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Abstract.  Weconsiderthe problem of labeling a partially labeledgraph.
This setting may arise in a number of situations from survey sampling
to information retrieval to pattern recognition in manifold settings. It is
also of potential practical importance, when the data is abundant, but
labeling is expensive or requires human assistance.

Our approach develops a framework for regularization on such graphs.
The algorithms are very simple and involve solving a single, usually
sparse, system of linear equations. Using the notion of algorithmic sta-
bilit y, we derive bounds on the generalization error and relate it to struc-
tural invariants of the graph. Someexperimental results testing the per-
formance of the regularization algorithm and the usefulnessof the gen-
eralization bound are preserted.

1 Intro duction

In pattern recognition problems, there is a probability distribution P according
to which labeled and possibly unlabeled examplesare drawn and presened to
a learner. This P is usually far from uniform and therefore might have some
non-trivial geometric structure. We are interested in the designand analysis of
learning algorithms that exploit this geometric structure. For example, P may
have support on or closeto a manifold. In discrete settings, it may have support
on a graph. In this paper we considerthe problem of predicting the labels on
vertices of a partially labeled graph. Our goal is to designalgorithms that are
adaptedto the structure of the graph. Our analysisshows that the generalization
ability of sudh algorithms is cortrolled by geometric invariants of the graph.

set and E is the edgeset. Asscciated with ead edgee; 2 E is a weight Wj; .
If there is no edge presert betweenx; and x;, W; = 0. Imagine a situation
where a subset of these vertices are labeled with valuesy; 2 R. We wish to
predict the valuesof the rest of the vertices. In doing so, we would like to exploit
the structure of the graph. In particular, in our approac we will assumethat
the weights are indications of the atnit y of nodes with respect to ead other
and consequetly are related to the potential similarity of the y values these
nodesare likely to have. Ultimately we proposean algorithm for regularization
on graphs.



This generalproblem arisesin a number of di®erent settings. For example,in
survey sampling, one has a database of individuals along with their preference
pro les that determines a graph structure basedon similarity of preferences.
One wishesto estimate a survey variable (e.g. hours of TV watched, amourt of
cheeseconsumed,etc.). Rather than survey the ertire set of individuals every
time, which might be impractical, one may sample a subset of the individuals
and then attempt to infer the survey variable for the rest of the individuals.
In Internet and information retrieval applications, one is often in possessiorof
a database of objects that have a natural graph structure (or more generally
atnit y matrix). One may wish to categorizethe objects into various classesut
only a few (object, class) pairs may be obtained by accessto a supervised or-
acle. In the Finite Elemert Method for solving PDES, one sometimesevaluates
the solution at someof the points of the nite elemer meshand one needsto
estimate the value of the solution at all other points. A "nal example arises
when data is obtained by sampling an underlying manifold embeddedin a high
dimensional space.In recen approacesto dimensionality reduction, clustering
and classi cation in this setting, a graph approximation to the underlying man-
ifold is computed. Semi-sugervised learning in this manifold setting reducesto
a partially labeled classi cation problem of the graph. This last example is an
instantiation of transductive learning where other approadcesinclude the Naive
Bayesfor text classi cation in [11], transductive SVM [14,9], the graph mincut
approad in [2], and the random walk on the adjacency graph in [13]. We also
note the closelyrelated work [10], which useskernelsand in particular di®usion
kernelson graphs for classi cation.

In the manifold setting the graph is easily seento be an empirical object. It
is worthwhile to note that in all applications of interest, even those unrelated to
the manifold setting, the graph re°ects pairwise relationships on the data, and
henceis an empirical object whene\er the data consistsof random samples.

We considerthis problem in somegenerality and intro duce a framework for
regularization on graphs. Two algorithms are derived within this framework. The
resulting optima have simple analytical expressions.If the graph is sparse,the
algorithms are fast and, in particular, do not require the computation of multiple
eigervectors as is common in many spectral methods (including our previous
approad [1]). Another advantage of the current framework is that it is possible
to provide theoretical guaranteesfor generalization error. Using techniquesfrom
algorithmic stability we show that generalization error is bounded in terms of
the smallest nontrivial eigervalue (Fiedler number) of the graph. Interestingly,
it suggeststhat generalization performance depends on the geometry of the
graph rather than on its size.Finally someexperimental evaluation is conducted
suggestingthat this approad to partially labeled classi cation is competitiv e.

Seweral groups of researders have beeninvestigating related ideas.In partic-
ular, [12] also proposedalgorithms for graph regularization. In [16] the authors
propose the Label Propagation algorithm for semi-supervised learning, which
is similar to our Interpolated Regularization when S = L. In [15] a somewhat
di®erent regularizer together with the normalized Laplacian is used for semi-



supervisedlearning. The ideasof spectral clustering motivated the authors of [4]
to introduce Cluster Kernels for semi-sugervised learning. The authors suggest
explicitly manipulating eigervalues of the kernel matrix.

2 Regression on Graphs

2.1 Regularization and Regression on Graphs

To approximate a function on a graph G, with the weight matrix W; we need
a notion of a \good" function. One way to think about such a function is that
is that it doesnot make too many \jumps". We formalize that notion (seealso
our earlier paper [1]), by the smoothnessfunctional

X
S(f): Wij (fii fj)z
1» ]
where the sum is taken over the adjacert vertices of G. For \good" functions f
the functional S takessmall values.
It is important to obsene that

W (Fij )2 =fTLf
1»

. . J P P .
wherel isthe LaplacianL = Dj W, D = diag( ; Wy;:::; ;W) Thisisa
basic identit y in the spectral graph theory and provides someintuition for the
remarkable properties of the graph Laplacian L.

Other smoothness matrices, such asLP, p2 N, exp(j tL), t 2 R are also
possible.In particular, L? often seemsto work well in practice.

2.2 Algorithms for Regression on Graphs

Let G = (V;E) be a graph with n vertices and the weight matrix W; . For the
purposesof this paper we will assumethat G is connectedand that the vertices
of the graph are numbered. We would like to regressa function f : VI R.f
is de ned on vertices of G, however we have only partial information, say for
the “rst k vertices. That is f (xj) = yi, 1 - i - k. The labels can potentially
be noisy. We also allow data points to have multiplicities, i.e. ead vertex of the
graph may appear more than oncewith sameor di®eren y value.
We precondition the data by mean subtracting rst. That is we take

wherey = % P yi. This is neededfor stability of the algorithms as will be seen
in the theoretical discussion.

Algorithm  1: Tikhono v regularization (parameter ° 2 R). The objec-
tive is to minimize the squarelossfunction plus the smoothnesspenalty.

- P }X L. 2 oftft
f = argmin (fii w)-+ °f Sf
f=@f1:3fn) k f

fiZO !



S hereis a smoothnessmatrix, e.g.S= L or S= LP, p2 N. The condition

fi = Ois neededto make the algorithm stable. It can be seenby following the
proof of Theorem 1 that necessarystability and the corresponding generalization
bound cannot be obtained unlessthe regularization problem is constrained to
functions with mean O.

Without the loss of generality we can assumethat the rst | points on the
graph are labeled.| might be di®erert from the number of samplepoints k, since
we allow verticesto have di®erent labels (or the samelabel seweral times).

The solution to the quadratic problem above is not hard to obtain by stan-
dard linear algebra considerations.If we denoteby 1 = (1;1;:::;1) the vector
of all ones,the solution can be given in the form

F=(k°S+ 1) H(y+ 1)
_ P P P
Herey is the n-vectory = ( ;ysi; VYa2isi:t, Ymi;0;:::;0), where we sum
the labels corresponding to the samevertex on the graph.
I is a diagonal matrix of multiplicities

where n; is the number of occurencesof vertex i amongthe labeled point in the
sample.! is chosenso that the resulting vector f is ortogonal to 1. Denote by
s(f) the functional X

s:f! fi
. ¢ i ¢
Sinces is linear, we obtain 0 = s(f) = s'(k°S+ )ity + s'(k°S+ )i i1,
Therefore we can write
y o SkeSH 1) y)
s((k°S+ 1) 1)

Note that dropping the condition f ? 1 is equvalert to putting * = O.

Algorithm  2: Interp olated Regularization (no parameters).

tion problemisto nd afunction of maximum smoothnesssatisfying f (x;) = v,
1-i- k:
= argmin ftsf
f=( yq Pk F k1 5 5fn)
fi=0
As before S is a smoothness matrix, e.g. L or L2. However, here we are not
allowing multiple verticesin the sample.We partition S as

_usl Szﬂ

ST gl

whereS; isak£ k matrix, S, iskE£ nj kandSzis(nj k)£ (nj k). Let f"be



Straightforward linear algebrayields the solution:

 S(S51S]y)
s(SitsT 1)

The regressionformula is very simple and has no free parameters. However,
the quality of the results dependson whether S; is well conditioned.

It canbeshawn that Interpolated Regularization is the limit caseof Tikhonov
regularization when ° tends to 0. That is, given a function f, and denoting
by Reg and Regn , Tikhonov regularization and Interpolated regularization,
respectively, we have

1 —

lim Reg (f) = Regn (f)

That corresppndencesuggestsusing the condition f ? 1 for interpolated regu-
larization as well, even though no stabilit y-based bounds are available in that
case.

It is interesting to note that this condition, imosed for purely theoretical
reasons,seemssimilar to classmassnormalization step in [16].

3 Theoretical Analysis

In this sectionwe investigate sometheoretical guaranteesfor the generalization
error of regularization on graphs. We use the notion of algorithmic stability,
“rst introduced by Devroye and Wagner in [6] and later used by Bousquet and
Elissee®in [3] to prove generalization bounds for regularization networks.

The goal of a learning algorithm is to learn a function on somespaceV from
examples.Given a set of examplesT the learning algorithm producesa function
fr : V! R. Therefore a learning rule is a map from data setsinto functions on
V. We will beinterestedin the casewhereV is a graph.

The empirical risk Ry (f ) (with the squarelossfunction) is a measureof how
well we do on the training set:

LY
Ri(f) = K Fxi)i vi)?
1

The generalization error R(f) is the expectation of how well we do on all
points, labeled or unlabeled.

R(f)=E: (f(x)i y(x)?

where the expectation is taken over an underlying distribution * on V £ R
accordingto which the labeled examplesare drawn.

As beforedenotethe smallestnontrivial eigervalue of the smoothnessmatrix
S by , ;. If Sisthe Laplacian of the graph, this value, rst introducedby Fiedler



in [7] as algebraic connectivity and is sometimesknown asthe Fiedler constart,
plays a key role in spectral graph theory. One interpretation of , ; is that it gives
an estimate of holw well V' can be partitioned. We expect , 1 to be relatively
large,say ,1 > O nl, , 0. r ¢ 1. For examplefor an n-dimensional hypercube
,1 = 2.1f 1 is very small, a sensiblepossibility would be to cut the graph in
two, using the eigervector corresponding to , ; and proceedwith regularization
separately for the two parts.

The theorem below states that as long as k is large and the values of the
solution to the regularization problem are bounded, we get good generalization
results. We note that the constart K can be bounded using the properties of
the graph. Seethe propositions below for the details. We did not make these
estimates a part of the Theorem 1 as it would make the formulas even more
cumbersome.

Theorem 1 (Generalization Performance of Graph Regularization).
Let ° be the regularization parameter, T be a setof k , 4 verticesx1;:::; Xk,

iYii - M. Let f1 be the regularization solution using the smaothnessfunctional
S with the second smallest eigenvalue, ;. Assumingthat 8xjf+ (x)j - K wehave
with probability 1 + (conditional on the multiplicity being no greater than t):

r—
2log(2=1 i, —

. I ¢
Re(fr)i R(EDj -~ =55 K+ (K + M)?

where p__
- 3M tk N M

(k°,1i )2 k°, 1t

Proof. The theorem is obtained by rewriting the formula in the Theorem 4 in
terms of k and then applying the Theorem 5.

We seethat asusual in the estimatesof the generalization error it decreases
at arate f@l—E It is important to note that the estimate is nearly independen of
the total number of verticesn in the graph. We say \nearly" sincethe probability
of having multiple points increasesas k becomescloseto n and sincethe value
of , 1 may (or may not) implicitly depend on the number of vertices.

The only thing that is missingis an estimate for K. Below we give two such
estimates, one for the caseof general S and the other, possibly sharper, when
the smoothnessmatrix is the Laplacian S = L.

Prop osition 1. With ,;, M and ° as alove we havethe following inequality:

kf k_‘]_ " pM—o

s 1

Proof. Let's ‘rst denotethe quantity we are trying to minimize by P (f):

1 X
P()= ¢ (fii y)?+ “f'Lf!
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The st obsenation we make is that whenf = 0, P(f) = £ ,y2- M?2. Thus,

if T minimizes P(f), we have 0 - °f'Lf - M?2. Recallthat f 2 H, whereH is
the linear spaceof vectors with mean 0 and that the smallest eigervalue of S
restricted to H is , ;. Therefore, recalling that kf k, , kf k; , we obtain

HLE, | kfK?, | (kK2

Thus IS

Kiky - — - p—

A di®erent inequality can be obtained when S = L. Note the the diameter
of the graph is typically far smaller than the number of vertices. For example,
when G is a n-cube, the number of verticesis 2", while the diameter is n.

Prop osition 2. LetW = min;,; w; bethe smallest nonzer weightof the graph
G. AssumeG is connected. Let D be the unweightel diameter of the graph, i.e.
the maximum length of the shortest path between two points on the graph. Then
the maximum entry K of the solution to the °-regularizaton problem with y's
bounded by M satis es the following inequality:
s
D

K- M
°W

A useful special caseis

Corollary 2 If all weightsof G are either 0 or 1, then
s

K- M

o|U|

Proof. Using the same notation as above, we seeby substituting the O vector
that if © minimizes P (f), then Pf- M2,

Let K be the biggestentry of f with the corresponding vertex v;. Take any
vertex v, for which thereisay - 0. Suc vertex exists, sincethe data has mean
0. Now let e;;er;:::;en be a sequenceof edgeson the graph connecting the

sequencqi\low let h; = gii g; 1 bethe di®erencesf valuesof  along that path.
Wehave hi=0gni ., K. p

Consider the minimum value Z of iwihiz, given that ; h; K. Using
Lagrangian multiplielgs, we se%hat the solution is given by h; = W@ We nd ®
using the condition = ; hj = ® Wi = K. Therefore

5
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X X 2
Wihi2: g: K
Wi

i i I wj



Recallthat 7™+ is the harmonic meanof numbersw; and is therefore greater
=1 w;
than min(wa;:::;Wg). Thus we obtain

X K 2
i
On the other hand, we seethat
X X
Lt = wi (7 i fT)2 s Wihi2
i<j ; i»j i

sincethe right-hand sight of the inequality is a partial sum of the terms of the
left-hand side.

Hence )

Since the path betweenthose points can be chosenarbitrarily , we can choseit
sothat the length of the path m doesnot exceedthe unweighted diameter D of
the graph, which provesthe theorem.

In particular, if all weights of G are either zero or one, we have:

MPB
K- —p—

assuming,of course,that G is connected.

To prove the main theorem we will use a result of Bousquet and Elissee®
([3]). First we needthe following

De nition 3 A learning algorithm is said to be uniformly (or algorithmically)
~-stable, if for any two training setsT,, T, di®erent at no more than one point,

8 ffr ()i fr(i- ~

The stability condition canbethought of asthe Lipschitz property for mapsfrom
the set of training samplesendaved with the Hamming distanceinto L* (V).

Theorem 4 (Bousquet, Elissee®). For a™ -stablealgorithm T ! f1 wehave:

v 1

22
>0  Prob(R(fr)i R(Fr)j>2+7)- 2exp i K

2(k + (K + M))?




The above theorem' together with the appropriate stability of graph regular-
ization algorithm yields Theorem 1. We now proceedto show that regularization
on graphs using the smoothnessfunctional S is -stable, with = asin Theorem
1.

Theorem 5 (Stabilit y of Regularization on Graphs). For data samples

of sizek , 4 with multlpI|C|t}/ of at most t, °-regularization using the smaoth-

nessfunctlonal Sisa (k?:’Mli 7 * i -stablealgorithm, assumingthat the

denominator k°, 5 j t is positive.

Proof. Let H bethe hyperplane orthogonal to the vector 1 = (1;:::;1). We will
denote by Py the operator corresponding to the orthogonal prOJectlon onH.
Recall that the solution to the regularization problem is given by

(k°S+ 1 )f=y+11

where? is chosensothat f belongsto H. We order the graph sothat the labeled
points come rst Then the diagonal matrix |, can be written as

wherel is the number of distinct labeled vertices of the graph and n; - tisthe

and is therefore no greater than t. Note that | - k.

On the other hand, the smallesteigervalue of S restricted to H is, ;. Noticing
that H is invariant under S and that for any vector v, kPy (v)k - kvk, since
Py is an orthogonal projection operator, and using the triangle inequality, we
immediately obtain that for any f 2 H

kPy (K°S + 1 )fk . KPyk°Sfki kPylfk, (L 1°ki t)kfk

It follows that the spectral radius of the inverseoperator (P (K°S+ 1)) *
doesnot exceed—1— k » whenrestricted to H (of course,the inverseis not even
dened outside of H)

To demonstrate stability we needto show that the output of the algorithm
does not change much when we change the input at exactly one data point.
Supposethat y, y° are the data vectors di®erert in at most one ertry. We can
assumethat y°cortains a new point. The other case when only the multiplicities
di®er, follows easily from the sameconsiderations. Thus we write:

X X X
y=0 Y Vi Vi 0::50)
o X X X o
yo= (0 Yin Yiziiiino YiYier;0:::50)
I I I
! Which is, actually, a special caseof the original theorem, when the cost function is
quadratic.



The sumgare taken over all valuesof y corresponding to a node on a graph. The
last sum  ° cortains one fewer term than the corresponding sum for .

Put ¥, yOto be the averagesfor y;y° respectively. We note that jyi ¥9 - %
and that the ertries of y; y° di®er by no more than that except for the last two

ertries, which di®er by at most 2M + 2% Of course,the last nj | 1 ertries
of both vectors are equal to zero. Therefore
S « .
H 2 H 2
2M 2M
ky i y% - 2 M+ 5 +kT < 4M

assumingthat k , 4.
The solutions to the regularization problem f, f° are given by the equations

f=(Pu(CkS+ 1) 'y
fO= (P (°kS+ 10)i 1y°

where | and IE are n £ n diagonal matrices, | = diag(ny;ny;:::;n;;0;:::;0),
IE = diag(ny;nz;:::;n i 1;1,0;:::;0) and the operators are restricted to the
hyperplaneH .

In order to ascertain stability, we needto estimate the maximum di®erence

betweenthe ertries of f and fC kf j f%; . Wewill usethe fact that k k; - k k.
Put A= Py (°kS+ 1), B =Py (°kS+ I,?) restricted to the hyperplaneH .
We have

Fi 9= Allyi Bily®= Ali(yi y)+ Al Ty% BTy
Therefore
kKf i % - kfj f%- kAT Y(yi y9k+ kAT 1y¢9; Bi ly%k

Sincethe spectral radius of Al * and B/ * is at most = and ky i y% -
am , ’
4M
ke 10t
On the other hand, it can be cheded that ky% - Zp tkM . Indeed, it can
be easily seenthat the length is maximized, when the multiplicit y of eac point
ﬁiexactly t. Noticing that the spectral radius of Py (I i Il?) cannot exceed
2 < 1.5, we obtain:

KA 1y i y9k -

kAT 1y% B 'y% = kBT (B | A)Al 'y%k= KB Py (I i IQAT 'yIk -

3Mpt?

(k°,1i 1)2
Putting it all together

3M pﬁ aM
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Of course,we would typically expect 07 ¢ Kot

However one issuestill remains unresolved. Just how likely are we to have
multiple points in a sample. Having high multiplicities is quite unlikely aslong
ask ¢ n and the distribution is reasonablycloseto the uniform.

We make a step in the direction with the following simple combinatorial
estimate to shaw that for the uniform distribution on the graph, data samples,
where point occur with high multiplicities (and, in fact, with any multiplicit y
greater than 1) are unlikely aslong ask is relatively small comparedto n.

It would be easyto give a similar estimate for a more general distribution,
where probability of ead point is bounded from below by, say, %, 0<®- 1.

Prop osition 3. Assumingthe uniform distribution on the graph, the probability
P of a samplethat contains some data point with multiplicity more than t can
be estimated as follows: 1

on “k t+1

P< —— —
t+ 1! n

Proof. Let us rst estimate the probability P, that the Ith point will occur more
than t times, when choosingk points at random from a dataset of n points with
replacemer.
K leﬂlll 1‘|Tkii K Hk‘ﬂl
o= 1 = < . —
_ i ni n _ i ni
i=t+1 i=t+l

P|=

Writing out the binomial coexcients and using an estimate via the sum of a
geometric progressionyields:

<

t+Dt_.,, N t+1)! n 1j &

K ukﬂi 1 X Ukﬂi 1 Hk'ﬂHl 1
. i ni
i=t+1

Assumingthat k - %, we nally obtain

B, Ten
PI < i K

(t+ 1) n
Applying the union bound, we seethat the probability P of somepoint being

chosenmore than t times is bounded as follows:

X on uEﬂHl

. PR —
P Pi (t+ 1) n

i=1
By rewriting k in terms of the probability, we immediately obtain the follow-

ing

Corollary 6 With prokability at least 1 2 the multiplicity of the sampledoes

not exeed t, giventhat k - ' 2% n'i & In particular, the multiplicity
of the sampleis exactly 1 with prokability at least 1| 2, aslongask - " 2n.



4 Exp eriments and Discussion

An interesting aspect of the generalizationbound derivedin the previous section
is that it depends on certain geometric aspects of the graph. The size of the
graph seemsrelatively unimportant. For example consider the edge graph of
a d-dimensional hypercube. Such a graph hasn = 29 vertices. Howewer, the
spectral gap is always , ; = 2. Thus the generalization bound on such graphs
is independent of the sizen. For other kinds of graphs, it may be the casethat
, 1 dependsweakly on n. For sud graphs, we may hope for good generalization
from a small number of labeled examplesrelative to the size of the graph.

To evaluate the performanceof our regularization algorithms and the insights
from our theoretical analysis, we conducted a number of experiments. For ex-
ample, our experimental results indicate that both Tikhonov and interpolated
regularization schemesare generally competitive and often better than other
semi-sugervised algorithms. Howewer, in this paper we do not discussthese per-
formance comparisons.Instead, we focus on the performance of our algorithm
and the usefulnessof our bounds.

We presert results on two data setsof di®eren sizes.

4.1 lonosphere Data Set

The lonospheredata set has 351 examplesof two classesin a 34 dimensional
space.A graph is made by connecting nearby (6) points to ead other. This
graph therefore has 351 vertices. We computed the value of the spectral gap of
this graph and the corresponding bound using di®eren valuesof ° for di®eren
numbers of labelled points (seetable 4). We also computed the training error
(seetable 2), the test error (seetable 1), and the generalizationgap (seetable 3),
to compareit with the value of the bound.

For ° , 1, the value of the bound is reasonableand the di®erencebetween
the training and the test error is small, as can be seenin the last columns of
thesetables. Howewer, both the training and the test error for ° = 1 were high.
In regimeswhere training and test errors were smaller, we nd that our bound
becomesvacuous.

4.2 Mnist Data Set

We also tested the performance of the regularization algorithm on the MNIST
data set. We used a training set with 11; 800 examplescorresponding to a two
classproblem with digits 8 and 9.

We computed the training and the test error as well as the bound for this
two-classproblem. We report the results for the digits 8 and 9, averagedover
10 random splits. Table 5 and table 6 showv the error on the test and on the
training set, respectively. The regularization algorithm achievesa very low error
rate on this data set evenwith a small number of labelled points. The di®erence
betweenthe training and the test error is shown in table 7 and can be compared
to the value of the bound in table 8.



#L |°=0.001|°=0.01|°=0.1|°=1 #L |°=0.001|°=0.01|°=0.1|°=1
10 | 0.36 0.40 | 0.38 |0.36 10 | 0.00 0.09 | 0.26 |0.30
20 | 0.29 0.35 | 0.38 |0.36 20| 0.01 0.22 | 0.29 |0.33
40 | 0.22 0.36 | 0.37 |0.36 40 | 0.01 0.25 | 0.31|0.35
60 | 0.20 0.36 | 0.36 |0.36 60 | 0.08 0.28 | 0.36 |0.34
80 | 0.17 0.35 | 0.39 |0.36 80 | 0.09 0.30 | 0.35|0.36
100, 0.18 0.30 | 0.36 |0.36 100, 0.10 0.31 | 0.36 |0.37
200 0.20 0.36 | 0.35|0.36 200, 0.14 0.35 | 0.36 |0.36
300, 0.13 0.40 | 0.36 |0.34 300, 0.15 0.35 | 0.36 |0.36

Table 1. lonosphere data set. Classica- Table 2. lonosphere data set. Classi ca-
tion error rates on the test set. #L isthe tion error rates on the training set. #L is

number of labelled examples. the number of labelled examples.
#L |°=0.001(°=0.01°=0.1|°=1 #L |°=0.001|°=0.01|°=0.1|°=1
10| 0.36 | 0.31 | 0.12 |0.06 10 | 173.59| 32.87 | 2.92 |1.16
20| 0.28 | 0.13 | 0.09 |0.03 20 |1641.55| 16.38 | 2.02 |0.82
40 | 0.21 | 0.11 | 0.06 |0.01 40 |2138.57| 9.73 | 1.40 |0.58
60 | 0.12 | 0.08 | 0.00 |0.02 60 | 469.07| 7.44 | 1.14 |0.47
80 | 0.08 | 0.05 | 0.04 |0.00 80 | 251.67| 6.22 | 0.98 |0.41
100 0.08 | 0.01 | 0.00 |0.01 100 173.02| 5.43 | 0.87 |0.36
200 0.06 | 0.01 | 0.01 |0.00 200 72.72 | 3.64 | 0.61 |0.26
300 0.02 | 0.05 | 0.00 |0.02 300 48.97 | 2.90 | 0.50 |0.21

Table 3. lonosphere data set. Di®erence Table 4. lonosphere data set, ,1 =
betweenerror rates on the test setand on  34:9907. Generalization bound for con -
the training set. dence(li 4), += 0:1.

Here again, we obsene that the value of the bound is reasonablefor ° = 0:1
and ° = 1 but the test and training errors for thesevaluesof ° are rather high.
Note, however, that with 2000labelled points, the error rate for ° = 0:1 is very
similar to the error rates achieved with smaller valuesof °.

Interestingly, the regularization algorithm hasvery similar gapsbetweenthe
training and the test error for thesetwo data setsalthough the number of points
in their graphsis very di®erert (351 for the lonosphereand 11; 800for the MNIST
two-classproblem). The value of the smallest non-zero eigervalue for thesetwo
graphsis, however, similar. Therefore the similarity in the generalizationgapsis
consistert with our analysis.

5 Conclusions

In a number of di®erert settings, the needarisesto 1l in the labels (values)of a
partially labeled graph. We have provided a principled framework within which
one can meaningfully formulate regularization for regressionand classi cation on
such graphs. Two di®erert algorithms were then derived within this framework
and have beenshown to perform well on di®eren data sets.



#L |°=0.001|°=0.01|°=0.1|°=1
20 0.04 | 0.03 | 0.45 |0.50
40 0.02 0.03 | 0.42 |0.40
100 | 0.02 0.03 | 0.37 |0.40
200 | 0.02 0.02 | 0.28 |0.41
400 | 0.02 0.02 | 0.09 |0.46
800 | 0.02 0.02 | 0.11 |0.44
2000 0.02 0.02 | 0.03 |0.41

Table 5. Mnist data set, two-classclassi-
“cation problem for digits 8 and 9. Clas-
si cation error rates on the test set.

#L |°=0.001|°=0.01|°=0.1|°=1
20 0.04 | 0.02 | 0.12 |0.10
40 0.02 0.02 | 0.06 |0.04
100 | 0.01 0.01 | 0.05|0.02
200 | 0.00 | 0.00 | 0.04 |0.02
400 | 0.00 | 0.00 | 0.00 |0.01
800 | 0.00 | 0.00 | 0.01 |0.02
2000 0.00 | 0.00 | 0.00 |0.01

Table 7. Mnist data set, two-class clas-
si cation problem for digits 8 and 9. Dif-
ferencebetweenerror rates on the test set
and the on the training set.

#L |°=0.001{°=0.01°=0.1|°=1
20 0.00 0.01 | 0.33 |0.40
40 0.00 0.01 | 0.36 |0.36
100 | 0.01 0.02 | 0.32|0.38
200 | 0.02 0.02 | 0.24 |0.39
400 | 0.02 0.02 | 0.09 |0.45
800 | 0.02 0.02 | 0.10 |0.42
2000 0.02 0.02 | 0.03 |0.40

Table 6. Mnist data set, two-classclassi-
“cation problem for digits 8 and 9. Clas-
si cation error rates on the training set.

#L |°=0.001{°=0.01/°=0.1|°=1
20 |1774.43| 16.04 | 2.00 |0.81
40 |1928.94| 9.55 | 1.39 |0.57
100 | 166.74 | 5.34 | 0.87 |0.36
200 | 70.69 | 3.58 | 0.61 |0.26
400 | 37.13 | 2.44 | 0.43 |0.18
800 | 21.60 | 1.69 | 0.30 |0.13
2000 11.50 | 1.04 | 0.19 |0.08

Table 8. Mnist data set, two-class clas-
si cation problem for digits 8 and 9,
,1=35.5460. Generalization bound for
con dence (1-1), +=0.1.

The regularization framework o®ersse\eral advantages.

. It eliminates the need for computing multiple eigervectors or complicated
graph invariants (min cut, max °ow etc.). Unlike somepreviously proposed
algorithms, we obtain a simple closedform solution for the optimal regressor.
The problem is reducedto a single, usually sparse linear systemof equations
whosesolution can be computed exciently. One of the algorithms proposed
(interpolated regularization) is extremely simple with no free parameters.

. We are able to bound the generalization error and relate it to properties of
the underlying graph using argumerts from algorithmic stability.

. If the graph arisesfrom the local connectivity of data obtained from sam-
pling an underlying manifold, then the approad has natural connectionsto
regularization on that manifold.

The experimental results preseried heresuggestthat the approad hasempir-

ical promise. Our future plansinclude more extensive experimental comparisons
and investigating potential applications to survey sampling and other areas.
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