Jokn. Axan. Hayx CCCP Soviet Math. Dokl.
Tom 281 (1985), Ne 4 Vol. 31 (1985), No.?

LOWER BOUNDS FOR THE MONOTONE COMPLEXITY
OF SOME BOOLEAN FUNCTIONS
UDC 519.95

A. A. RAZBOROV

The combinatorial complezity Ly of a Boolean function f(z1,...,2s) is the least num-
ber of logical elements AND, OR and NOT necessary for its realization in the form of
a functional scheme. It is well known (see, for example, [1]) that there are Boolean
functions whose combinatorial complexity is an exponential function of the number of
variables. In a recent article [2], a natural sequence of Boolean functions

(1) fl(xlv"',xnj,)’f'.’(zl""1zn2),'"s.fm(xl""’z’nm)a“'

was constructed, with Ly, > C™, where C > 1 is a universal constant.

In this note we will restrict ourselves to the consideration of sequences of the form (1)
satisfying the following condition: the language {(e1 - €n,.)Im € N, fm(€1,...,6n,) =
1} in the alphabet {0,1} can be recognized by a nondeterministic Turing machine in
time which is polynomial in the length of the input n,, (i.e. it is an N P-language). Such
sequences will be called constructive.

It is interesting to obtain lower bounds on the combinatorial complexity of functions
from the constructive sequence (1), for example, in connection with the following remark
(derivable from the results of [3]): if there is a constructive sequence of the form (1) such
that

T logLys,,
m—oo logn,

then P # NP. Apparently the strongest result obtained in this direction is found in [4], |
where an example of a constructive sequence (1) is constructed with Ly, > 2.5n,.
The monotone complexity LT of a monotone Boolean function f(z1,...,%y) is the
least number of functional elements OR and AND necessary for its realization in the
form of a functional scheme (without the element NOT). Clearly Lf > Ly, and therefore
the problem of finding asymptotic lower bounds on L} for constructive sequences (1) of

monotone Boolean functions is simpler. The best bound of this type known until now
was obtained in [5]:

bl

2

LT > m._ C >0,
m log ny,

for a certain constructive sequence of the form (1).

In this note we shall construct two constructive sequences of monotone Boolean func-
tions for which L}, > n{C1°e™m) with C > 0. The general result from which thes
bounds may be obtained is stated in Theorem 1. Theorems 2 and 3 are devoted to
bounds for the monotone complexity of functions from specific constructive sequences.
In order to formulate the results, it is convenient to interpret a Boolean function as the
set of inputs on which it takes the value 1.

More precisely, let R = {ej,...,e,} be a finite set, and B, = P(R) its power set.
We define a bijection x: B, — {0,1}" in the following way: for E € B, we set x(E) =
(€1,...,€n), where e, =0if e; € E,and ¢; =1 if e; € E.
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To the Boolean function f(z1,...,z,), of n variables we assign the set A(f) € P(B,)
P i the following way: A(f) = {E ¢ By |f(x(E)) = 1}. Clearly A gives a bijection
S Detween the set of all Boolean functions of n variables and P(Bn), for which A(f1& f;) =
B A/1)NA(f2) and A(f1V f2) = A(fy) UA(f2). We call the set M € P(B,) monotone if
forall Ey, B3 € B,, from E; € M and E; C E; it follows that E5 € M. We remark that
a Boolean function f is monotone if and only if the set A(f) is monotone. We denote
by P*(Bn) the family of all monotone subsets of B,. Among the elements of P+ (B,)
there are, for example, the sets A(0) = O, A(1) = By, and A(z;) = {E € B,|¢; € E}.
Now suppose some family 90t of monotone subsets of the set B, is given; that is,
A C P+(By). We call M a regular lattice if the following two conditions are satisfied:
a) {4(0), A(1), A(z1), ..., A(zn)} C M.
b) If M is regarded as a partially ordered set under inclusion, them 9 is a lattice
p with respect to this order.

k The operations of taking greatest lower and least upper bounds will be denoted by 11
and LI respectively. We introduce the notation

6-(My, M) = (M U Ma)\(M; U My),
5+(M1, Mz) = (M1 N Mz)\(Ml M Mz).

4' Suppose that we are given some monotone Boolean function f(z1,...,2,) and a reg-

lar lattice 90t. The distance p(f, M) between f and M is defined to be the least natural
| umber ¢ for which there are elements M » M; and N; of M, ¢ <4 < ¢, such that

2 MCA(f)u O 6-(M;, N;),

' =1

) A(f) S MU 64(Mi, Ny).
=1

‘ It is relatively simple to prove the following

THEOREM 1. For any monotone Boolean function f(z1,...,2,) and any regular
lattice I C P+(B,,) the inequality L} > p(f,9M) holds.

We now turn to the construction of constructive sequences consisting of monotone
Boolean functions of sufficiently great monotone complexity. The first example corre-
sponds to finite fragments of the N P-complete problem CLIQUE.

Let m and s be natural numbers with s < m, and let V = {vy,...,v,,} be a finite set.
Weset n = m(m—1)/2and R = {(vi,v;)|[1 <i<j < m} (the order in which the elements
of R are indexed is irrelevant). For every W C V we define Ew € B, (B, = P(R)) in
the following way:

Ew = {(v, vj) € Rlv,-,vj cew}.
' Furthermore, we set

3(m,s) ={E € Bu|3W (W CV & card W = s & Ew C E)}.

3(m, s) consists of those E for which the graph (V, E) contains a clique of size at least
8. It is clear that 3(m, s) is monotone. Suppose that F,, ,(z1,...,2,) = A~Y(3(m,s))
is the corresponding monotone Boolean function. A lower bound for LT , is obtained

on the basis of Theorem 1 using a certain regular lattice 9M,, ,. We will describe the
construction of M, , in general terms.

We introduce the following notation: 2% = {(WIW CVandcard W < s — 1}; r =
[2s¢°Inm]. We define a binary relation S C % x 2T in the following way:

{Wo,(W1,...,W,)) €S if and only if Vi, g (1§i<j§r=>WiﬂWj C Wo).
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The fact that (Wo, (W1, ...,W,)) € S will be more briefly expressed in the form Wy, ..
W, - Wo.

Furthermore, if A; C A, and W € A, then the expression A; - W signifies that
there are Wy, ..., W, € A, with Wy,..., W, - W. A set %; C A will be called closed if
YW e (% - W = W € 2,). Since the intersection of closed sets is closed, there is a
smallest closed subset A} C 2 containing 2y, for any 2; C 2.

For a closed %; C A we define the element "A;" € P*(B,) in the following way:

A,"={E € B,|3W € %, (Ew C E)}.
Finally, we set 9, , = {"A1"|A;closed}.

LEMMA 1. a) My, , i3 a regular lattice.

b) The lattice operations in My, o have the following form:

"‘2(1" rle-‘ = "‘11 [ mz-", ‘-Qll-' ! '—le-‘ = "(Q(l U ng)*".

The des1red lattice 9%,, , has been constructed. In estimating the quantity

o(fm,syMm,s) from below, a key role is played by two lemmas stated below, which
we give without proof.

For an arbitrary 2; C % we denote by A% the subset of the minimal elements of 2,
i.e.
A ={W e VW W CcW =W &)}
LEMMA 2. If 2, is closed then card A8 < (s — 1)lro~1,

Suppose that H = [s — 1]V is the set of functions from V into {1,...,s— 1}. For each
function h € H, we define the ((s — 1)-partite) graph Ej, € B, by the equality

Ep = {(vi, vj)|h(vi) # h(vs)}-
LEMMA 3. Let Wo,Wy,...,W, € % and W1, ..., W, - Ws. Then
card{h€ H|E, L En & Ew, £ Ex& --- & Ew, £ Ep} <(1—¢7°)" - card H.
From Lemmas 2 and 3 we obtain the following lower bound on the distance.
LEMMA 4. p(fm,e Mm,s) > m®(s3e®lnm)=22.

From Lemma 4 and Theorem 1 the analogous bound for L+ follows directly. In the
next theorem some asymptotic properties of the bounds are estabhshed

THEOREM 2. Suppose that fm s(T1,-..,2n,,), With Ny, =m(m —1)/2, is the mono-
tone Boolean function defined above, corresponding to the set of those graphs on m ver-
tices which contain a clique of size at least s. Then:

a) for s = const and m — 0o

L}, 2 O(m’/(logm)™);
b) for s = [LInm] and m — oo
L} , > 0(mCe™),  C>0.

REMARK 1. For comparison we mention the obvious upper bound

The corresponding functional scheme in the elements AND and OR is easily constructed

on the basis of complete item-by-item examination of all elements of the set {W|
card W = s}.

+
L., <

| %,
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REMARK 2. Both of the sequences of Boolean functions considered in Theorem 2 are
constructive.

Our second example of a constructive sequence with the lower bound n{C18mm) on
its monotone complexity is a sequence of functions computing the logical permanent of a
Boolean matrix. We specify a Boolean function fm (1,1,...,Zi s+, Tm,m) of nm = m?
variables by the formula

m
f‘m(zl,la roesTigyeees 2:1"‘1.,1‘11) = V i&;Cl Tio(3)-
0ESm
| We will consider the graph-theoretical interpretation of this function.

We choose two disjoint sets of vertices V = {vy1,...,vm} and W = {wi,..., wm}.
Suppose that e; ; = (v;,w;) and R = {e; ;|1 < 4,5 < m}. then B, = P(R) turns out
| to be exactly the set of all bipartite graphs with parts V and W, and A(fm) coincides
with the set of all bipartite graphs containing a perfect matching (a perfect matching in
agraph E C V x W is a set of m edges having no vertices in common pairwise).

From the result of [6] the bound Ly, < O(m?®) follows for the combinatorial complex-
ity. On the other hand, we have

THEOREM 3. Suppose that fum(T1,1,---,%ij,-- -1 Tm,m) @8 the logical permanent of
onm X m Boolean matriz. Then L}"m > mCloe™ with C > 0.

The proof is similar in outline to the proof of Theorem 2 (the full proof of Theorems
1and 3 will be published in an article in Mathematicheskie Zametki 37 (1985)).

Theorem 3 gives an affirmative answer to Pratt’s question [7] as to whether the gap
between the combinatorial and the monotone complexity of Boolean function can be
suprapolynomial in the number of variables.

In conclusion I would like to thank A. L. Semenov, who interested me in the subject
considered here, and S. I. Adyan, for his invaluable help in preparing this work for
publication.
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