operator may be de�ned as

L t
n f (x) =

1
n

nX

i =1

W(x; x i ) (f (x) � f (x i ))

If W(x; x i ) = e� kx � x i k2

4t , this corresponds to the operator whoseconvergence
properties have been analysedin previous sections.The operator with nor-
malized weights corresponds to the choice

W(x; x i ) =
1
t

Gt (x; x i )q
d̂t (x)

q
d̂t (x i )

whereGt = 1
(4� t )k =2 e� kx � x i k2

4t is the Gaussianweight. The quantities d̂t (x) and

d̂t (x i ) areempiricalestimatesof dt (x) anddt (x i ) respectively de�ned asfollows:

dt (x) =
Z

M
Gt (x; y)P(y)vol(y)

while

d̂t (x i ) =
1

n � 1

X

j 6= i

Gt (x i ; x j )

and

d̂t (x) =
1
n

X

j 6= i

Gt (x; x j )

We proceednow to outline the argument for the convergenceof this operator.
We will seehow essential ideasfor this newconvergenceargument are already
contained in the proof of convergencein the setting with a uniform probability
distribution (detailed in Sec.4).

5.1.1 Limiting Continuous Operator

Our �rst stepis to show that for a �xed t > 0, the empirical operator converges
to the following continuousoperator given by

L t
P f (x) =

1
t

Z

M

Gt (x; y)
q

dt (x)
q

dt (y)
(f (x) � f (y)) P(y)vol(y)

This follows from the usualconsiderationsof the law of largenumbersapplied
carefully. To seethis, �rst considerthe intermediate operator

L t
n

0f (x) =
1
nt

nX

i =1

Gt (x; x i )q
dt (x)

q
dt (x i )

(f (x) � f (x i ))
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Sinceat < dt (x) < bt for all x and 0 < 1
t Gt (x; x i ) < 1

t(4� t )k =2 , the random vari-

able Gt (x;x i )( f (x)� f (x i ))

t
p

dt (x)
p

dt (x i )
� Qt is boundedand a simpleapplication of Hoe�ding's

inequality yields an exponential rate at which L t
n

0f (x) convergesto L t
P f (x) in

probability as n ! 1 . In other words,

P[jL t
n

0f (x) � L t
P f (x)j > � ] � 2e� � 2n

Q t (16)

Next we note that for each i ,

lim
n!1

d̂t (x i ) = dt (x i )

where the convergenceis in probability by the simple law of large numbers.
Further, sincejGt j � 1

(4� t )k =2 = Rt , the rate is exponential and an application
of Hoe�ding's inequality yields

P[jd̂t (x i ) � dt (x i )j > � ] � 2e� � 2 ( n � 1)
R t

By a union bound (over all i ), we have that for all i simultaneously,

P[max
i

jd̂t (x i ) � dt (x i )j > � ] � 2ne� � 2 ( n � 1)
R t (17)

It is easyto check that if � < at
2 in eq. 17, with high probability, for all i

Gt (x; x i )j
1

q
d̂(x)d̂(x i )

�
1

q
d(x)d(x i )

j = O

 

Rt
�bt

a3=2
t

!

so that
lim

n!1
P[jL t

n f (x) � L t
n

0f (x)j > � ] = 0 (18)

Combining Eqs.16 and 18, we have the result. Ratesmay be worked out from
the above equationsand attention to the constants therein.

5.1.2 Analysis of Continuous Operator

The rest of the proof revolvesaroundan understandingof the limiting behavior
of the underlying continuousoperator L t

P as t ! 0. We begin by noting that
by the usual arguments,

lim
t ! 0

dt (x) = P(x)

By the compactnessof M , this convergenceholds uniformly and in fact, one
can check that

dt (x) = P(x) + O(tg(x))
whereg is a smooth function depending upon higher derivativesof P. There-
fore, we can write

d
� 1

2
t (x) = (P(x) + O(tg(x))) � 1

2 = P(x) � 1
2 + O(t)
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Next considerthe operator given by

L t
P f (x) =

1
t

Z

M

Gt (x; y)
q

P(x)
q

P(y)
(f (x) � f (y))P(y)vol(y)

We�rst provethat this operator convergespointwiseto the weighted Laplacian
as t ! 0. To seethis, �rst note that by the sameanalysisas in lemma4.1, we
have that the above integral can be reducedto the integral over a ball in the
limit, i.e.,

lim
t ! 0

1
t

Z

B

Gt (x; y)
q

P(x)
q

P(y)
(f (x) � f (y))P(y)vol(y) =

lim
t ! 0

1
t

Z

M

Gt (x; y)
q

P(x)
q

P(y)
(f (x) � f (y))P(y)vol(y) (19)

Now, onecanfollow the logic of Sec.4 and write the above expressionin expo-
nential coordinates by expandingaround Tx and consideringthe exponential
map expx : Tx ! M . Let ~B be a ball in Tx as usual. Then B may be viewed
asthe imageof this ball under the exponential map. Writing y = expx (z) and
recalling that x = expx (0), we have

1
t

Z

B

Gt (x; y)
q

P(x)
q

P(y)
(f (x) � f (y))P(y)vol(y) =

1
t

1
q

~P(0)

Z

~B

1
(4� t)k=2

e� k exp x ( z ) � exp x (0) k 2

4t

q
~P(z)

�
~f (z) � ~f (0)

�
detgij dz

wherewe have usedthe~notation in a similar fashionasin Sec.4, i.e., ~P(z) =
P(expx (z)) and ~f (z) = f (expx (z)).

Expanding the density P in Taylor series,we write

~P
1
2 (z) = ~P

1
2 (0) +

1
2

~P � 1
2 (0)zT r ~P + O(kzk2)

Similarly, expanding ~f in Taylor series,we have

~f (z) = ~f (0) + zT r ~f + O(kzk2)

Finally, following the discussionin Sec.4.5, we note that e� k exp x ( z ) � exp x (0) k 2

4t is

O(e� kzk 2

4t + kzk4

t e� kzk 2

8t ) while detgij is O(1 + kzk2)). Thus, we may write the
left hand sideof eq. 19 as

1
t

Z

B

Gt (x; y)
q

P(x)
q

P(y)
(f (x) � f (y))P(y)vol(y) =

1
t

1
(4� t)k=2

Z

~B
A t (z)B t (z)Ct (z)dz
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where A t (z) = O(e� kzk 2

4t + kzk4

t e� kzk 2

8t ), B t (z) = zT r ~f + 1
2zT H z + O(kzk3),

and Ct (z) = ~P � 1=2(0) + 1
2zT r ~P + O(kzk2). Collecting terms in the integrand,

letting t ! 0, and making useof the observations in eqns.12, 13, 14, and 15,
we seethat

lim
t ! 0

L t
P f (p) = � M f +

1
P

hgradP; gradf i Tp = � P f (p)

The last step is to note that

1
t

Z

M
Gt (x; y)

0

@ 1
q

dt (x)dt (y)
�

1
q

P(x)P(y)

1

A (f (x) � f (y))P(y)vol(y) =

1
t

Z

M
Gt (x; y)O(t)( f (x) � f (y))P(y)vol(y)

By the samearguments with appropriate Taylor expansions,it is easyto check
that

lim
t ! 0

�
�
�
�
1
t

Z

M
Gt (x; y)O(t)( f (x) � f (y))P(y)vol(y)

�
�
�
� =

lim
t ! 0

Z

M
Gt (x; y)jf (x) � f (y)jP(y)vol(y) = 0

Thus we are able to extend our analysisto cover the following theorem:

Theorem 5.2 Let M be a compact Riemannian manifold without boundary.
Let P be a probability distribution function on M according to which exam-
ples x1; : : : ; xn are drawn in i.i.d. fashion. Then assumingthat (i) 0 < a =
inf x2M P(x) < b = supx2M P(x) and (ii) P is twice di�er entiable, we have
that there exists a sequence tn such that L tn

n f (p) convergesto � P f (p) where
the convergence is in probability.

6 Uniform Convergence

For a �xed function f , let

A f (t) =
1

t(4� t)
k
2

� Z

M
e� kp� y k 2

4t f (p) d� (y) �
Z

M
e� kp� y k 2

4t f (y) d� (y)
�

Its empirical versionfrom the point cloud is simply

Â f (t) =
1

t(4� t) � k
2

1
n

nX

i =1

e� kp� y k 2

4t (f (p) � f (x i )) = �
1

t(4� t)
k
2

L t
n f (p)
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By the standard law of large numbers,we have that Â f (t) convergesto A f (t)
in probability. One can easily extend this uniformly over all functions in the
following proposition

Prop osition 6.1 Let F be an equicontinuous family of functions with a uni-
form bound upto the third derivative. Then for each �xed t, we have

lim
n!1

P

"

sup
f 2 F

jÂ f (t) � A f (t)j > �

#

= 0

Pr oof: By equicontinuity and the uniform bound, we have by the Arzela-
Ascoli theorem that F is a precompactfamily. Correspondingly, let F 
 � F
be a 
 -net in F in the L 1 topology and let N (
 ) be the sizeof this net. This
guaranteesthat for any f 2 F , there exists g 2 F
 such that kf � gk1 < 
 .
By a standard union bound over the �nite elements of F
 , we have

lim
n!1

P

"

sup
g2 F 


jÂg(t) � Ag(t)j >
�
2

#

= 0

Now for any f 2 F , we have that

jÂ f (t) � A f (t)j � jÂ f (t) � Âg(t) + Âg(t) + Ag(t) � Ag(t) � A f (t)j

� jÂ f (t) � Âg(t)j + jÂg(t) � Ag(t)j + jAg(t) � A f (t)j

It is easyto check that for 
 = �
4(4� t)

k +2
2 , we have

jÂ f (t) � A f (t)j <
�
2

+ sup
g2 F 


jÂg(t) � Ag(t)j

Therefore

P

"

sup
f 2 F

jÂ f (t) � A f (t)j > �

#

� P

"

sup
g2 F 


jÂg(t) � Ag(t)j >
�
2

#

Taking limits as n goesto in�nit y, the result follows. 2

Now we note from Proposition 4.4 that for each f 2 F , we have

lim
t ! 0

(A f (t) � � M f (p)) = 0

This functional convergencecanbe extendeduniformly over the classF in the
following proposition
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Prop osition 6.2 Let F be a classof functions uniformly bounded upto three
derivatives.Then

lim
t ! 0

sup
f 2 F

�
�
�
�
�
(A f (t) �

1
vol(M )

� M f (p))

�
�
�
�
�
= 0

Pr oof: The proof is a minor adaptation of that of Proposition 4.4. Following
that proof, we note that

A f (t) = 
 t

Z

M
e� ky � pk 2

4t (f (p) � f (y))d� (y)

where
 t = 1
vol(M )

1
t

1

(4� t )
k
2

.

Using the arguments of Lemma4.1, and switching to exponential coordinates
using y = expp(x), we have

A f (t) = K t (f ) + B t (f ) + Ct (f ) + O
�

kf k1 
 te� r 2

4t

�

where
K t (f ) = 
 t

Z

~B
e� kx k 2

4t

�
~f (0) � ~f (x)

�
dx

B t (f ) = 
 t

Z

~B
e� kx k 2

4t

�
~f (0) � ~f (x)

�
O(kxk2)dx

and

Ct (f ) = 
 t

Z

~B
e� kx k 2

4t

�
~f (0) � ~f (x)

�
 

O

 
g(x)
4t

e
g( x )

4t

!
�
1 + O(kxk2)

�
!

dx

where ~B is a ball in Tp of radius r > 0. Examining K t (f ), we seethat

K t (f ) = � M f (p)

 
1

vol(M )
� 
 t

Z

~B c
e� kx k 2

4t kxk2dx

!

+ 
 t

Z

~B
e� kx k 2

4t O(kxk3)

where the constant in the O(kxk3) term dependson the uniform bounds on
the third derivative of the function. Therefore,we have

A f (t)�
1

vol(M )
� M f (p) = B t (f )+ Ct (f )+( K t (f )�

1
vol(M )

� M f (p))+ O
�

kf k1 
 te� r 2

4t

�

Examining the expressionsfor B t (f ), Ct (f ), and K t (f ), we seethat

lim
t ! 0

sup
f 2 F

�
�
�
�
�
A f (t) �

1
vol(M )

� M f (p)

�
�
�
�
�
= 0

wherewe have explicitly usedthe fact that all F is uniformly boundedupto
three derivatives. 2
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Therefore,from Propositions6.1 and 6.2,we seethat there existsa monoton-
ically decreasingsequencetn such that limn!1 tn = 0 for which the following
theorem is true

Theorem 6.3 Let data points x1; : : : ; xn be sampled from a uniform distri-
bution on a compact manifold M � RN and let FC be a family of functions
f 2 C1 (M ), which is equicontinuousand with a uniform bound on all deriva-
tives upto order 3. Then there exists a sequence of real numbers tn , tn ! 0,
suchthat in probability

lim
n!1

sup
f 2F C

�
�
�
�
�

1

t(4� tn)
k
2

L tn
n f (x) �

1
vol(M )

� M f (x)

�
�
�
�
�
= 0

A similar uniform convergencebound can be shown using the compactnessof
M and leadsto Theorem2.

7 Auxiliary Results

7.1 Bound on the Gaussianin Rk .

Lemma 7.1 Let B 2 Rk be an open set, suchthat y 2 B. Then as t ! 0

Z

Rk � B

(4� t) � k
2 e� kx � y k 2

4t dx = o
� 1

t
e� 1

t

�

Pr oof: Without a lossof generality we can assumethat y = 0. There exists
a cube Cs � B with sides, centered at the origin. We have

0 <
Z

Rk � B

(4� t) � k
2 e� kzk 2

4t dx <
Z

Rk � Cs

(4� t) � k
2 e� kzk 2

4t dx

Using the standard substitution z = xp
t
, we can rewrite the last integral as

Z

Rk � Cs

(4� t) � k
2 e� kx k 2

4t dx =
Z

Rk � C sp
t

(4� )� k
2 e� kzk 2

4 dz

whereC sp
t

is a cube with side sp
t
. The last quantit y is the probability that at

least onecoordinate of a standard multiv ariate Gaussianis greater than sp
t

in
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absolutevalue. Using the union bound, we get

Z

Rk � C sp
t

(4� )� k
2 e� kzk 2

4 dz � k(4� ) � k
2

Z

u62
h

� sp
t
; sp

t

i
e� u2

du = k(4� ) � k
2

 
p

� �
p

� Erf (
s

p
t
)

!

The function 1 � Erf (x) decays faster than e� x and the claim follows. 2

7.2 Hoe�ding inequality

Theorem 7.2 (Ho e�ding) Let X 1; : : : ; X n be independent identically dis-
tributed random variables,suchthat jX i j � K . Then

P
� �

�
�
�

P
i X i

n
� EX i

�
�
�
� > �

�

< 2exp

 

�
� 2n
2K 2

!
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