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Abstract

In this paper we continue the study of the method of approximations in Boolean
complexity. We introduce a framework which naturally generalizes previously known
ones. The main result says that in this framework there exist approximation models
providing in principle exponential lower bounds for almost all Boolean functions, and
such that the number of testing functionals is only singly exponential in the number
of variables.

1. Introduction

Proving superpolynomial lower bounds on the complexity of explicitly given Boolean func-
tions is one of the most challenging tasks of the modern complexity theory. Its importance
stems from the fact that such bounds could be easily translated into similar bounds for
Turing models and, thus, would lead to resolving central open questions in Complexity

Theory like P
?
= NP or NC

?
= P .

At the moment, however, we have succeeded in proving desired bounds only for rather
restrictive models. A substantial part of these bounds was obtained via a general scheme
originally proposed in [16, 17] and called afterwards the method of approximations:

• on the monotone circuit size – [16, 17, 14, 1, 12, 15];

• for bounded-depth circuits with modular gates – [18, 11, 2];

• for switching-and-rectifier networks (= nondeterministic branching programs) – [19];
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• for ⊕-branching programs (see [7] for definitions) – [6].

The reader willing to learn more about these and related results or about the general
perspective of the field is referred to the survey paper [3].

Concrete approximation models appeared in the literature can be naturally subdivided
into two large groups.

Models from the first group use inputs of the original function as their error tests. Such
are models from [16, 17, 14, 1, 12, 15, 18, 11, 2]. We will call the method based on models
of this kind the pure approximation method.

Other models use as error tests specially designed functionals, every functional being
attached to a single input. These models were studied, and sometimes actually used in
[9, 19, 4, 5, 6, 8]. See [13] for an extended survey; following this source, we will call the
corresponding method the fusion method. The same word “fusion” will be also used for
functionals and models.

The most interesting question is, of course, to which extent the approximation method
might be useful in proving lower bounds for unrestricted circuits. To that end, it was shown
in [9] that the pure approximations can not prove bounds greater than O(n2) or, more
precisely, O(n ·n0), where n0 ≤ n is the number of essential variables of our function. Since
every fusion model with N functionals can always be considered as a pure approximation
model with n0 := n and n := n+ �log2 N� (see [9, Claim 2.5]), it follows that lower bounds
provable by any such fusion model never exceed O(n2 + n log N).

On the other hand, in [9] for every function f a fusion model was exhibited which, at
least in principle, provides tight, up to a polynomial, lower bounds on the circuit size of f .
The number of fusing functionals involved in that model was triply exponential in n, and
it was also remarked in [9] that it can be decreased to doubly exponential. The resulting
model, however, is somewhat artificial.

More natural fusion model with the number of fusing functionals being only doubly
exponential in n has been found in [5]. Their model is universal for nondeterministic circuit
size, hence it still can prove exponential lower bounds for almost all Boolean functions.
Note that, in view of the above-mentioned limitation O(n2 + n log N), this is roughly
optimal for fusion models.

In this paper we study the question whether there exists a natural version of the method
of approximations in which proving exponential lower bounds is possible (again, in prin-
ciple) with the number of fusion functionals being only singly exponential in the number
of variables. We indeed find such a framework generalizing both pure approximations and
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fusion models. In fact, our framework is obtained by cleaning the underlying idea of ap-
proximations from the prejudice of attaching error tests to particular input strings which
is characteristic for previous models.

More exactly, we show that for every integer-valued function t = t(n) in the range
n ≤ t(n) ≤ 2n

3n
there exists an approximation model M (in our framework) with O(t3 log2 t)

error tests such that for almost all Boolean functions f , ρ(f, M) ≥ t, where ρ(f, M) is the
distance between f and M (Theorem 3.1).

The main motivation for this work comes from [10], where I put forward the thesis that
the right theory capturing the kind of machinery existing in Boolean complexity at the
moment is the second-order system V 1

1 . This system can freely talk of those approximation
models in which the number of error tests is bounded by 2O(n) (and thus error tests can be
represented by first order objects). Hence, unlike previous models, the models considered
in this paper are within the reach of V 1

1 in terms of size. It should be noted, however, that
gaining in size we lose in the constractibility. Indeed, our proof heavily relies upon Erdös
probabilistic argument, and in order to carry it over in V 1

1 we need an explicit construction.

2. Definition of approximation models

Throughout the paper, Fn stands for the set of all Boolean functions in n variables. Let
Pn � {x1, . . . , xn,¬x1, . . . ,¬xn} ⊆ Fn be the set of input functions.

Let F be a finite set of arbitrary nature. We define an approximation model M as a
subset M ⊆ Fn ×P(F) such that

Pn × {∅} ⊆ M (1)

supplied with two binary operations ∧,∨ which are consistent with the projection onto Fn.
In other words, we require

f(m1 ∗ m2) = f(m1) ∗ f(m2); m1, m2 ∈ M, (2)

where ∗ ∈ {∧,∨}, and we once and for all have fixed notation f(m) for denoting the
projection of m ∈ M onto the first coordinate Fn. Similarly, we will denote the projection
onto P(F) by F(m) so that m = 〈f(m),F(m)〉.

Now we give a set of definitions which is routine for the method of approximations.
Namely, let

δ∗(m1, m2) � F(m1 ∗ m2)\ (F(m1) ∪ F(m2)) ; m1, m2 ∈ M,
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Δ � {δ∗(m1, m2) | ∗ ∈ {∧,∨}; m1, m2 ∈ M} ,

ρ(f, M) � min

{
t

∣∣∣∣∣ ∃m ∈ M ∃δ1, . . . , δt ∈ Δ

(
f(m) = f & F(m) ⊆

t⋃
i=1

δi

)}
. (3)

The intuitive idea behind this is that if the real circuit computes some function f at a
node u, then the approximating circuit must compute at u some m ∈ M with f(m) = f
(due to (2)). Now, all tests F ∈ F(m) have already found “an error”, that is F(m) ⊆⋃

v δv, where the union is extended over all nodes v lying below u, and δv ∈ Δ naturally
corresponds to the node v. For the reader familiar with previous analogous statements,
this should serve as a self-sufficient proof of the following

Theorem 2.1. For every f ∈ Fn and every approximation model M, we have ρ(f, M) ≤
C(f), where C(f) is the minimal possible size of a circuit over the basis ∧,∨ with inputs
from Pn computing f .

We conclude this section by showing that our new framework generalizes both pure
approximations and the fusion method.

Example 1. Let 〈M, ∧̄, ∨̄〉 be a legitimate model [9, Section 2]. Here Pn ⊆ M ⊆ Fn and
∧̄, ∨̄ are arbitrary binary operations on M. Recall that for ḡ, h̄ ∈ M and ∗ ∈ {∧,∨}, the
subsets δ+

∗ (ḡ, h̄), δ−∗ (ḡ, h̄) of {0, 1}n are defined as follows:

δ+
∗ (ḡ, h̄) � (ḡ ∗ h̄) \ (ḡ∗̄h̄),

δ−∗ (ḡ, h̄) � (ḡ∗̄h̄) \ (ḡ ∗ h̄)

(we identify a Boolean function with its set of ones). For f ∈ Fn, the distance ρ(f,M)
is the minimal t for which there exist f̄ , ḡ1, . . . , ḡt, h̄1, . . . , h̄t ∈ M and ∗1, . . . , ∗t ∈ {∧,∨}
such that

f \ f̄ ⊆
t⋃

i=1

δ+
∗i

(ḡi, h̄i),

f̄ \ f ⊆
t⋃

i=1

δ−∗i
(ḡi, h̄i).

The quantity ρ(f,M) provides a lower bound on the circuit size of f .
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Take now two disjoint copies Bn
+, Bn

− of {0, 1}n, and let F � Bn
+ ∪ Bn

−. Consider the
product Fn×M of two {∧,∨}-algebras, and embed it into Fn×P(F) ≈ Fn×P(Bn

+)×P(Bn
−)

as follows:

π : Fn ×M −→ Fn × P(Bn
+) ×P(Bn

−),

< f, f̄ > �−→ < f, f\f̄ , f̄\f > .

We let M � im(π) and endow M with the structure of {∧,∨}-algebra induced from
Fn ×M. Note that (1) is implied by Pn ⊆ M.

Assume that m1, m2 ∈ M; m1 = π(g, ḡ), m2 = π(h, h̄). Representing δ∗(m1, m2) in the
form δ+

∗ (m1, m2) ∪ δ−∗ (m1, m2), where δ◦∗(m1, m2) ⊆ Bn
◦ , we have:

δ+
∗ (m1, m2) =

(
(g ∗ h)\(ḡ∗̄h̄)

)
\

(
g\ḡ ∪ h\h̄

)
=

(
(g ∗ h)\(g\ḡ ∪ h\h̄)

)
\(ḡ∗̄h̄)

⊆ (ḡ ∗ h̄)\(ḡ∗̄h̄) = δ+
∗ (ḡ, h̄),

and similarly for δ−∗ (m1, m2). Noting that the condition

∃m ∈ M ∃δ1, . . . , δt ∈ Δ

(
f(m) = f & F(m) ⊆

t⋃
i=1

δi

)
(4)

from (3) can be rewritten in the form

∃f̄ ∈ M ∃∗i ∈ {∧,∨} ∃m
(1)
i , m

(2)
i ∈ M(

f\f̄ ⊆
t⋃

i=1

δ+
∗i

(
m

(1)
i , m

(2)
i

)
& f̄\f ⊆

t⋃
i=1

δ−∗i

(
m

(1)
i , m

(2)
i

))
,

we immediately see that ρ(f,M) ≤ ρ(f, M). In other words, every legitimate model in the
sense of [9] can be simulated in our framework.

Example 2. Let us now turn to the fusion method. In fact, we might first apply the
construction from [9] to get a pure approximation model, and then the construction from
Example 1. Things become much more transparent, however, if we combine the two steps
into one. Recall some necessary definitions [9, 13].

Let f ∈ Fn be a fixed function, U � f−1(0), and V � f−1(1). Let Ωf ⊆ {0, 1}P(U)

consist of those functionals on P(U) which satisfy the following two conditions:

a) F is monotone,
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b) there exists an (uniquely determined) z(F ) ∈ V such that for all xε
i ∈ Pn,

F (xε
i |U) = xε

i(z(F )).

Here, as usual, x1
i � xi and x0

i � (¬xi).

Note that these two conditions imply F (∅) = 0 and F (U) = 1.
For ḡ, h̄ ∈ {0, 1}U we say that the pair (ḡ, h̄) covers F ∈ Ωf if F (ḡ) = F (h̄) = 1 and

F (ḡ ∧ h̄) = 0. The minimal number of pairs needed to cover the whole Ωf is denoted by
ρ(f) and provides a lower bound on the circuit size of f which is tight up to a polynomial.

Define now the mapping

π : Fn −→ P(Ωf ),

g �−→ {F | g(z(F )) = 1 & F (g|U) = 0} .

Note that π(g) = ∅ when g ∈ Pn, and π(f) = Ωf .
Let F � Ωf . We take the diagonal mapping θ : Fn −→ Fn ×P(Ωf ); g �−→< g, π(g) >,

denote M � im(θ) and endow M with the induced structure of {∧,∨}-algebra. (1) is
implied by the remark above.

Now, δ∨(θ(g), θ(h)) = ∅ due to the monotonicity of every F ∈ Ωf . If F ∈ δ∧(θ(g), θ(h))
then g(z(F )) = h(z(F )) = 1 and F ((g ∧ h)|U) = 0. Since F �∈ π(g) and F �∈ π(h), we have
F (g|U) = F (h|U) = 1. Hence the pair (g|U , h|U) covers F . As (4) in our case simplifies to

∃δ1, . . . , δt ∈ Δ
(
F ⊆ ⋃t

i=1 δi

)
, we see that ρ(f) ≤ ρ(f, M).

Another version of the fusion method using GF (2)-affine functionals instead of mono-
tone functionals was proposed in [5, 6]. It can also be embedded into our framework if we
consider approximation models over the basis {∧,⊕} rather than over {∧,∨}.

3. Main result

In this section we prove the following:

Theorem 3.1. Let t = t(n) be an integer-valued function in the range n ≤ t(n) ≤ 2n

3n
.

Then there exists an approximation model M ⊆ Fn ×P(F), where |F| ≤ O(t3 log2 t), such
that ρ(f, M) ≥ t(n) for almost all functions f ∈ Fn.

Proof. Let � � �20t3 ln2 t� and S �
(

�
t

)
. Fix a set F of cardinality �.
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For a subset M of Fn × P(F) and F0 ⊆ F , we let

M(F0) � {m ∈ M | F(m) ⊆ F0}

and
wM(F0) � |M(F0)| .

Let also
wM � ln

(
E

[
ewM(F�)

])
,

where F� ⊆ F is a random subset of cardinality t.
We are going to define by induction on k a sequence

Pn × {∅} = M0 ⊆ M1 ⊆ . . . ⊆ Mk ⊆ . . . ⊆ Fn ×P(F) (5)

along with binary operations ∧k,∨k : Mk−1 × Mk−1 −→ Mk maintaining the following
properties:

a) if k ≤ k′ then ∧k′ |
Mk−1×Mk−1

= ∧k and ∨k′ |
Mk−1×Mk−1

= ∨k;

b) f (m1 ∗k m2) = f(m1) ∗ f(m2) for m1, m2 ∈ Mk−1;

c) for every m1, m2 ∈ Mk−1 and ∗ ∈ {∧,∨},

|F(m1 ∗k m2)\ (F(m1) ∪ F(m2))| ≤ 1;

d) for every m ∈ Mk\Mk−1, |F(m)| ≥ min(k, �);

e) wMk
≤ 2(n + k).

Base k = 0 is obvious.

Inductive step. Assume that M0, M1, . . . , Mk−1, Mk and ∧k,∨k : Mk−1 × Mk−1 −→
Mk are already defined. Then we randomly extend ∧k,∨k to ^�+�, _�+� : Mk × Mk −→
Fn × P(F) as follows. For (m1, m2) ∈ (Mk × Mk) \ (Mk−1 × Mk−1) we let

m1Λ�+�m2 � (f(m1) ∗ f(m2), F(m1) ∪ F(m2) ∪ {F∗(m1, m2)}) ,

where F∗(m1, m2) is chosen at random from F\ (F(m1) ∪ F(m2)) if F(m1) ∪ F(m2) �= F
and arbitrarily otherwise. All F∗(m1, m2) are assumed to be independent.

After this we let
M�+� � Mk ∪ im(^�+�) ∪ im(_�+�). (6)
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Properties a)-c) readily follow from definitions, and d) follows from the inductive assump-
tion. We are going to show that e) (with k := k + 1) also takes place with a non-zero
probability.

We may assume that k + 1 ≤ t since otherwise property e) follows from d) and the
inductive assumption. For simplicity we will abbreviate wMi

(F0) and wMi
to wi(F0), wi

respectively.
Let us first fix some F0 ⊆ F of cardinality t and estimate E

[
e��+�(F0)

]
for this particular

F0. Denote the set

{(m1, m2, ∗) | (m1, m2) ∈ (Mk(F0) × Mk(F0)) \ (Mk−1 × Mk−1) , ∗ ∈ {∧,∨}}

by A. Then |A| ≤ 2w2
k(F0) and

M�+�(F0) = Mk(F0) ∪ {m1Λ�+�m2 | (m1, m2, ∗) ∈ A & F∗(m1, m2) ∈ F0} .

Hence
w�+�(F0) ≤ wk(F0) +

∑
(m1,m2,∗)∈A

ξ∗(m1, m2), (7)

where ξ∗(m1, m2) is the indicator function of the event F∗(m1, m2) ∈ F0.
All ξ∗(m1, m2) are, however, independent. Therefore (7) gives us the estimate

E
[
e��+�(F0)

]
≤ ewk(F0) ·

∏
(m1,m2,∗)∈A

E
[
e�∗(m1,m2)

]
≤ ewk(F0) ·

(
1 +

t(e − 1)

�

)2w2
k(F0)

≤ ewk(F0)+ 4t
�

w2
k(F0).

Averaging this inequality over F0, we have

E
[
e��+�(F�)

]
≤ E

[
ewk(F�)+ 4t

�
w2

k(F�)
]
.

Now we fix a particular choice of Mk+1 with the property

ewk+1 = E
[
ewk+1(F�)

]
≤ E

[
ewk(F�)+ 4t

�
w2

k(F�)
]
. (8)

We will show that this implies the desired inequality wk+1 ≤ 2n + 2k + 2 if k + 1 ≤ t.
Let us denote ewk(F0) by θk(F0). Then the inductive assumption can be rewritten in

the form
E[θk(F�)] ≤ e2(n+k), (9)
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and (8) – in the form

ewk+1 ≤ E
[
θk(F�) · e

4t
�

ln2 θk(F�)
]
. (10)

The function x · aln2 x, where a = e
4t
� is, however, convex on [1,∞). Hence, under the

condition (9), the right-hand side of (10) achieves its maximal value when θk(F0) takes on
(S−1) times the value 1, and the remaining time – the value S ·e2(n+k)−S+1 ≤ S ·e2(n+k).
This gives us the estimate

ewk+1 ≤ S − 1

S
+ e2(n+k) · e 4t

�
(ln S+2(n+k))2 .

Finally,

wk+1 ≤ ln
(
1 + e2(n+k) · e 4t

�
(lnS+2(n+k))2

)
≤ 1 + 2(n + k) +

4t

�
(lnS + 2(n + k))2 ,

and it is easy to see that 4t
�

(lnS + 2(n + k))2 ≤ 4t
�

(ln S + 2(n + t))2 ≤ 1 due to our choice
of parameters.

When we have the desired sequence (5), the rest is easy. We let M � ⋃
k≥0 Mk.

Property a) ensures that we can glue together the partial operations ∧k,∨k to endow M

with a natural structure of {∧,∨}-algebra. Property b) gives us (2), and property c)
lets us to conclude that ∀δ ∈ Δ |δ| ≤ 1. Hence, if ρ(f, M) ≤ t for some f ∈ Fn then
∃m ∈ M (f(m) = f & |F(m)| ≤ t). Due to property d), we may replace here M by Mt.

However, the total number of m ∈ Mt such that |F(m)| ≤ t does not exceed∑
F0⊆F
|F0|=t

wt(F0).

Since ewt(F0) ≤ S · ewt ≤ S · e2(n+t) by property e), we have that this number is bounded

from above by S(ln S + 2(n + t)) ≤ o
(
22n

)
. The theorem follows.

4. Conclusion

The most interesting open question is, of course, whether the proof of Theorem 3.1 can
be made constructive. The connection with V 1

1 mentioned in Introduction suggests the
following specific form of this question.

Can we find a good approximation model M such that, as a subset of Fn × P(F), it
is recognizable in polynomial time, and the operations ∧,∨ are polynomially time com-
putable? Here “good” means “such that ρ(fn, M) ≥ nω(1) for some choice of fn ∈ Fn”, and
“polynomial” means “polynomial in 2n”.
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