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1. Parameter sharing 

2. Same filters applied to every part of the image 

3. Invariance, if followed by final invariant layer.

[Ravanbakhsh, Schneider & Poczos, 2017]

[Cohen & Welling, 2016]
[Cohen & Welling, 2017]



How do we generalize this to other 
transformation groups?
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Group actions

1. Our function lives on a space X
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f : X ! C
<latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit>

X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

2. We have a group      acting on G
<latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit>

x 7! Tg(x)
<latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit>

3. This induces an action on functions 

f

Tg7�! f

0
f

0(x) = f(T�1
g (x))

<latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit>

Tg
<latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit>

x

<latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit>



Equivariance

X0
<latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit>

X1
<latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit>

X2
<latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit>

T (0)
g : X0 ! X0

<latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit>

T (1)
g : X1 ! X1

<latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit>

T (2)
g : X2 ! X2

<latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit>



Equivariance

1. We have to different spaces      and       on which      acts byG
<latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit>

X1
<latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit>

X2
<latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit>

T (1)
g : X1 ! X1

<latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit>

T (2)
g : X2 ! X2

<latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit>

2. We have corresponding actions on functions

f 7! T(1)
g (f)

<latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit>

f 7! T(2)
g (f)

<latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit>

T(1)
g (f)(x) = f((T (1)

g )�1(x))
<latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit>

T(2)
g (f)(x) = f((T (2)

g )�1(x))
<latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit>

3. A map                                 is equivariant to these actions if� : L(X1) ! L(X2)
<latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit>

�(T(1)
g (f)) = T(2)

g (�(f))
<latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit>

for all                .f 2L(X1)
<latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit>



L(X1)
T(1)
g
//

�

✏✏

L(X1)

�

✏✏

L(X2)
T(2)
g
// L(X2)

<latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit>



(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>

(f ⇤ g)(u) =
Z

G
f"G(uv�1) g"G(v) dµ(v)

<latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit>



Main theorem

A feed-forward neural network is equivariant to the action of a  
compact group      if and only if the linear operation in each 
layer is of the form

G
<latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit>

�`(f`�1) = f`�1 ⇤ g`.
<latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit>



L(X ) = V0 � V1 � V2 � . . .� Vp
<latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit>

Vi = W 1
i �W 2

i � . . .�Wmi
i

<latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit>
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Consequences



bf(⇢i) =
Z

G
f(u) ⇢i(u) dµ(u) i = 0, 1, 2, . . .
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).



Fourier space neural networks



1. Spherical CNNs
[Cohen, Geiger, Köhler & Welling, 2018]

[K., Lin and Trivedi, 2018]

4. Neural nets for physical systems
[…]

2. Steerability and conv-nets for manifolds
[Marcos, Volpi et al., 2017]

[Masci, Boscaini et al., 2015]
[Worral, Garbin et al., 2017]

3. Neural nets for graphs
[Duvenaud at al., 2015]

[Gilmer et al., 2017]
[Son, Trivedi et al. 2018]

Also see:
[Cohen, Geiger & Weiler, 2018]



Conclusions



1. There is a clear prescription for how to generalize CNNs to  
      architectures that are equivariant to the action of any 
      compact group.

2.  When dealing with groups, the Fourier picture is much 
     more compelling because it reduces all the fancy algebra 
     to just matrix multiplication. 
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