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Abstract

The first polynomial-time algorithm to approximate (with arbitrary precision) the permanent
of a non-negative matrix was presented by Jerrum, Sinclair and Vigoda. They designed a simu-
lated annealing algorithm with a running time of O∗(n26) for 0/1 matrices. Subsequently, they
improved their analysis, resulting in a O∗(n10) time algorithm. We present a O∗(n7) time algo-
rithm. Our improvement comes from an improved “cooling schedule” for the simulated annealing
algorithm, and a refined analysis of the underlying Markov chain.

1 Introduction

The study of the permanent has a long history in many fields, including Mathematics [13] and Physics
[10]. Within Computer Science, this problem has occupied a special place – its study, especially
the computation of 0/1 permanents (which is also the same as computing the number of perfect
matchings in a bipartite graph), has led to fundamental progress on the complexity of counting
problems, including introduction of the class #P [15], the relationship between the complexities
of approximate counting and random generation for self-reducible problems [8], the Markov chain
Monte Carlo (MCMC) method for random generation [1] and the relationship between conductance
and mixing time of Markov chains [5].

The permanent of a non-negative matrix A, of size n× n, is defined as

per(A) =
∑
π∈Sn

∏
i

A(i, π(i)),

where Sn is the set of permutations of {1, 2, . . . , n}. Viewing A as the adjacency matrix of a bipartite
graph with n + n vertices, the permanent of A equals the sum of weighted perfect matchings in this
graph. Hence, computing the permanent of 0/1 matrices is equivalent to computing the number of
perfect matchings for bipartite graphs.

In a breakthrough result, Jerrum and Sinclair [5] showed that a Markov chain proposed by Broder
[1] yields an fpras (fully polynomial randomized approximation scheme) for computing the number of
perfect matchings in a bipartite graph provided the ratio of near-perfect to perfect matchings in the

∗Department of Computer Science, University of Chicago, Chicago, IL 60637. Email:
{ivona,stefanko}@cs.uchicago.edu. I.B. was supported by NSF grant CCR-0237834.

†College of Computing, Georgia Institute of Technology, Atlanta, GA 30332. Email:
{vazirani,vigoda}@cc.gatech.edu. V.V. is supported by NSF grants CCR-0311541 and CCR-0220343. E.V. is
supported by NSF grant CCR-0237834.

1



given graph is polynomially bounded. In particular, this yields an fpras for computing the permanent
of dense 0/1 matrices (matrices having more 1’s than 0’s in every row and column). Extending this
to arbitrary 0/1 matrices remained open for over a decade. The only progress in the interim was a
mildly-exponential approximation algorithm, having a running time of exp(O(

√
n)) [9].

Jerrum, Sinclair and Vigoda [6] presented the first fpras for arbitrary non-negative matrices. Their
approach was a simulated annealing algorithm with a running time of O∗(n26) for 0/1 matrices1.
More recently, they improved the analysis of their algorithm, resulting in O∗(n10) time algorithm
[7]. We present an O∗(n7) time algorithm for the permanent of 0/1 matrices. Our algorithm also
extends to non-negative matrices.

Improving the running time of the fpras for the permanent is not only of theoretical importance,
but it is also of certain practical importance. Randomly sampling 0/1 contingency tables, which is
a fundamental problem in Statistics [3], can be reduced to the permanent.

Approximating the permanent, together with estimating the volume of a convex body have occu-
pied a central place within MCMC theory. It is worth noting that the first algorithm for estimating
the volume of Dyer, Frieze and Kannan, had a running time of O∗(n23) calls to a separation oracle.
A long series of papers has culminated in the recent O∗(n4) algorithm by Lovász and Vempala [12].
A key idea in the final improvement of Lovász and Vempala is an improved “cooling schedule” in a
simulated annealing algorithm. A similar idea plays a prominent role in our work as well.

Going beyond dense permanents to arbitrary 0/1 permanents requires dealing with the fact
that the number of near-perfect matchings may be exponentially more than the number of perfect
matchings in the associated bipartite graph. The algorithm of [7] deals with this by constructing
a Markov chain whose stationary probability distribution satisfies the following property: the total
probability of all near-perfect matchings having holes (or unmatched vertices) at u, v is the same as
the total probability of all perfect matchings, for each vertex pair u, v. Moreover, the probability
of any two matchings (perfect or near-perfect) having the same hole pattern is the same. Then,
sampling from this distribution O(n2 log n) times ensures getting a random perfect matching with
high probability. However, the problem of obtaining such a chain seems as hard as the problem of
computing the permanent itself!

The clever idea in [7] is to start with the chain for the complete bipartite graph and gradually
“fade away” non-edges (i.e., decrease their weight), each time updating the transition probabilities so
that the above property is satisfied in a weighted sense. When all the non-edges are fully faded away,
the required property is satisfied. This is a simulated annealing algorithm where the temperature
corresponds to the weight of non-edges. Thus, at high temperature the chain is walking on perfect
matchings of the complete bipartite graph, and as the temperature decreases we prefer only those
matchings which are valid in the input graph.

The O∗(n10) running time of [7] is accounted for as follows: They establish a bound of O∗(n6) on
the mixing time of their basic Markov chain. The non-edges are faded away over O(n2 log n) phases.
In each phase, O(log n) samples of matchings (perfect and near-perfect) of each hole pattern are
needed; there are a total of n2 + 1 hole patterns.

Our improvement comes about via two ideas. The mixing time of the basic Markov chain of
[7] is established via a canonical path argument due to Jerrum and Sinclair [5] and comes about
by establishing an upper bound on the number of canonical paths using a single transition of the
chain. Using new combinatorial properties of perfect and near-perfect matchings, we improve this
upper bound by a factor of n2, thereby showing that the basic Markov chain has a mixing time of

1The O∗ notation hides log factors and the dependence on the error parameter.
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O∗(n4). A further factor of n improvement comes about by using an improved scheme for fading
away non-edges. We give a “cooling schedule” that drops the weights of non-edges in O(n log2 n)
phases. Our cooling schedule is non-uniform: it starts by decreasing weights slowly and gradually
accelerates the rate.

Theorem 1. For all ε > 0, there exists a randomized algorithm to approximate, within a factor
(1± ε), the permanent of a 0/1 n×n matrix A in time O(n7 log4(n)+n6 log3(n)ε−2). The algorithm
extends to arbitrary matrices with non-negative entries.

2 Algorithm

Much of our algorithm is similar to the algorithm of [7]. We will highlight the differences as they
appear. Before presenting the algorithm we need some notation.

2.1 Preliminaries

Let G = (V1, V2, E) be a bipartite graph with |V1| = |V2| = n. We will let u ∼ v denote the fact that
(u, v) ∈ E. For u ∈ V1, v ∈ V2 we will have a positive real number λ(u, v) called the activity of (u, v).
If u ∼ v, λ(u, v) = 1 throughout the algorithm, and otherwise, λ(u, v) starts at 1 and drops to 1/n!
as the algorithm evolves. The activities allow us to work on the complete graph on V1 and V2.

Let P denote the set of perfect matchings (recall that we are working on the complete graph
now), and let N (u, v) denote the set of near-perfect matchings with holes (or unmatched vertices) at
u and v. Similarly, let N (x, y, w, z) denote the set of matchings that have holes only at the vertices
x, y, w, z. Let Ni denote the set of matchings with exactly i unmatched vertices. The set of states
of the Markov chain is Ω = P ∪N2. For any matching M , denote its activity as

λ(M) :=
∏

(u,v)∈M

λ(u, v).

For a set S of matchings, let λ(S) :=
∑

M∈S λ(M). For u ∈ V1, v ∈ V2 we will have a positive real
number w(u, v) called the weight of the hole pattern u, v. Given weights w, the weight of a matching
M ∈ Ω is

w(M) :=

{
λ(M)w(u, v) if M ∈ N (u, v), and
λ(M) if M ∈ P.

The weight of a set S of matchings is

w(S) :=
∑
M∈S

w(M).

For given activities, the ideal weights on hole patterns are the following:

w∗(u, v) =
λ(P)

λ(N (u, v))
(1)

Note that for the ideal weights all the N (u, v) and P have the same weight. Hence, w∗(Ω) =
(n2 + 1)λ(P).
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For the purposes of the proof, we need to extend the weights to 4-hole matchings. Let

w∗(x, y, w, z) =
λ(P)

λ(N (x, y, w, z))

and for M ∈ N (x, y, w, z), let
w∗(M) = λ(M)w∗(x, y, w, z).

2.2 Markov chain definition

At the heart of the algorithm lies a Markov chain MC, which was used in [7], and a slight variant
was used in [1, 5]. Let λ : V1 × V2 → R+ be the activities and w : V1 × V2 → R+ be the weights.
The state space is Ω, the set of all perfect and near-perfect matchings of the complete bipartite
graph on V1, V2. The stationary distribution π is proportional to w, i. e., π(M) = w(M)/Z where
Z =

∑
M∈Ω w(M).

The transitions Mt →Mt+1 of the Markov chain MC are defined as follows:

1. If Mt ∈ P, choose an edge e uniformly at random from Mt. Set M ′ = Mt \ e.

2. If Mt ∈ N (u, v), choose vertex x uniformly at random from V1 ∪ V2.

(a) If x ∈ {u, v}, let M ′ = M ∪ (u, v).

(b) If x ∈ V2 and (w, x) ∈Mt, let M ′ = M ∪ (u, x) \ (y, x).

(c) If x ∈ V1 and (x, z) ∈Mt, let M ′ = M ∪ (x, v) \ (x, z).

(d) Otherwise, let M ′ = Mt.

3. With probability min{1, w(M ′)/w(Mt)}, set Mt+1 = M ′; otherwise, set Mt+1 = Mt.

Note, cases 1 and 2a move between perfect and near-perfect matchings, whereas cases 2b and 2c
move between near-perfect matchings with different hole patterns.

The key technical theorem is that the Markov chain quickly converges to the stationary distri-
bution π if the weights w are close to the ideal weights w∗. The mixing time τ(δ) is the time needed
for the chain to be within variation distance δ from the stationary distribution.

Theorem 2. Assuming the weight function w satisfies inequality

w∗(u, v)/2 ≤ w(u, v) ≤ 2w∗(u, v) (2)

for every (u, v) ∈ V1×V2 withM(u, v) 6= 0, then the mixing time of the Markov chain MC is bounded
above by τ(δ) = O(n4(ln(1/π(M)) + log δ−1)).

This theorem improves the mixing time bound by O(n2) over the corresponding result in [7]. The
theorem will be proved in Section 5.

We will run the chain with weights w close to w∗, and then we can use samples from the stationary
distribution to redefine w so that they are arbitrarily close to w∗. Note, π(P) = λ(P)/Z. The key
observation is that

w∗(u, v) =
π(P)w(u, v)
π(N (u, v))

(3)
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Given weights w which are a rough approximation to w∗, identity (3) implies an easy method to
recalibrate weights w to an arbitrarily close approximation to w∗. We generate many samples from
the stationary distribution, and observe the number of perfect matchings in our samples versus the
number of near-perfect matchings with holes u, v. By generating sufficiently many samples, we can
estimate π(P)/π(N (u, v)) within an arbitrarily close factor, and hence we can estimate w∗(u, v) (via
(3)) within an arbitrarily close factor.

From the argument of [7, pages 11-12], it follows that O(n2 log(1/η̂)) samples of the Markov
chain MC (with δ = O(1/n2)) are enough to obtain a

√
2-approximation w′ of w∗ with probability

≥ 1 − η̂. Starting the Markov chain anew for each sample would require O(n5 log n) steps of the
chain per sample. This can be improved using warm starts resulting in amortized O(n4 log n) steps
of the chain per sample, see [7, Section 6].

2.3 Algorithm for estimating ideal weights

In this section we present an Õ(n7) algorithm for estimating the ideal weights w∗. The algorithm
will be used in Section 7 to approximate the permanent of a 0-1 matrix. The algorithm can be
generalized to compute the permanent of general non-negative matrices, the necessary modifications
are described in Section 8.

The algorithm runs in phases, each characterized by a parameter λ̂. In every phase,

λ(e) =

{
1 for e ∈ E

λ̂ for e 6∈ E
(4)

We start with λ̂ = 1 and slowly decrease λ̂ until it reaches its target value 1/n!.
In [7], O(n2 log n) phases are required. A straightforward way to achieve this is to decrease λ̂ by

a factor (1 − 1/3n) between phases. This ensures that the weight of any matching changes by at
most a factor (1− 1/3n)n ≤ exp(1/3) <

√
2.

We use only O(n log2 n) phases by progressively decreasing λ̂ by a larger amount per phase.
Initially we decrease λ̂ by a factor of roughly (1 − 1/3n) per phase, but during the final phases we
decrease λ̂ by a constant factor per phase.

At the start of each phase we have a set of weights satisfying (2), for all u, v, with high probability.
Applying Theorem 2 we generate many samples from the stationary distribution. Using these samples
and (3), we refine the weights so that the following holds, for all u, v, with high probability,

w∗(u, v)√
2
≤ w(u, v) ≤

√
2w∗(u, v) (5)

This allows us to decrease λ̂ while keeping the condition (2) satisfied.
Here is the pseudocode of our algorithm. The algorithm outputs w which is a 2-approximation

of the ideal weights w∗ with probability ≥ 1− η. The quantities S and T satisfy S = O(n2(log n +
log η−1)) and T = O(n4 log n).

Algorithm for approximating ideal weights of 0-1 matrices:

Initialize λ̂ = 1 and i = n− 2.
Initialize w(u, v)← n for all (u, v) ∈ V1 × V2.
While λ̂ > 1/n! do:

Take S samples from MC with parameters λ, w, using a warm start simulation
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(i. e., inital matchings for the simulation are the final matchings from
the previous simulation). We use T steps of the MC per sample,
except for the first sample which needs O(Tn log n) steps.

Use the samples to obtain estimates w′(u, v) satisfying
condition (5), for all u, v. The algorithm fails
(i. e., (5) is not satisfied) with small probability.

If λ̂ > n−n/i, set λ̂ = λ̂2−1/2(i+2).
Else set λ̂ = n−n/i and decrement i by 1.
If λ̂ < 1/n!, set λ̂ = 1/n!.
Set w(u, v) = w′(u, v) for all u ∈ V1, v ∈ V2.

Output the final weights w(u, v).

Note the number of phases is O(n log2 n). To see this, consider the time interval in the algorithm
when i is fixed and let qi be the total number of decrements of λ̂ during this time interval. For
i ∈ {1, . . . , n− 3} we have the following bound on qi:

qi ≤ 2 log2

(
n−n(i+2)/(i+1)

n−n(i+2)/i

)
≤ 4

i
n log2 n.

Since (n−n/(n−2))n ≥ n−2n for n ≥ 4, we can bound qn ≤ 4n log2 n.
Putting it all together,

n−2∑
i=1

qi ≤
n−3∑
i=1

4
i
n log2 n + 4n log2 n = O(n log2 n).

Therefore, the algorithm consists of O(n log2 n) phases. The total running time is O(STn log2 n) =
O(n7 log4 n). In Section 6 we prove that our weights at the start of each phase satisfy (2) assuming
that the estimates w′ satisfied condition (5) throughout the execution of the algorithm. In Section
7 we show how to use the (constant factor) estimates of the ideal weights to obtain a (1 ± ε)-
approximation of the permanent.

3 Canonical Paths for Proving Theorem 2

We bound the mixing time by the canonical paths method. For (I, F ) ∈ Ω × P, we will define a
canonical path from I to F , denoted, γ(I, F ), which is of length ≤ n. The path is along transitions
of the Markov chain. We then bound the weighted sum of canonical paths (or “flow”) through any
transition. More precisely, for a transition T = M →M ′, let

ρ(T ) =
∑

(I,F )∈Ω×P:
T∈γ(I,F )

π(I)π(F )
π(M)P (M,M ′)

,

denote the congestion through the transition T , where P (M,M ′) denotes the probability of the
transition T . Let

ρ = max
T

ρ(T ).
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Then (see [14, 2]) for any initial state M0, the mixing time is bounded as

τM0(δ) ≤
7nρ

π(P)
(
lnπ(M0)−1 + ln δ−1

)
The factor 1/π(P) comes from restricting to F ∈ P, see Lemma 9 in [7]. When the weights w satisfy
(2), we have π(P) = Ω(1/n2). Thus, to prove Theorem 2 we need to prove ρ(T ) = O(n) for every
transition T .

We define the canonical paths now, and defer the bound on the congestion to Section 5, after
presenting some combinatorial lemmas in Section 4. We will assume that the vertices of G are
numbered. If I ∈ P, then I ⊕ F consists of even length cycles. Let us assume that the cycles are
numbered according to the smallest numbered vertex contained in them. The path γ(I, F ) “corrects”
these cycles in order. Let v0, v1, . . . , v2k be a cycle C, where v0 is the smallest numbered vertex in
C and (v0, v1) ∈ I. The path starts by unmatching edge (v0, v1) and successively interchanging edge
(v2i−1, v2i) for edge (v2i, v2i+1). Finally it adds edge (v2k−1, v2k) to the matching.

If I ∈ N (w, z), then there is an augmenting path from w to z in I⊕F . The canonical path starts
by augmenting I along this path by first exchanging edges and finally adding the last edge. It then
“corrects” the even cycles in order.

For a transition T = M →M ′, we need to bound the number of canonical paths passing thru T .
We partition these paths into 2n2 + 1 sets,

cpT = {(I, F ) ∈ P × P : γ(I, F ) 3 T} ,

And, for all w, z,
cpw,z

T = {(I, F ) ∈ N (w, z)× P : γ(I, F ) 3 T} .

4 Key Technical Lemmas

The following Lemmas will be used to analyze the congestion through a transition. Much weaker
versions of these Lemmas were used in the earlier work of [7]. In particular, Lemma 4 below improves
on Lemma 7 in [7] by constructing more efficient mappings, and thereby helps put a tighter upper
bound on the congestion through a transition of the Markov chain. We first present our mappings
in the simpler setting of Lemma 3 and later use them to prove Lemma 4.

The related lemmas in [7] did not contain the sum in the left-hand side, and were a factor of 2
smaller in the right-hand side. Our improvement comes from looking at the appropriate sum, and
only losing a factor of 2.

Lemma 3. Let u,w ∈ V1, v, z ∈ V2 be distinct vertices. Then,

1. ∑
x,y:(u,y),(x,v)∈E

|N (u, v)||N (x, y)| ≤ 2|P|2.

2. ∑
x:(x,v)∈E

|N (u, v)||N (x, z)| ≤ 2|N (u, z)||P|.
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3. ∑
x,y:(u,y),(v,x)∈E

|N (u, v)||N (x, y, w, z)| ≤ 2|N (w, z)||P|.

The basic intuition for the proofs of these inequalities is straightforward. For example consider
the first inequality. Take matchings M ∈ N (u, v),M ′ ∈ N (x, y). The set M ∪M ′ ∪ (u, y) ∪ (v, x)
consists of a set of alternating cycles. Hence, this set can be broken into a pair of perfect matchings.
One of the perfect matchings contains the edge (u, y) and one matching contains the edge (v, x).
Hence, given the pair of perfect matchings, we can deduce the original unmatched vertices (by
guessing which of the two edges incident to u), and thereby reconstruct M and M ′. This outlines
the approach for proving Lemma 3.

Proof. 1. We will construct a one-to-one map:

f1 : N (u, v)×
⋃

x,y:(u,y),(v,x)∈E

N (x, y)→ P ×P × b,

where b is a bit, i.e., b is 0/1.
Let L0 ∈ N (u, v) and L1 ∈ ∪x,y:(u,y),(v,x)∈EN (x, y). In L0 ⊕ L1 the four vertices u, v, x, y each

have degree one, and the remaining vertices have degree zero or two. Hence these four vertices are
connected by two disjoint paths. Since |L0| = |L1|, the two paths must be of the same parity. The
edges (u, y) and (v, x) are in neither matching, and so (L0 ⊕ L1) ∪ {(u, y), (v, x)} contains an even
cycle, say C, containing (u, y) and (v, x). We will partition the edges of L0 ∪L1 ∪{(u, y), (v, x)} into
two perfect matchings as follows. Let M0 contain the edges of L0 outside of C and alternate edges
of C starting with edge (u, y). M1 will contain the remaining edges. Bit b is set to 0 if (x, v) ∈ M0

and to 1 otherwise. This defines the map f1.
Next, we show that f1 is one-to-one. Let M0 and M1 be two perfect matchings and b be a bit.

If u and v are not in one cycle in M0 ⊕M1 then (M0,M1, b) is not mapped onto by f1. Otherwise,
let C be the common cycle containing u and v. Let y be the vertex matched to u in M0. If b = 0,
denote by x the vertex that is matched to v in M0; else denote by x the vertex that is matched to
v in M1. Let L0 contain the edges of M0 outside C and let it contain the near-perfect matching
in C that leaves u and v unmatched. Let L1 contain the edges of M1 outside C and let it contain
the near-perfect matching in C that leaves x and y unmatched. It is easy to see that f1(L0, L1) =
(M0,M1, b).

2. We will construct a one-to-one map:

f2 : N (u, v)×
⋃

x:(v,x)∈E

N (x, y)→ N (u, y)× P × b.

Let L0 ∈ N (u, v) and L1 ∈ ∪x:(v,x)∈EN (x, y). As before, u, v, x, y are connected by two disjoint
paths of the same parity in L0 ⊕L1 and (v, x) /∈ L0 ∪L1. Hence, L0 ∪L1 ∪ {(v, x)} contains an odd
path from u to y, say P . Construct M0 ∈ N (u, y) by including all edges of L0 not on P and alternate
edges of P , leaving u, y unmatched. Let M1 ∈ P consist of the remaining edges of L0 ∪L1 ∪{(v, x)}.
Let b = 0 if (v, x) ∈M0, and to 1 otherwise. Clearly, path P appears in M0 ⊕M1, and as before, L0

and L1 can be retrieved from (M0,M1, b).

3. We will construct a one-to-one map:
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f3 : N (u, v)×
⋃

x,y:(u,y),(v,x)∈E

N (x, y, w, z)→ N (w, z)× P × b.

Let L0 ∈ N (u, v) and L1 ∈ ∪x,y:(u,y),(v,x)∈EN (x, y, w, z). Consider L0 ⊕ L1. There are two cases. If
there are two paths connecting the four vertices u, v, x, y (and a separate path connecting w and z),
then the mapping follows using the construction given in 1. The second case is that L0⊕L1 contains
three disjoint paths: u to w, v to y, and x to z. The first two are even paths and the third is odd.
Now, L0 ∪ L1 ∪ {(u, y), (v, x)} contains an odd path, say P , from w to z. Now, the mapping follows
using the construction given in 2.

The following lemma is an extension of the previous lemma, which serves as a warm-up. This
lemma is used to bound the congestion.

Lemma 4. Let u,w ∈ V1, v, z ∈ V2 be distinct vertices. Then,

1. ∑
x∈V1,y∈V2

λ(u, y)λ(x, v)λ(N (u, v))λ(N (x, y)) ≤ 2λ(P)2.

2. ∑
x∈V1

λ(x, v)λ(N (u, v))λ(N (x, z)) ≤ 2λ(N (u, z))λ(P).

3. ∑
x∈V1,y∈V2

λ(u, y)λ(x, v)λ(N (u, v))λ(N (x, y, w, z)) ≤ 2λ(N (w, z))λ(P).

Proof. We will use the mappings f1, f2, f3 constructed in Lemma 3. Observe that since mapping f1

constructs matchings M0 and M1 using precisely the edges of L0, L1 and the edges (u, y), (v, x), it
satisfies

λ(u, y)λ(x, v)λ(L0)λ(L1) = λ(M0)λ(M1).

Summing over all pairs of matchings in

N (u, v)×
⋃

x,y:(u,y),(v,x)∈E

N (x, y)

we get the first inequality. The other two inequalities follow in a similar way using mappings f2 and
f3.

5 Bounding Congestion: Proof of Theorem 2

We bound the congestion separately for transitions which move between near-perfect matchings
(Cases 2b and 2c), and transitions which move between a perfect and near-perfect matching. Our
goal for this section will be to prove for every transition T = M →M ′,∑

(I,F )∈Ω×P:
T∈γ(I,F )

w∗(I)w∗(F )w∗(M) = O(w∗(Ω)). (6)
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At the end of the section we will prove that this easily implies the desired bound on the congestion.
The following lemma converts into a more manageable form, the weighted sum of I, F pairs which

contain a transition of the first type.

Lemma 5. Let T = M → M ′ be a transition which moves between near-perfect matchings (i.e.,
Case 2b or 2c). Let M ∈ N (u, v),M ′ ∈ N (u, v′), u ∈ V1, v, v′ ∈ V2, and M ′ = M \ (v′, x)∪ (v, x) for
some x ∈ V1. Then, the following hold:

1. ∑
(I,F )∈cpT

λ(I)λ(F ) ≤
∑
y∈V2

λ(N (x, y))λ(u, y)λ(x, v)λ(M)

2. For all z ∈ V2, ∑
(I,F )∈cpu,z

T

λ(I)λ(F ) ≤ λ(N (x, z))λ(v, x)λ(M)

3. For all w ∈ V1, w 6= u and z ∈ V2, z 6= v, v′,∑
(I,F )∈cpw,z

T

λ(I)λ(F ) ≤
∑
y∈V2

λ(N (w, z, x, y))λ(u, y)λ(v, x)λ(M)

Proof. 1. We will first construct a one-to-one map

ηT : cpT →
⋃

x,y:(u,y),(v,x)∈E

N (x, y).

Let I, F ∈ P and (I, F ) ∈ cpT . Let S be the set of cycles in I ⊕ F . Order the cycles in S using the
convention given in Section 3. Clearly, u, v, x lie on a common cycle, say C ∈ S, in I⊕F . Since T lies
on the canonical path from I to F , M has already corrected cycles before C and not yet corrected
cycles after C in S. Let y be a neighbor of u on C. Define M ′′ ∈ N (x, y) to be the near-perfect
matching that picks edges as follows: outside C, it picks edges (I ∪ F ) −M , and on C it picks the
near perfect-matching leaving x, y unmatched. Define ηT (I, F ) = M ′′.

Clearly, (M ⊕M ′′)∪{(u, v), (x, y)} consists of the cycles in S, and I and F can be retrieved from
M,M ′′ by considering the order defined on S. This proves that the map constructed is one-to-one.
Since the union of edges in I and F equals the edges in M ∪M ′′ ∪ {(u, v), (x, y)},

λ(I)λ(F ) = λ(M)λ(M ′′)λ(u, y)λ(x, v).

Summing over all (I, F ) ∈ cpT we get the first inequality.

2. For all z ∈ V2, we will first construct a one-to-one map

ηu,z
T : cpu,z

T → N (x, z).

Let I ∈ N (u, z), F ∈ P and (I, F ) ∈ cpu,z
T . Let S be the set of cycles and P be the augmenting path

from u to z in I ⊕ F . Clearly, v, x lie on P . M has “corrected” part of the path P and none of the
cycles in S. It contains the edges of I from z to v and the edges of F from x to u. Also, it contains
the edges of I from the cycles in S, as well as the edges in I ∩ F .
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Construct matching M ′′ ∈ N (x, z) as follows. It contains the edges of F from the cycles in S,
the edges I ∩ F and (P − {(x, v)} −M). Define ηu,z

T (I, F ) = M ′′. It is easy to see that M ∪M ′′ =
I ∪ F ∪ {(x, v)}. Therefore,

λ(I)λ(F ) = λ(M)λ(M ′′)λ(x, v).

Furthermore, I, F can be retrieved from M,M ′′. Hence, summing over all (I, F ) ∈ cpu,z
T we get the

second inequality.

3. For all w ∈ V1, w 6= u and z ∈ V2, z 6= v, v′, we will first construct a one-to-one map

ηw,z
T : cpw,z

T →
⋃

y:u∼y

N (w, z, x, y).

Let I ∈ N (w, z), F ∈ P and (I, F ) ∈ cpw,z
T . Let S be the set of cycles and P be the augmenting path

from w to z in I⊕F . Clearly, u, v, x lie on a common cycle, say C ∈ S, in I⊕F . and M has already
“corrected” P and so looks like F on P . Construct M ′′ ∈ N (w, z, x, y) as follows. On P , it looks like
I. Outside P ∪ C, it picks edges (I ∪ F ) −M , and on C it picks the near perfect-matching leaving
x, y unmatched. Define ηw,z

T (I, F ) = M ′′. It is easy to see that M ∪M ′′ = I ∪ F ∪ {(u, y), (x, v)}.
Therefore,

λ(I)λ(F ) = λ(M)λ(M ′′)λ(u, y)λ(x, v).

Furthermore, I, F can be retrieved from M,M ′′. Hence, summing over all (I, F ) ∈ cpw,z
T we get the

third inequality.

We now prove (6) for the first type of transitions. The proof applies Lemma 5 and then Lemma
4. We break the statement of (6) into two cases depending on whether I is a perfect matching or a
near-perfect matching.

Lemma 6. For a transition T = M → M ′ which moves between near-perfect matchings (i.e., Case
2b or 2c), the congestion from (I, F ) ∈ P × P is bounded as∑

(I,F )∈cpT

w∗(I)w∗(F )
w∗(M)

≤ 2w∗(Ω)
n2

(7)

And, the congestion from (I, F ) ∈ N2 × P is bounded as∑
w∈V1,z∈V2

∑
(I,F )∈cpw,z

T

w∗(I)w∗(F )
w∗(M)

≤ 3w∗(Ω) (8)

Proof. The transition T is sliding an edge, let x denote the pivot vertex, let M ∈ N (u, v),M ′ ∈
N (u, v′), u ∈ V1, v, v′ ∈ V2. Thus, M ′ = M \ (v′, x) ∪ (v, x) for some x ∈ V1. The encodings from
Lemma 5 will always contain x as a hole.
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We begin with the proof of (7).∑
(I,F )∈cpT

w∗(I)w∗(F )
w∗(M)

=
∑

(I,F )∈cpT

λ(I)λ(F )
λ(N (u, v))
λ(M)λ(P)

≤
∑
y∈V2

λ(N (x, y))λ(u, y)λ(x, v)λ(N (u, v))
λ(P)

by Lemma 5

≤ 2λ(P) by Lemma 4

=
2w∗(Ω)
n2 + 1

This completes the proof of (7). We now prove (8) in two parts. This first bound covers the
congestion due to the first part of the canonical paths from a near-perfect matching to a perfect
matching – unwinding the augmenting path. The second bound covers the second part of these
canonical paths when we unwind the alternating cycle(s). During the unwinding of the augmenting
path, one of the holes of the transition is the same as one of the holes of the initial near-perfect
matching. This is what characterizes the first versus the second part of the canonical path.∑

z∈V2

∑
(I,F )∈cpu,z

T

w∗(I)w∗(F )
w∗(M)

=
∑
z∈V2

∑
(I,F )∈cpu,z

T

λ(I)λ(F )
λ(N (u, v))

λ(M)λ(N (u, z))

≤
∑
z∈V2

λ(N (x, z))λ(v, x)λ(N (u, v))
λ(N (u, z))

by Lemma 5

≤
∑
z∈V2

2λ(P) by Lemma 4

=
2n

n2 + 1
w∗(Ω)

≤ w∗(Ω)

Finally, bounding the congestion from the unwinding of the alternating cycle(s) on canonical
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paths from near-perfect matchings to perfect matchings,∑
w∈V1,z∈V2:

w 6=u

∑
(I,F )∈cpw,z

T

w∗(I)w∗(F )
w∗(M)

=
∑

w∈V1,z∈V2:
w 6=u

∑
(I,F )∈cpw,z

T

λ(I)λ(F )
λ(N (u, v))

λ(M)λ(N (w, z))

≤
∑

w∈V1,z∈V2:
w 6=u

∑
y∈V2

λ(N (w, z, x, y))λ(u, y)λ(v, x)λ(N (u, v))
λ(N (w, z))

by Lemma 5

≤
∑

w∈V1,z∈V2:
w 6=u

2λ(P) by Lemma 4

≤ 2w∗(Ω)

We now follow the same approach as Lemmas 5 and 6 to prove (6) for transitions moving between
a perfect and near-perfect matching. The proofs in this case are easier.

Lemma 7. For a transition T = M →M ′ which adds or subtracts an edge (i.e., Case 1 or 2a), let
N denote the near-perfect matching of M and M ′. Then,∑

(I,F )∈cpT

λ(I)λ(F ) ≤ λ(P)λ(u, v)λ(N).

And, for all w ∈ V1, z ∈ V2, ∑
(I,F )∈cpw,z

T

λ(I)λ(F ) ≤ λ(N (w, z))λ(u, v)λ(N).

Proof. Let P denote the perfect matching of M and M ′. Define η = ηw,z
T : cpw,z

T → N (w, z) as

η(I, F ) = I ∪ F \ P.

The mapping satisfies λ(I)λ(F ) = λ(P )λ(η(I, F )). Note, λ(P ) = λ(N)λ(u, v). Since the mapping is
one-to-one, summing over all N ′ ∈ N (w, z) proves the lemma for all w, z. The proof is identical for
cpT with the observation that when I ∈ P, we have I ∪ F \ P is in P.

Lemma 8. For a transition T = M →M ′ which adds or subtracts an edge (i.e., Case 1 or 2a), the
congestion from (I, F ) ∈ Ω× P is bounded as∑

w,z

∑
(I,F )∈cpw,z

T

w∗(I)w∗(F )
w∗(M)

≤ w∗(Ω) (9)

∑
(I,F )∈cpT

w∗(I)w∗(F )
w∗(M)

≤ w∗(Ω)
n2

(10)
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Proof. Let M ∈ N (u, v) and M ′ ∈ P, thus the transition adds the edge (u, v). The proof for the
transition which subtracts the edge will be analogous. The proof is a simplified version of Lemma 6,
since the encoding is simpler in this case (see Lemma 7 versus Lemma 5).

Observe that for any x, y,
λ(x, y)λ(N (x, y)) ≤ λ(P) (11)

We begin with the proof of (9).∑
w,z

∑
(I,F )∈cpw,z

T

w∗(I)w∗(F )
w∗(M)

=
∑
w,z

∑
(I,F )∈cpw,z

T

λ(I)λ(F )
λ(N (u, v))

λ(M)λ(N (w, z))

≤
∑
w,z

λ(u, v)λ(N (u, v)) by Lemma 7

≤ w∗(Ω) by (11)

We now prove (10).∑
(I,F )∈cpT

w∗(I)w∗(F )
w∗(M)

=
∑

(I,F )∈cpT

λ(I)λ(F )
λ(N (u, v))
λ(M)λ(P)

≤ 2λ(u, v)λ(N (u, v)) by Lemma 7
≤ λ(P) by (11)

Proof of Theorem 2. Inequality (2) implies for any set of matchings S ⊂ Ω, the stationary distribu-
tion π(S) under w is within a factor 4 of the distribution under w∗. Therefore, to prove Theorem
2 it suffices to consider the stationary distribution with respect to w∗. In other words, we need to
prove, for every transition T , ρ(T ) = O(n) where, for M ∈ Ω, π(M) = w∗(M)/w∗(Ω). Then for
weights satisfying (2) the congestion increases by at most a constant factor. Thus, we need to prove∑

(I,F )∈Ω×P:
T∈γ(I,F )

w∗(I)w∗(F )
w∗(M)P (M,M ′)

= O(nw∗(Ω)).

Recall that the transitions Mt →Mt+1 of our Markov chain are according to the Metropolis filter.
From Mt, a new matching N is proposed with probability 1/4n, and then the proposed new matching
is accepted with probability min{1, w∗(N)/w∗(Mt)}. Hence, for the transition T = M →M ′,

w∗(M)P (M,M ′) =
1
4n

min{w∗(M), w∗(M ′)}.

Since the chain is reversible for every transition T = M → M ′, there is a reverse transition T ′ =
M ′ →M . To prove Theorem 2, it suffices to prove that for every transition T = M →M ′,∑

(I,F )∈Ω×P:
T∈γ(I,F )

w∗(I)w∗(F )
w∗(M)

= O(w∗(Ω)). (12)

Lemmas 6 and 8 imply (12) which completes the proof of the Theorem.
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6 Number of Phases

In this section we prove that the choice of λ̂ from the weight-estimating algorithm ensures that (2)
is satisfied in each phase. Intuitively, we need to decrease λ̂ from 1 to 1/n!. Recall that we can
obtain a refined estimate of the ideal weights in each phase, see (5). We need to guarantee that the
weights of two consecutive phases do not differ too much. Namely, if they are within a

√
2 factor of

each other, together with (5) we have (2) for the next phase. As we will see shortly, for our choice of
activities the ideal weights w∗(u, v) are a ratio of two polynomials of degree ≤ n evaluated at λ̂. The
properties of the polynomials will allow us to partition the [1/n!, 1] interval into several subintervals
such that in the i-th subinterval only the first i + 2 terms of the polynomials are relevant. This, in
turn, allows us to decrease λ̂ by a higher factor in intervals with smaller number of relevant terms.

Definition 9. We say that a matching M ∈ P of a complete bipartite graph covers k edges of a
graph G if the size of M ∩ E(G) is k. Let

RG(x) =
n∑

k=0

pkx
n−k,

where pk is the number of matchings in P covering k edges of G.

Note that the ideal weights w∗, defined by (1), for activities given by (4) can be expressed as
follows

w∗
λ̂
(u, v) =

RG(λ̂)

RG\{u,v}(λ̂)
. (13)

Lemma 10. Let λ̂1 > λ̂2 > · · · > λ̂q where λ̂1 = 1, λ̂q = 1/n! and q = O(n log2 n) be the sequence
of λ̂ used by the weight-estimating algorithm. Assume that G contains a perfect matching. Then

RG(λ̂k) ≥ RG(λ̂k+1) ≥ RG(λ̂k)/
√

2, and
RG\{u,v}(λ̂k) ≥ RG\{u,v}(λ̂k+1) ≥ RG\{u,v}(λ̂k)/

√
2 for every u, v.

(14)

We will prove Lemma 10 at the end of this section.
To shorten the notation, we will use wk to denote wλ̂k

. Equation (13) with Lemma 10 imply
the w∗

k and w∗
k+1 are within a constant factor. Moreover if the weight-estimating algorithm does not

fail, i. e., the wk satisfy (5)) then wk and wk+1 are within a constant factor as well. The following
corollaries are used in Section 7 for approximating the permanent once a good approximation of the
ideal weights is obtained.

Corollary 11. For every u, v,

1√
2
w∗

k+1(u, v) ≤ w∗
k(u, v) ≤

√
2w∗

k+1(u, v). (15)

If the wk satisfy (5) then for every u, v,

1
2
√

2
wk+1(u, v) ≤ wk(u, v) ≤ 2

√
2wk+1(u, v). (16)
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Note that
wk(Ω) = RG(λ̂k) +

∑
u,v

RG\{u,v}(λ̂k)wk(u, v).

Corollary 11 and Lemma 10 imply the following result.

Corollary 12. If the weight-estimating algorithm does not fail then

wk(Ω)
2
√

2
≤ wk+1(Ω) ≤ 2

√
2wk(Ω).

Let M ∈ Ω be a matching. Note that λ̂k+1 ≤ λ̂k and hence λk+1(M) ≤ λk(M). For M ∈ P we
have wk+1(M) ≤ wk(M). If M ∈ N (u, v) then, assuming that the weight-estimating algorithm did
not fail we have wk+1(M) = wk+1(u, v)λk+1(M) ≤ 2

√
2wk(u, v)λk(M) = 2

√
2wk(M). Hence we have

the following observation.

Corollary 13. Assume that the weight-estimating algorithm does not fail. Then for any matching
M ∈ Ω

wk+1(M) ≤ 2
√

2wk(M).

The rest of this section is devoted to proving Lemma 10.
The log-derivative of a function f is (log f)′ = f ′/f . The log-derivative measures how quickly a

function is increasing.

Definition 14. We say that a polynomial f is dominant over a polynomial g on an interval I if
f ′(x)/f(x) ≥ g′(x)/g(x) for every x ∈ I.

Lemma 15. Let f, g : I → R+ be two non-decreasing polynomials. If f dominates over g on I, then
f(y)/f(x) ≥ g(y)/g(x) for every x, y ∈ I, x ≤ y.

We will use Lemma 15 to show that the condition (14) is satisfied for our choice of the λ̂k.
Suppose that a function f dominates RG and the RG\{u,v} on interval I. Let λk and λk+1 be in the
interval I. Then f(λk+1) ≥ f(λk)/

√
2 implies (14).

We partition the interval (0,∞) into subintervals I3, . . . , In such that xi dominates over every
R-polynomial on the interval Ii. The λ̂j in Ii will be such that xi decreases by a factor

√
2 between

consecutive λ̂.

Lemma 16. Let g(x) =
∑n

j=0 ajx
j be a polynomial with non-negative coefficients. Then xn domi-

nates g on the interval (0,∞).

Proof. It is easy to verify that f ′n(x)/fn(x) ≥ g′(x)/g(x) for every x > 0.

Lemma 17. Let g(x) =
∑n

j=0 ajx
j be a polynomial with non-negative integer coefficients such that

g(1) ≤ n! and at least one of a0, a1, a2 is non-zero. Then for any i ≥ 3 the polynomial xi dominates
g on the interval (0, n−n/(i−1)].

Proof. The logarithmic derivative of xi is i/x. Hence we need to prove that ig(x) ≥ xg′(x) for
x ≤ n−n/(i−1).
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Let d be the smallest integer such that ad 6= 0. From the assumptions of the lemma d ≤ 2. For
x ≤ n−n/(i−1) and n ≥ 2 the following holds

n∑
j=i+1

jajx
j−d ≤

n∑
j=i+1

najx
j−2 ≤

n∑
j=i+1

najn
−n(j−2)/(i−1) ≤

n∑
j=i+1

najn
−n ≤ n!

nn−1
≤ 1.

Since i > d, for x ≤ n−n/(i−1) and n ≥ 2 we have

xg′(x) =
i∑

j=0

jajx
j +

n∑
j=i+1

jajx
j ≤

i∑
j=d

jajx
j + adx

d ≤
i∑

j=d

iajx
j = ig(x).

Corollary 18. Let G be a bipartite graph on n + n vertices. For i ≥ 3 function xi dominates over
the polynomials RG and RG\{u,v} on the interval I ′i := (0, n−n/(i−1)]. Furthermore, xn dominates
over the R on the interval I ′n := (0,∞).

Proof. Since G contains a perfect matching, every R-polynomial has a positive low-degree coefficient.
To see this, let M be a perfect matching in G. The existence of M implies that the absolute coefficient
in RG is positive. Similarly, if (u, v) ∈M , then the absolute coefficient in RG\{u,v} is positive because
M \{(u, v)} is a perfect matching in G\{u, v}. If (u, v) 6∈M , let u′, resp. v′ be the vertices matched
to u and v in M , and let M ′ = M ∪ {(v′, u′)} \ {(u, u′), (v, v′)}. Depending on (v′, u′) being an edge
in G, the cardinality of M ′ is either n − 1 or n − 2. Therefore either the coefficient of x0 or x1

in RG\{u,v} is positive. Furthermore, RG(1) counts the number of all permutations of n elements,
thus RG(1) = n! and RG\{u,v}(1) = (n − 1)!. Thus all the R-polynomials satisfy the conditions of
Lemma 17.

Proof of Lemma 10. Notice that the λ̂ from the weight-estimating algorithm are such that if λ̂k, λ̂k+1 ∈
[n−n/(i−2), n−n/(i−1)], then λ̂i

k+1

√
2 = λ̂i

k. Therefore, by the previous corollary and Lemma 15 all
of the R-polynomials decrease by a factor at most

√
2. Similarly, if λ̂k, λ̂k+1 ∈ [nn−2, 1], then

λ̂n
k+1

√
2 = λ̂n

k . This proves (14).

7 Reduction from Counting to Sampling

In this section we show how to approximate the permanent of a matrix once we have good approx-
imations of the ideal weights. For simplicity we consider the case of 0 − 1 matrix. The argument
follows the argument of Section 5 from [7].

We want to estimate the number of perfect matchings |PG| in a bipartite graph G. Let λ̂0 = 1 >
λ̂1 > · · · > λ̂q = 1/n!, q = O(n log2 n) be the sequence of λ̂ used in the weight-estimating algorithm.
Assume that the algorithm did not fail, i. e., the hole weights w0, . . . , wq computed by the algorithm
are within a factor of

√
2 from the ideal weights w∗

0, . . . , w
∗
q . Recall that w0(Ω) = n!(n2 +1). We can

express |PG| as a telescoping product:
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|PG| =
|PG|

wq(Ω)
wq(Ω)

wq−1(Ω)
wq−1(Ω)
wq−2(Ω)

. . .
w1(Ω)
w0(Ω)

w0(Ω) = n!(n2 + 1)α∗
∏

0≤k<q

αk, (17)

where α∗ = |PG|/wq(Ω) and αk = wk+1(Ω)/wk(Ω). Note that corollary 12 implies αk = Θ(1). The
quantity wq(Ω) is within a constant factor of (n2 + 1)|PG| and hence α∗ = Θ(1/n2).

Let Xk ∼ wk denote a random matching chosen from the distribution defined by wk, i. e., the
probability of a matching M is wk(M)/wk(Ω). Let Yk = wk+1(Xk)/wk(Xk). Then Yk is an unbiased
estimator for αk:

E (Yk) = EXk∼wk

(
wk+1(Xk)
wk(Xk)

)
=
∑
M∈Ω

wk(M)
wk(Ω)

wk+1(M)
wk(M)

=
wk+1(Ω)
wk(Ω)

= αk. (18)

For k = q let Yq = 1Xq∈PG
, where 1M∈PG

is the indicator function which takes value 1 if M is a
perfect matching of G, and 0 otherwise. Then Yq is an unbiased estimator for α∗:

E (Yq) = EXq∼wq (1Xk∈PG
) =

∑
M∈Ω

wq(M)
wq(Ω)

1M∈PG
=
|PG|

wq(Ω)
= α∗. (19)

Corollary 13 implies that 0 ≤ Yk ≤ 2
√

2 and hence Var (Yk) = O(1). Thus the mean Y k of
Θ(qε−2) samples of Yk has Var

(
Y k

)
= O(ε2/q). Therefore

E
(
Y

2
k

)
E
(
Y k

)2 = 1 +
Var

(
Y k

)
E
(
Y k

)2 = 1 + O(ε2/q),

since E
(
Y k

)
= E (Yk) = Θ(1).

Let Z =
∏q−1

k=0 Y k. We have

E
(
Z2
)

E (Z)2
= (1 + O(ε2/q))q = 1 + O(ε2),

and hence Var (Z)/(E (Z))2 = O(ε2). Thus by the Chebychev inequality Z is within a factor 1± ε/6
from E (Z) =

∏q−1
k=0 αk with probability ≥ 11/12 for appropriately chosen constants within the O

notation.
Even though we cannot sample from wk exactly, it suffices to sample the Xk (and hence Yk) from

a distribution within variation distance O(ε/q) from wk. The expectation of Z will be within factor
1± ε/6 from

∏q−1
k=0 αk and the above variance argument remains unchanged.

Similarly to estimate α∗ it is enough to take the mean of O(n2ε−2) values of Yq with Xq from a
distribution within variation distance O(ε) from wq. The result is an estimate of α∗ within a factor
of 1± ε/3 with probability at least 11/12.

Therefore, n!(n2 + 1)
∏q

k=0 Xk estimates |PG| within a factor of 1 ± ε with probability ≥ 5/6.
The total running time is O(n6 log3 ε−2). See [7] for details.

8 Non-negative Matrices

A slight modification of our algorithm can be used to compute the permanent of a matrix A =
(ai,j)n×n with non-negative entries ai,j . Suppose per(A) > 0. (The question per(A) = 0 can be
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decided in deterministic polynomial time by finding the maximum matching in the corresponding
weighted bipartite graph. The permanent is positive if and only if there exists a matching of nonzero
weight.) Let amax = maxi,j ai,j and amin = mini,j:ai,j>0 ai,j . Then per(A) ≥ an

min. Therefore, if
ai,j = 0 we can round it to (amin/amax)n/n!. This change guarantees a 2-approximation of the
permanent of the original matrix. We can boost this to a (1 + ε)-approximation using techniques
described in Section 7. For the following algorithm, recall that S = O(n2(log n + log η−1)) and
T = O(n4 log n).

Algorithm for approximating ideal weights of non-negative matrices:

Initialize λ̂ := amax and i := n− 2.
Initialize w(u, v)← namax for all (u, v) ∈ V1 × V2.

Let b :=
(

amin
amax

)n
/n!.

For every i, j such that ai,j = 0, set ai,j := b.
While λ̂ > b do:

Take S samples from MC with parameters λ, w, using a warm start simulation
(i. e., inital matchings for the simulation are the final matchings from
the previous simulation). We use T steps of the MC per sample,
except for the first sample which needs O(Tn log n) steps.

Use the samples to obtain estimates w′(u, v) satisfying
condition (5), for all u, v, with high probability.

If i = 1 or λ̂ > n−n/i, set λ̂ := λ̂2−1/2(i+2).
Else set λ̂ := n−n/i and decrement i by 1.
If λ̂ < b, set λ̂ := b.
Set w(u, v) := w′(u, v) for all u ∈ V1, v ∈ V2.

Output the final weights w(u, v).

Notice that now the number of different values of λ̂ incurred by the algorithm is O(n log amax)
to get from λ̂ = amax to λ̂ ' 1, plus O(n log2 n) steps as before, plus O(n log(amax/amin)) decre-
ments from λ̂ ' 1/n! until λ̂ = b. Therefore the running time of the algorithm is O(ST (n log2 n +
n log amax

amin
)) = O(n7 log2 n(log2 n + log amax

amin
)).

Notice that the correctness of the algorithm for approximating ideal weights of non-negative
matrices follows from the fact that nn dominates over the R-polynomials on the interval (0,∞) and
n3 dominates on the interval (0, n−n/2).

As discussed in [7], this can be converted to a strongly polynomial time algorithm for approxi-
mating the permanent by first applying the algorithm of Linial, Samorodnitsky and Wigderson [11],
which converts our input matrix into a nearly doubly stochastic matrix. See Section 7 of [7] for
details.

9 Discussion

The problem of constructing an fpras for approximating the number of perfect matchings in non-
bipartite graphs still remains open – the algorithm of Jerrum and Sinclair can only handle graphs
in which the number of near-perfect matchings is polynomially bounded in the number of perfect
matchings; this includes the case of dense graphs, i.e., graphs in which each vertex has degree > n/2.
We present below a simple idea for obtaining an fpras for graphs containing at most O(log n) odd
cycles.
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Let G contain k = O(log n) odd cycles, c1, . . . , ck. Let ei
0, e

i
1 be two adjacent edges chosen from

cycle ci (an edge may be chosen several times). For each choice of b1, . . . , bk ∈ {0, 1}k, remove edges
e1
b1

, e2
b2

, . . . , ek
bk

to obtain a bipartite graph. Let G1, . . . , G2k be the list of graphs obtained in this
manner. Estimate the number of perfect matchings in these graphs using the algorithm of [7], and
let T be the total. Pick a graph, say Gi, from this list with probability proportional to the number
of perfect matchings in it, and find a random perfect matching, say M in Gi. Let m be the number
of graphs in the list that contain the perfect matching M . Output M with probability 1/m. It is
easy to see that this procedure outputs a random perfect matching of G.

We are not aware of any other way of counting perfect matchings in graphs containing at most
O(log n) odd cycles. This raises the following question: can the set of bipartizations of G play a role
in counting the number of perfect matchings in non-bipartite graphs? For bipartite graphs, can our
running time be further improved to obtain a practical algorithm?
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