On the Generalization of Convolution
to the Action of Compact Groups

Risi Kondor
The University of Chicago

Shubhendu Trivedi
Toyota Technological Institute, Chicago




ks
r
O
tw

e

N

|

ra

u

| Ne

a

N

tio

lu

O

\Y;

N

O

C

...

|

;

y

y

0

y

)

y

|

.N%

...

N
!_«....N

...,.m,
{

i

N

y

\

W
TV

N
....“.M.....

..

...N.

..,.,.\.,..

N

)

)

/

\

)

0

A V...A

y

%M#

y

4 )
..“.“.........

fr
) —>
1

(fe—

oL

—

—

Jfo

(f1) —

P2

—

J1

)

(fo

P1

—

Jo



Convolutional Neural Networks

|

y
\

|

.
.
..

X

)
..N.
I
¢

¢
...

)

|

)

)

)

y

|

Wy
zfz
W

"

\

)

é'
NN
..4..&"_.,4..... V)

\
%
i
A

y

\

)

\

|

)

)
y

|

X

i

DA
0‘ N

N A,Z
i

!

)

e

W

Ll

Filter at layer ¢



IvVariance

Equ

= fe—1

fo_1(x)



1. Parameter sharing
2. Same filters applied to every part of the image

3. Invariance, if followed by final invariant layer.

Cohen & Welling, 2016
Cohen & Welling, 2017
[Ravanbakhsh, Schneider & Poczos, 2017]




How do we generalize this to other
transformation groups?



[Cohen, Geiger, Kohler & Welling, 2018]



Group actions

1. Our function lives on a space X

f: X —=C
2. We have a group (G actingon X
r— Ty(z)

3. This induces an action on functions

frs o fe) = f(T (@)



Equivariance

Tg(Z): XQ — XQ

T : X — X

Tg(O) : XO — X()




Equivariance

1. We have to different spaces X;and X5 on which G acts by

T : X — X T3 Xy — Xo
2. We have corresponding actions on functions
£ TO(#) TV (f)(x) = F(TY) ()
f TO(f) TP (f)(2) = F((TP) ()
3.Amap ¢: L(X;) — L(X>) is equivariant to these actions if

O(TGV () = Ty (6(f))
forall fe L(Ay).






(f *g)(u) Z/Gf(uv_l)g(v) dp(v)

(f % g)(u) = /G 16 (o) g1 (v) dpa(v)



Main theorem

A feed-forward neural network is equivariant to the action of a

compact group ( if and only if the linear operation in each
layer is of the form

De(fo—1) = fo—1 * ge.




I/ /

L( = Vo Vi & Vo &

- 1
Vi=Wl oW oe...oWw™




Consequences



f(pi):/Gf(u),Oi(U) du(u) i =0,1.2,...

e ——— A

f*xg(pi) = f(p:)-9(pi)

matrix multiplication



Case 1: fo—1: G/H — C fo: G—C




Case 2: foo1: G/H — C fo: G/K — C




Fourier space neural networks



1. Spherical CNNs
[Cohen, Geiger, Kohler & Welling, 2018]

[K., Lin and Trivedi, 2018
2. Steerability and conv-nets for manifolds

[Marcos, Volpi et al., 2017]

[Masci, Boscaini et al., 2015]
[Worral, Garbin et al., 2017

3. Neural nets for graphs
[Duvenaud at al., 2015

[Gilmer et al., 2017]
[Son, Trivedi et al. 2018]

4. Neural nets for physical systems

[...]
Also see:
[Cohen, Geiger & Weiler, 2018]



Conclusions



1. There is a clear prescription for how to generalize CNNs to
architectures that are equivariant to the action of any
compact group.

2. When dealing with groups, the Fourier picture is much

more compelling because it reduces all the fancy algebra
to just matrix multiplication.

Poster: 154




