On The Method of Approximations

A. A. Razborov
Stellov Mathematical Institute,
117966, Moscow, GSP-1, Vavilova, 42, USSR

1 Introduction

Recently, there has been progress in prov-
ing lower bounds for certain restricted mod-
els of Boolean computations. In particular, by
the so-called method of approximations, expo-
nential lower bounds have been obtained for
monotone complexity [Raz85b, Raz85a, AES5,
ABS7, Tar89, And87] and for bounded-depth
circuits over several bases [Raz87, Smo87,
Pat86] (an informal account of the method can
be found in [Raz86, BS88]). The most interest-
ing question about approximations is, doubt-
less, how useful can they be for arbitrary cir-
cuits. This question can be made quite precise
because the method of approximations is easy
to formalize (actually this was done already in
[Raz85b)).

In the present paper we prove some results
clarifying the situation. It turns out that the
answer to the question we are interested in de-
pends very much on whether we allow auxiliary
variables or not.

First we prove that lower bounds which
could be obtained by the method of approxi-
mations never exceed O(nOn) where n is the to-

Permission to copy without fee all or part of this material is granted
provided that the copies are not made or distributed for direct
commercial advantage, the ACM copyright notice and the title of
the publication and its date appear, and notice is given that copying
is by permission of the Association for Computing Machinery. To
copy otherwise, or to republish, requires a fee and/or specific
permission.

© 1989 ACM 0-89791-307-8/89/0005/0167 $1.50

167

tal number of variables of the Boolean function
whose complexity we want to estimate, and
no is the number of essential variables of this
function (theorem 3, ))'Moreover, if one were to
use probabilistic arguments for estimating the
distance p(f, M) then this restriction can be
strengthened to {/(no) (theorem 2.4).

We see that these results do not exclude a
possibility of proving good lower bounds for
the circuit size of a Boolean function by intro-
ducing a large number of auxiliary variables
(note, however, that theorem 2.4shows the use-
lessness of probabilistic methods for this pur-
pose). We prove that this does work in
the strongest sense. Namely, for any Boolean
function we define some “universal” legitimate
model M. such that the effective bound
p(f, Mumaz) for the circuit size of f coincides
with this size up to a polynomial (theorem
2.6).

The total number of variables involved in
the model M, is huge (double exponential
in ng!). It can be decreased to a single expo-
nent without affecting universal properties of
the model (theorem J%) But, unlike M., the
construction of this model is not canonical and
malkes use of what could be called “the axiom
of choice.”

The paper is organized as follows. In section
2 we give precise definitions to formalize the
method of approximations and formulations of
all our theorems. In section 3 we prove results
illustrating the weakness of approximations, i.



e. theorems 2.1, 2.4. In section 4 we prove
theorems 2.6, 2.7. The paper is completed by
a short discussion in section 3.

2 The method of approx-

imations. Main results.

Throughout the paper B"™ denotes an n-
dimensional boolean cube and F), the set of all
boolean functions in n variables. For v € B™,
w'(1 € ¢ < n) means the ith bit in u. Let
= {u € B"u' = ¢} for 1 < i < n,
¢ € {0,1}. Given a variable z; set z! = z;;
= (7 ;). It is convenient for our purposes
to regard circuits as having gates {&,V} and
inputs 0,1,z{(1 < i < n,e € {0,1}) i.e. nega-
tions are allowed only on variables. By |C| we
denote the function computed by a circuit C;
by L(f) - the circuit size of f; by Lon(f) -
the monotone circuit size of a monotone f.
An M C F, supplied with two binary op-
erations & and V is called a legitimate model
if

{0,1,25(1<i<mnee{0,1})} M. (1)

Given a circuit C we denote by C the cir-
cuit obtained from C after replacing {&,V}
by {&,V}. We keep notations §,% and so on
for Boolean functions from M. Let

68(a,h) = (3&h)\(3&h);
8(g,k) = (GVR\@VR;  (2)
bu(3,h) = (3&h)\(3&h);
8,(g,h) = (§VR\(gV h). 3)
Set
AT = {81(3,h)lg.h € M;x € {&,V}}; (4)

AT = {62(3,h)g,h € M; x € {&,V}} (5)
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Further, given f € F,,,f € M let p(f, f) be
the minimal ¢ for which there exist ¢ triples
< *i,Jihi > (% € {&,V}; G, hi € M) such
that

t

y (gn (6)
F<fv \_/ 62:(Giy hi) (7)

The main property of approximations is that
#(IC1,1C]) < size(C).

In order to show this, let *; be the operation
computed by the ith gate of the circuit C, g;, &;
be inputs of this gate in the circuit C. Say that
a gate of C has +- erroron an n-bit string v if
g(v) =1,§(v) = 0 and has - - erroron an n-bit
string u if g(u) = 0,§(u) = 1 where g and §
are outputs of this gate computed by circuits
C and C respectively. For proving . ..~ .(6)
we need to consider a string v such that flv)=
1, f(v) = 0 (i.e. the output gate of C has +-
error on v) and prove that 6't(g.,h )v) =1
for some ¢. Since inputs of C do not have
+ -errors, there exists a gate which has + -
error on v whereas both its predecessors do not
have. It is easy to check that 5"’(g,h)(v) =]
for the corresponding < *,5,h >.

(7) is proved similarly. Therefore, by letting

p(fy M) = mingemp(f, f) we have
p(f, M) < L(f). (8)
Similarly, for any 41,...,51 € M and f € F
p(f(41, s G1)y M) < Lumon(f) 9)

Theorem 2.1 For any legitimate model M
and boolean function f € F, actually depend-
ing on no(no < n) variables the inequality

p(fy M) <(non) holds.

Remark 2.2 Let us note for comparison that if
{4) is weakened to {0,1,2;(1 < i < n)} C M
then p( f, M) for monotone f can be exponential
in n. This is the circumstance that gave rise



to the successful use of approximations in the
monotone case.

Remark 2.3 In the ACC-papers [Raz87],

[Smo87], [Pat86] a “symmetrized” version of the

method was used. It is obtained by coupling(2)
and(3)(4)and(5},(6‘)and(7)

b(g,h) = (gvh)®(@EVh),  (10)
be(3,h) = (ghh)® (3&h); (11)
A = {83, Mg heM; (12)
¥ € {& Vi) (13)
fOF < ViLbu(gih). (14)

Denoting the corresponding distance by psym
we clearly have pyym (f, M) < §(f, M) i.e. the-
orems 2.1 and 2.4 also hold for this symmetrized
model.

In all the previous works lower bounds for
p(f, M) were extracted from the following
source. Assume that we are given a pair of
random n-bit strings < v,u > where v €
FHD)[uw € £71(0) respectively] with probabil-
ity 1. Set

dt = max5+eA+P[5+(v)r =1];  (15)
d” = mazs-ga-P[6~(u) = 1];  (16)
and
0 M) =
. P[f(v) = 0]
mingepmmaz B
A=)

Let us check that for any (v,u) we
have {(f,M,v,u) < g(f,M) Indeed, it
is sufficient to prove that for any f €
M max[ﬂuﬂ%ﬁ’l, EL&}_EI] <€, ). So, we
have to prove that ﬂ%i:_ol < {(f, f) and
ﬂ%‘i—)ﬂl <8(f, 7). But from (6) we obtain
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PIf(v) =1] < Plf(v) = 1]
..(J(f) f) * maxlStStP[a;t(.q—i’ h:)(v) = 1]
P[f(v) =1]+%(f, f) - a* (18)

which yields ﬂi‘%)-:—(’l < (f,f). The second
statement ﬂﬂdz_ﬂ <N/, f) is proved simi-
larly. ' '

Example: Look from this point at
lower bounds for the function CLIQUE(m, s)
(which tests whether an m-vertex graph con-
tains an s-vertex complete subgraph) in the
monotone case [Raz85b, AB87]. We obtain the
random input v by picking at random an s-
vertex complete subgraph and the input u by
picking at random an (s — 1)-partite complete
subgraph. In order to estimate 6(f, M,v,u)
from below we consider two cases in (17). If
f =0 then P[f(v) = 0]=44ad the first term un-
der max in (17) is large. If f # 0 then, using
information about M and the fact f € M, we
can prove that P[f(u) = 1] is large compar-
ative to d~ therefore the second term in (17)
is large. Surely, this is only the general idea
and in order to put it into effect one needs suf-
ficiently complicated combinatorial arguments

(see [Raz85b, AB8T]).

1 =
+
<

Theorem 2.4 For any legitimate model M,
boolean function f € F, actually depending
on no(ng < n) variables and distributions ¥, u
such as those described above the inequality

p(fa M?l)?’,U) S[)(no) holds.

We see that theorem 2.1 does not exclude
the possibility of proving good lower bounds
for a Boolean function f(zy,z,, ..., Tn,) by in-
troducing a large number of auxiliary vari-
ables Zp,41,Tno42,..., 2, followed by estimat-
ing the distance p(f, M) for some suitable
model M C F,. Let us describe some special
kind of models which turn out to be good for
this purpose. From now on assume that a func-
tion f whose complexity we want to estimate



is given. Set U = f~1(0),V = f~1(1). Given
v € V, denote by &, the set of all monotone
(0—1)-valued functionals F' defined on subsets
of U and satisfying

F@)=0, FU)=1,
FUNX)= vieepl (19)
Let § = V,evS,. The meaning of all these
restrictions to a functional F is, as we shall see
a little later, that they force(1)in the model M
which we are constructing.

Given S C S, construct a legitimate model
M(S0) as follows. First set n = ng + log, [So|
and fix arbitrary surjective enumeration JT
B"™" — . We shall drop g throughout and
identify a Boolean string y € B" " with the
functional u(y) € & which it encodes. By def-
inition, < M(S0), V, & > is isomorphic (as al-
gebraic system) to < F, ,V, & >. g € F,,
corresponds via this isomorphism to the func-
tion § € F,, given by

9(z), z#(F)

F(U,), c=o(F) (20

sz ) = {
where |z| = no,v(F) is such that F ¢ Su(r)
and U; = {u € Ulg(u) = 1}. Then (19) just
means 0 = 0,1 = 1,zf = 22, je. M(So) ac-
tually is a legitimate model. By the mazimal
- model M,,,, we mean M(S). Let us empha-
- size that the construction of M ez depends on
f.

It turns out that general concepts be-
come especially simple in these specific models
M(So). Namely, the only function from M
which one can successfully use for approxima-
tisg f is the f given by (20); three of four
kinds of é-functions (namely, 65,65 and &)
vanish and we have to care only on 6% ; the only
Boolean inputs we should consider are of the
form (v(F), F) and therefore there is the obvi-
ous one-to-one correspondence between these
inputs and Tand so on (see the proof of the
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claim in Section 4). All these simplifications
lead to the following combinatorial interpreta-
tion of Y f, M(D0)). Say that a pair (A4, B) of
subsets of U covers some F € S if

F(A)=1,F(B)=1,F(ANB)=0. (21)

Claim 2.5 p(f, M(S)) equals to the mini-
mal possible number of pairs (A4, B) covering all
members of J.

This Claim (as well as theorems 2.6, 2.7 be-
low) will be proved in 4.

Theorem 2.6 For any boolean function fo €
F, such that L(f) > @(n3) and corresponding
maximal model M,,,,, we have p(fy Mpaz) >

QL(f)3).

The number of auxiliary variables involved
in Mum,e is exp((|U])) where U is the set
of inputs on which f outputs 1. Note that
L(f) = O(no|U]) therefore Mpnaz has expo-
nentially more auxiliary variables than could
be expected in view of theorem 2.1. Somehow
this situation can be improved by the following
result:

Theorem 2.7 For any boolean function f €
Fry such that L(f) > (n3) and S defined as
above there exists Sy C S such that

p(f, M(S0)) > QL(F)}) (22)

and

S| < exp((L(f)|U])).
So, M(So) has U(L(fo)|U]) variables.

(23)

But we can exhibit no explicit construction of
So satisfying these conditions.



3 Weakness
mations.

of approxi-

In this section we prove theorems 2.1, 2.4. The
main component of the proofs is the following
lemma:

Lemma 3.1 Assume that we are given a
boolean function f € F,, actually depending on
no(ne < n) variables and a legitimate model
M. Then there exist random functions f € M,
6t € At and 6~ € A~ such that for any

v € f71(1)

P[f(v) = 0] =U(no - P[s*(v) =1])  (24)
and, similarly, for any u € f~1(0)
Plf(u) =1] =U(no - Pl6=(v) =1])  (25)

First we deduce theorems 2.1 and 2.4 from
the lemma; its own proof is postponed.

Proof of theorem 2.1. First note that
p(f,M) < L(f) <Qi2m) therefore the the-
orem trivially holds it n > 2", So, we can
assume

logn < no. (26)

Let f, M, f,6%,6~ be as in lemma 3.1. Call
an v E 1) [u € f7Y(0)] bad if P[f(v) =
0) > 1 [P[f(u) = 1] > 1 respectively] and
good otherw1se Consider the (random) func-
tion MAJ(f, fz, ., f+) where f; are indepen-
dent copies of f. If an v € f~!(1) is good then
P[MAJ(flafZ,‘“afT)(v) = 0] = exp(-—-Q(r))
and similarly for a u € f~1(0). Hence, taking
r =(J(n) (the constant being large enough) we
get that the function MAJ(fi, fz, ..., fr) coin-
cides with f on all good inputs with a non-
zero probability. Fix some fi, fa, ..., f, with
this property and set f' = MAJ(fi, f2, .., fr)-
By (9) and (26)
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(', M) =0(nlogn) <U(non)  (27)

since Lmon(MAJ(T1, &2, ..., &r)) = ([ (rlogr)
[AKS83). It means that there exists and f €
M such that those good inputs v € f~1(1) for
which f(v) = 0 can be covered by()(non) func-
tions from A* and similarly for u € f~1(0).

Turning to bad inputs v € f~1(1) we see
that by (24) for each of them

P[*(v) =1] = Q(1/no) (28)

Therefore, taking independent copies &7,
6F,..., 6F of &t we obtain PN?_,6F(v)
0] exp(—=Q(s/no)). So, if s = (nen)
(the constant being large enough) we conclude
that (with non-zero probability) all bad in-
puts v € f~!(1) are covered and similarly for
u € f~1(0). Hence p(f, f) < O(non) and the
proof of theorem 2.1 is completed.

Proof of theorem 2.4. Now we are ad-
ditionally given two distributions v,u. Aver-
aging (24) on v, we obtain P[f(v) = 0] =
D(no - P[s*t(v) = 1}) <((no - d*). This
implies E7 ﬂ—[Lf(;M] = (J(no) (subscripts
to E and P indicate under what distribu-
tion they are taken). Similarly from (25) we
getE 7 [ful—f(ﬂ——l—] =()(no). By adding these
two inequahtles,

Pv [f_(v)=0]
L e
+ Ral@=t _ggg). (29)

Taking as f m(l?)such f that the value under
E 7 in (29) is€/(no), we obtain p(f, M,v,u) <

((no). The proof is complete.

Proof of lemma 3.1. Assume for sim-
plicity that z;,z9,...,zn, is the complete list
of essential variables of f. Given a function
g(z1,22,...,24)(d < ng) we define by induc-
tion on d a circuit C, of exponential size such
that |Cy| = ¢g. If d = 0 then g is a con-
stant and we let C, consist of a single gate.



Assume g(a:l,:zzz,...,xd)(d > 0) is given. Set
g° = g(z1, %2 ...y Td-1,E). Put, by definition,

Cy = (C(QO)&.'L'g) Vv (C’(gx)&x},). (30)
In other words, Cj is the random function cor-
responding to the universal decision tree for
C,. Denote by g4 the uniform distribution on
F,. Consider the following (random) circuit
C which computes EXCLUSIVE-OR of gn,

and gn, @ f in a monotone manner:

C = (ano&cgno$f®1)

v (ano@l&cgno@f)‘ (31)

Clearly, |C| = f. Take |C| as f. To construct
the distributions 6% and &~ first pick at ran-
dom

de {1,2,...,n0, ®}and

te {0,1,v}. (32)
Then set:
6° = 62(1Cal, =2) (33)
if
d € {1,2,..,m0}, (34)
t € {0,1}, (35)
o € {+’"'}1 (36)
5 = 8((Cp&adl|(Coyleza)l) (37)
if
d € {1,2,...,n0}, (38)
t = V(g5 and g; are
independent copies of ga), (39)
o o (| SR
5 = 68(ICrmeth |Comarasenl)  (40)

(41)
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if

d = &, (42)
te {01}, (43)
8 = 63(|(Cyno&cgno@f®1)|’

|(Como21&Canoe)1) (44)
if d = ®,t = V. In short, we have taken 0-
functions corresponding to the computations
130)(37.

Fix v € f~1(1). Recall that a gate of the cir-
cuit C has +- error on v if g(v) = 1,§(v) =0
where g and g are functions computed by this
gate in circuits C and C respectively. Surely, if
f (v) = 0then thereisat least one gate which
has -+ error on v whereas both its predecessors
do not and this implies that §%(v) =1 for the
function 6+ corresponding to this gate. At first
sight this observation is quite useless because
the size of C is exponential in no. But it turns
out (and this is the crucial point of the whole
proof that does not have any analogies in the
monotone case!) that it is possible to distin-
guish a small set of gates (with size only 0(no))
such that one of these distinguished gates sat-
isfies this +- error property.

To be more precise let

d+1

v o_ n,
g8 = g(z1, T2, s TV 5 ees ¥V °).

(45)
All gates C(gy) of the form (30) (1 < d < no)as
well as all other intermediate gates in (30) for
such gy will be called v-gates of Cy(g € F)-
v-gates of the circuit (31) are the v-gates of
the four subcircuits it consists of as well as the
results of the three intermediate computations
in (31). Clearly the whole number of v-gates

in C is (Xno).

Statement 3.2 If |C](v) = 0 then there ex-
ists at least one v-gate such that the function
6+ (g1, g2) corresponding to this gate outputs 1
on v. The dual statement for - -errors also holds.



Proof of Statement. Assume that for
some g, € F,, the function |C| where C is
given by (31) outputs 0 on v. If all four sub-
circuits in (31) do not have +- errors on v then
at least one of three v-gates in (31) has +- er-
ror on v whereas both its predecessors do not.
The statement (just for this v-gate) follows au-
tomatically. ' ’

So, we can assume that one of the four sub-
circuits in (31) (say, Cg,,) has +- error on v.
Following through the v-path in the underly-
ing tree, we find some d such that Clgzyhas
+- error on v whereas C(gy_ ) does not. Let
g:l-l = g:i’(xl’ L2y eeey zd—bwd 57 1)' T])@ P'JM?L

N H\Q?L Hw [‘;ﬂ*t’:
Cloy &y & (46)
... : never has +- error
on v because it outputs 0 on v. This allows
us to find a  gate in (30)which has +- error
on v whereas both its predecessors do not and
to finish the proof of Statement for +- errors.
Let us remark that for +- errors we did not use
6*-functions corresponding to the gates (46) at
all. They appear in the proof of the statement
for - - errors because in that case the gates
(46) (with replacing v by u) can have - - errors
on u. But if the gate (46) has - - error on
u then the corresponding §~-function outputs
1 on u independently of whatever 693-1 i, All
other arguments are carried over the case of -
- errors without any changes. The statement

is proved.

The statement directly implies (24) and (25)
because all the v-gates of the random circuit
C can be, in a natural way, enumerated and
supplied with a type (d,t) such that the dis-
tribution 6f(g1,42) corresponding to a gate
with number ¢ and type (d,t) coincides with
the conditional distribution, the condition be-
ing just “(d, t) is the type obtained in drawing
(d,t) € {1,2,...,n0} x {0, 1 VY, The probability
of this condition is Q('l/nos.

The proof of lemma 3.1 is complete.
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4 Power of approxima-

tions.

This section is devoted to proofs of the the-
orems 2.6-2.7. Let us remember that in sec-
tion 2 we assigned to a Boolean function f
(assumed to be fixed throughout) some set of
functionals $ and to any Jp € < assigned
some legitimate model M (). Here we start
with proving the claim from section 2 giving a
combinatorial interpretation of p(f, M(So)).

Claim 4.1 p(f, M(So)) equals to the minimal
possible number of pairs (A, B)(4,B C U =
f~Y(@)) covering all members of .

Proof.

a) Assume that (A4;, B;)(1 < i < t) cover all
functionals from g. We have to construct
f,68,...,62 € A°(0 € {+,—}) such that
(6), and (7) hold for f. Take f accord-
ingly to (20). Note that f(z) can differ
from f(z,f) only if z € V ie. f(z) =1
therefore f > f and (7) holds automati-
cally. To get (6), set

& = 8¢ (gi, hi) (47)

where §, h; € M(So) correspond via (20)

to functions g;,h; € Fo(1 < i < 1)

which output 1 just on the sets of inputs

A;, B; respectively. If f(v) = 0 whereas

f(z,F)=1thenz € V and F € S, (see

(20)). Choose i such that (A;, B;) covers

F. 1t is easy to check that §F(z, F) = 1.

So, (6) also holds and we are done in one

direction.

b) Assume now f’' € F,, is taken in such a
way that p(f, M(So)) = o(f, f') =t. By
(20), §(u, F) = g(u) for any g € F, and
u € U. Therefore any element of A~ al-
ways outputs 0 on U and (7) implies that
f' outputs 0 on U i.e. f' < f. Moreover,



the mapping ¢ — § is monotone, hence,
in view of satisfying(6} we can put f' = f.
The same observation about the mono-
tonicity implies 5\";(5,71) = 0 for all g,h.
So, we have t functions of the form (47)
satisfying (6). Set A; = UNgi'(1),Bi =
U N h7Y(1). Arguments reversed to those
used above show that (A4;, B;)(1 < ¢ < t)
cover all functionals from . The Claim

is proved.

Now we turn directly to proofs of the theo-
rems 2.6-2.7.

Proof of theorem 2.6. By the Claim,
we are given a set (A, Bi)(1 < @ < ¢yt
p(f, Mimaz)) covering all functionals from
and have to design a circuit of size O(t?) com-
puting f. Note that it is sufficient to do with
size J{(t + no)®) because then the assumption
L(f) = w(nd) would give us t = ((no).

Extending if necessary the list (Ai, Bi) we
may suppose that all the pairs (U N X, Un
X}!) occur among (Ai, Bi). Set S = {4} U
{B;}U{A;NB;}. Observe that |S] =0t +no).
Consider the following rules of inference on S:

A,',' B,'I"A,'OB,',
CHFD, ifCCD

(48)
(49)

(cf. the rule used in [ Raz 15 b Raz 852 A£J§
At ¥h, ?}Ws’g} And £+ ] when r'= 2). These
rules define in the usual way notions of the
closure of a Sop C S (denoted by cl(So)) and a
closed subset of S.

Statement 4.2 Given w € B™
1iff ?

" fo(w)

Ded{UnXM1<i<no}).  (50)

Proof. (=) Assume w € V. Denote cl({UN
X,-(t”')ll < i < ng}) by So. Suppose that
0 ¢ So. Define a monotone functional F' on

subsets of U by F(D) = 1= 3C C D(C € Sy).
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All properties in (19) for this F' are clear ex-
cept perhaps F(U N X,—(w'el)) = 0. But if
there existed some C S UN X,-(w'm) such that
C € So, then C F U N X{'®) would imply
Unx™e) ¢ S, and UnX™ ), UnXM) - 0
would imply @ € So, in contradiction with our
assumption. Therefore (19) holds and F' € Ju.
Clearly, F is covered by none of the pairs
(A;, B;). The contradiction proves that 0 € So.

(<) Assume w € U. Then {Céglw_ € C}
is closed, contains all the sets U N X,-(w'), but
does not contain §. Hence 0 15 So.

Now it is quite obvious how to prove theo-
rem 2.6; we only have to recognize the prop-
erty (50) by a small circuit. It is done di-
rectly: given an input w let fpx(D € 5,1 <
k < |S|) mean that D can be deduced from
{(UOX,-(""))H < i < no} within k steps. Then

(51)

P { & i#p=vnxt
(faix&fBik) V \/ch(fc,k)
if D= A;NB;

0 otherwise
fD,k+1 = {
Vecp(fox) otherwise
This circuit has size0(|S|?) = 8((t + no)*) and
f = fa,s| by the Statement. The proof of the-
orem 2.6 is completed.

Proof of theorem 2.7. We only have to
note that, in order to make the proof of theo-
rem 2.6 work, it is sufficient to consider only
those functionals which appear in the proof of
the Statement (part (=)) instead of the whole
&. The number of these functionals does not
exceed the number of possible choices of the
system (Ai’ Bi)(l <1< i,t = p(f7Mma:c))
multiplied by |V|. This is ezp(t|U]| + no)) <
exp(@(L(f)|U|)) because L(f) > maz(t,no).
The theorem is proved.

(52)

Remark 4.3 If we consider the measure L¥(f)
(the minimal possible number of &-gates over
all circuits computing f; V-gates are free) rather



than L(f) then we can slightly improve theorem
2.6. Namely,

QLE(H)F) < p(f, Mimas) < LE(F). (53)

The right-hand inequality follows from the Claim
and its proof (&,-functions do not contribute to
the list (A;, B;)) whereas the left is obtained
from the estimate §(¢2) of the number of &-gates
in the circuit above.

Surely, the same observation can be also ap-
plied to theorem 2.7.

5 Concluding Remarks.

We have seen above that if all variables in-
volved in the approximating model are essen-
tial variables of the function whose complexity
we are estimating then the method of approx-
imations is practically useless for handling ar-
bitrary circuits (theorems 2.1 and 2.4). On
the other hand, theorem 2.6 states that the
complexity L(f), up to polynomial, can be
regarded as the output of an explicitly given
instance of the MINIMAL COVERING,
namely: “How many pairs (A,B) does one
need to cover all functionals from ¢ This
instance is extremely singular, in the sense
that there exists a distribution on covering
sets (provided by lemma 3.1) under which any
point is covered with probability Q(%) In
particular, direct probabilistic methods appear
to be useless in dealing with this instance. It
is this circumstance which probably will be a
big obstacle to resolving this instance or, more
modestly, to proving nonlinear lower bounds.
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