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Antimorphism

✓(a1a2 · · · an�1an) = ✓(an)✓(an�1) · · · ✓(a2)✓(a1)
<latexit sha1_base64="zfN11GjrUAiadI0n5wBMZbO9ees="></latexit>

ACGTACGTAGCTGCATCGATCAG
TGCATGCATCGACGTAGCTAGTC



Palindromicity

AGGTACCTTAGCTAAGGTACCT
TCCATGGAATCGATTCCATGGA

AGGTACCTTAGCTAAGGTACCT

A. de Luca and A. De Luca (2006)



w = x1x2 · · ·xk, xi 2 {x1, ✓(x1)}
<latexit sha1_base64="txAecRIC1BvLeaeSG6DzmlX7P1Q="></latexit>

AGGTACGTACCTGTACCTAGGTACAGGTAC

Primitivity and repetition
E. Czeizler, L. Kari, S. Seki (2010)

w 2 u{u, ✓(u)}⇤
<latexit sha1_base64="fzDv4Lzh25D3tZ5oO06aCM6y3hI=">AAACAnicbVDLSgNBEJz1GeMr6km8DAYhPgi7etBj0IvHCMYEsmuYnUySIbOzy0yPsizBi5/gL3jxoIhXv8Kbf+Mk8aDGgoaiqpvurjARXIPrfjpT0zOzc/O5hfzi0vLKamFt/UrHRlFWo7GIVSMkmgkuWQ04CNZIFCNRKFg97J8N/foNU5rH8hLShAUR6Ure4ZSAlVqFzVvsc4kN9jNz4EOPASmZXX9wvdcqFN2yOwKeJN43KVa2/f2Hz0pabRU+/HZMTcQkUEG0bnpuAkFGFHAq2CDvG80SQvuky5qWShIxHWSjFwZ4xypt3ImVLQl4pP6cyEikdRqFtjMi0NN/vaH4n9c00DkJMi4TA0zS8aKOERhiPMwDt7liFERqCaGK21sx7RFFKNjU8jYE7+/Lk+TqsOwdlb0Lm8YpGiOHttA2KiEPHaMKOkdVVEMU3aFH9IxenHvnyXl13satU873zAb6Bef9C56fmUM=</latexit>



Pseudocatenation

u�✓ v = {uv, u✓(v)}
<latexit sha1_base64="bmCQ2JEmROmniDwfUpCQc+ui37M=">AAACD3icbVA9SwNBEN2LXzF+RS1tlgQlooQ7LbQRgjaWEcwH5GLY22ySJXu3x+5cIBz5BzaCv8TGQhFbW7v8GzeXFJr4YODx3gwz87xQcA22PbZSS8srq2vp9czG5tb2TnZ3r6plpCirUCmkqntEM8EDVgEOgtVDxYjvCVbz+jcTvzZgSnMZ3MMwZE2fdAPe4ZSAkVrZowi7si3hwYUeA4IH+Aq7cTQ4xcZIpMLg2B21snm7aCfAi8SZkXwp5548j0vDciv77bYljXwWABVE64Zjh9CMiQJOBRtl3EizkNA+6bKGoQHxmW7GyT8jfGiUNu5IZSoAnKi/J2Liaz30PdPpE+jpeW8i/uc1IuhcNmMehBGwgE4XdSKBQeJJOLjNFaMghoYQqri5FdMeUYSCiTBjQnDmX14k1bOic16070wa12iKNDpAOVRADrpAJXSLyqiCKHpEL+gNvVtP1qv1YX1OW1PWbGYf/YH19QMuOZ5z</latexit>

AGT CAT
AGTCAT

AGTATG

L. Kari and M. Kulkarni (2014)



w = x1x2 · · ·xk, xi 2 {x1, ✓(x1)}
<latexit sha1_base64="txAecRIC1BvLeaeSG6DzmlX7P1Q="></latexit>

AGGTACGTACCTGTACCTAGGTACAGGTAC

w 2 u{u, ✓(u)}⇤
<latexit sha1_base64="fzDv4Lzh25D3tZ5oO06aCM6y3hI=">AAACAnicbVDLSgNBEJz1GeMr6km8DAYhPgi7etBj0IvHCMYEsmuYnUySIbOzy0yPsizBi5/gL3jxoIhXv8Kbf+Mk8aDGgoaiqpvurjARXIPrfjpT0zOzc/O5hfzi0vLKamFt/UrHRlFWo7GIVSMkmgkuWQ04CNZIFCNRKFg97J8N/foNU5rH8hLShAUR6Ure4ZSAlVqFzVvsc4kN9jNz4EOPASmZXX9wvdcqFN2yOwKeJN43KVa2/f2Hz0pabRU+/HZMTcQkUEG0bnpuAkFGFHAq2CDvG80SQvuky5qWShIxHWSjFwZ4xypt3ImVLQl4pP6cyEikdRqFtjMi0NN/vaH4n9c00DkJMi4TA0zS8aKOERhiPMwDt7liFERqCaGK21sx7RFFKNjU8jYE7+/Lk+TqsOwdlb0Lm8YpGiOHttA2KiEPHaMKOkdVVEMU3aFH9IxenHvnyXl13satU873zAb6Bef9C56fmUM=</latexit>

w 2 u�✓
k

<latexit sha1_base64="+fjIJ5/chFpDbQuU7+AWBXfKhus=">AAACAXicdVBNSwMxEM36WetX1YvgJVgET2VXW7S3ohePFWwrdNeSTVMbmk2WZFYpS734V7x4UMSr/8Kb/8ZsW0FFHww83pthZl4YC27AdT+cmdm5+YXF3FJ+eWV1bb2wsdk0KtGUNagSSl+GxDDBJWsAB8EuY81IFArWCgenmd+6YdpwJS9gGLMgIteS9zglYKVOYfsW+1zi5Cr1VVdBZ3DlQ58BGXUKRbfklo+rbgVnpFw+qI5JpVo5wl7JHaOIpqh3Cu9+V9EkYhKoIMa0PTeGICUaOBVslPcTw2JCB+SatS2VJGImSMcfjPCeVbq4p7QtCXisfp9ISWTMMAptZ0Sgb357mfiX106gdxykXMYJMEkni3qJwKBwFgfucs0oiKElhGpub8W0TzShYEPL2xC+PsX/k+ZByTsseeflYu1kGkcO7aBdtI88dIRq6AzVUQNRdIce0BN6du6dR+fFeZ20zjjTmS30A87bJw2cl04=</latexit>



The state complexity of a regular 
language is the number of states in 
its minimal deterministic finite 
automaton.



The state complexity of an 
operation is the worst-case state 
complexity of the language resulting 
from the operation, as a function of 
the state complexity of the operands.
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• Combined operations (A. Salomaa, K. Salomaa, S. Yu 
2007)

• Undecidability (A. Salomaa, K. Salomaa, S. Yu, 2013)

• Universal witnesses (J.A. Brzozowski, 2012)



Prior state complexity results

• Hairpin-free languages (L. Kari et al. 2006) 

• (Pseudo-)Inversion (D.-J. Cho et al. 2016) 

• (Pseudo-)Duplication (D.-J. Cho et al. 2016) 

• Overlap assembly (J.A. Brzozowski et al. 2018)



Regular languages are closed 
under antimorphism

• Regular languages are closed under morphism 

• Regular languages are closed under reversal 

• Antimorphism is morphism composed with reversal





L1 �✓ L2 = L1(L2 [ ✓(L2))
<latexit sha1_base64="ZorfM6opRJEq3t5I15yJDkn08Qc=">AAACGnicbZDLSgMxFIYzXmu9VV26CS1Ci1Bm6kI3QtGNiy4q2At06pBJ0zY0MxmSM0IpfQvBja/ixoUi7sRN38ZM24W2Hgh8+f9zSM7vR4JrsO2JtbK6tr6xmdpKb+/s7u1nDg7rWsaKshqVQqqmTzQTPGQ14CBYM1KMBL5gDX9wnfiNB6Y0l+EdDCPWDkgv5F1OCRjJyzgVz8Gu7Ei4d6HPgOCKV8KXOJHzCbo0jvDMSu6FgpfJ2UV7WngZnDnkyln39HFSHla9zJfbkTQOWAhUEK1bjh1Be0QUcCrYOO3GmkWEDkiPtQyGJGC6PZquNsYnRungrlTmhICn6u+JEQm0Hga+6QwI9PWil4j/ea0YuhftEQ+jGFhIZw91Y4FB4iQn3OGKURBDA4Qqbv6KaZ8oQsGkmTYhOIsrL0O9VHTOivatSeMKzSqFjlEW5ZGDzlEZ3aAqqiGKntALekPv1rP1an1Yn7PWFWs+c4T+lPX9A/YHoKg=</latexit>



L1 �✓ L2 = L1(L2 [ ✓(L2))
<latexit sha1_base64="ZorfM6opRJEq3t5I15yJDkn08Qc=">AAACGnicbZDLSgMxFIYzXmu9VV26CS1Ci1Bm6kI3QtGNiy4q2At06pBJ0zY0MxmSM0IpfQvBja/ixoUi7sRN38ZM24W2Hgh8+f9zSM7vR4JrsO2JtbK6tr6xmdpKb+/s7u1nDg7rWsaKshqVQqqmTzQTPGQ14CBYM1KMBL5gDX9wnfiNB6Y0l+EdDCPWDkgv5F1OCRjJyzgVz8Gu7Ei4d6HPgOCKV8KXOJHzCbo0jvDMSu6FgpfJ2UV7WngZnDnkyln39HFSHla9zJfbkTQOWAhUEK1bjh1Be0QUcCrYOO3GmkWEDkiPtQyGJGC6PZquNsYnRungrlTmhICn6u+JEQm0Hga+6QwI9PWil4j/ea0YuhftEQ+jGFhIZw91Y4FB4iQn3OGKURBDA4Qqbv6KaZ8oQsGkmTYhOIsrL0O9VHTOivatSeMKzSqFjlEW5ZGDzlEZ3aAqqiGKntALekPv1rP1an1Yn7PWFWs+c4T+lPX9A/YHoKg=</latexit>

Lm · (Ln [ Lp)
<latexit sha1_base64="YrWdI6Dkar4/le+lC+r0yxYh9ic=">AAACAXicbZC7TsMwFIYdrqXlEmBBYrEoSGWpEhhgrGBh6FAkepHaKHIct7XqOJbtVKqisvAqLAwgxMDCyBuw8SAw414GaPklS5/+c46Ozx8IRpV2nE9rYXFpeWU1s5bNrW9sbtnbOzUVJxKTKo5ZLBsBUoRRTqqaakYaQhIUBYzUg97lqF7vE6lozG/0QBAvQh1O2xQjbSzf3iv7EWzhMNawUPa5wUTAsi+OfTvvFJ2x4Dy4U8iXDr9e3/u574pvf7TCGCcR4RozpFTTdYT2UiQ1xYwMs61EEYFwD3VI0yBHEVFeOr5gCI+ME8J2LM3jGo7d3xMpipQaRIHpjJDuqtnayPyv1kx0+9xLKReJJhxPFrUTBnUMR3HAkEqCNRsYQFhS81eIu0girE1oWROCO3vyPNROiu5p0b02aVyAiTJgHxyAAnDBGSiBK1ABVYDBLbgHj+DJurMerGfrZdK6YE1ndsEfWW8/42uZqg==</latexit>



L1 �✓ L2 = L1(L2 [ ✓(L2))
<latexit sha1_base64="ZorfM6opRJEq3t5I15yJDkn08Qc=">AAACGnicbZDLSgMxFIYzXmu9VV26CS1Ci1Bm6kI3QtGNiy4q2At06pBJ0zY0MxmSM0IpfQvBja/ixoUi7sRN38ZM24W2Hgh8+f9zSM7vR4JrsO2JtbK6tr6xmdpKb+/s7u1nDg7rWsaKshqVQqqmTzQTPGQ14CBYM1KMBL5gDX9wnfiNB6Y0l+EdDCPWDkgv5F1OCRjJyzgVz8Gu7Ei4d6HPgOCKV8KXOJHzCbo0jvDMSu6FgpfJ2UV7WngZnDnkyln39HFSHla9zJfbkTQOWAhUEK1bjh1Be0QUcCrYOO3GmkWEDkiPtQyGJGC6PZquNsYnRungrlTmhICn6u+JEQm0Hga+6QwI9PWil4j/ea0YuhftEQ+jGFhIZw91Y4FB4iQn3OGKURBDA4Qqbv6KaZ8oQsGkmTYhOIsrL0O9VHTOivatSeMKzSqFjlEW5ZGDzlEZ3aAqqiGKntALekPv1rP1an1Yn7PWFWs+c4T+lPX9A/YHoKg=</latexit>

B. Cui et al. 2011

Lm · (Ln [ Lp)
<latexit sha1_base64="YrWdI6Dkar4/le+lC+r0yxYh9ic=">AAACAXicbZC7TsMwFIYdrqXlEmBBYrEoSGWpEhhgrGBh6FAkepHaKHIct7XqOJbtVKqisvAqLAwgxMDCyBuw8SAw414GaPklS5/+c46Ozx8IRpV2nE9rYXFpeWU1s5bNrW9sbtnbOzUVJxKTKo5ZLBsBUoRRTqqaakYaQhIUBYzUg97lqF7vE6lozG/0QBAvQh1O2xQjbSzf3iv7EWzhMNawUPa5wUTAsi+OfTvvFJ2x4Dy4U8iXDr9e3/u574pvf7TCGCcR4RozpFTTdYT2UiQ1xYwMs61EEYFwD3VI0yBHEVFeOr5gCI+ME8J2LM3jGo7d3xMpipQaRIHpjJDuqtnayPyv1kx0+9xLKReJJhxPFrUTBnUMR3HAkEqCNRsYQFhS81eIu0girE1oWROCO3vyPNROiu5p0b02aVyAiTJgHxyAAnDBGSiBK1ABVYDBLbgHj+DJurMerGfrZdK6YE1ndsEfWW8/42uZqg==</latexit>





Machine A non-final
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Machine A non-final

Machine A final

Machine A first pass



(m-kA)(2n-1)(2n-1)

kA(2n-1)(2n-kB)

m-kA



(m-kA)(2n-1)(2n-1)

kA(2n-1)(2n-kB-1)+1

m-kA



Lower bound
J.A. Brzozowski and D. Liu, 2013





Pseudosquare
(Square: N. Rampersad, 2006)



w = x1x2 · · ·xk, xi 2 {x1, ✓(x1)}
<latexit sha1_base64="txAecRIC1BvLeaeSG6DzmlX7P1Q="></latexit>

AGGTACGTACCTGTACCTAGGTACAGGTAC



w = x1x2 · · ·xk, xi 2 {x1, ✓(x1)}
<latexit sha1_base64="txAecRIC1BvLeaeSG6DzmlX7P1Q="></latexit>

AGGTACGTACCTGTACCTAGGTACAGGTAC

L�✓
+ , L = {AG,AGT, TG,CGT, TT}

<latexit sha1_base64="NbKAkCsB6/eHzXn8OAfZ6wYLoKw="></latexit>



w = x1x2 · · ·xk, xi 2 {x1, ✓(x1)}
<latexit sha1_base64="txAecRIC1BvLeaeSG6DzmlX7P1Q="></latexit>

AGGTACGTACCTGTACCTAGGTACAGGTAC

AGAGTACTCGTAAACGCTAGT

L�✓
+ , L = {AG,AGT, TG,CGT, TT}

<latexit sha1_base64="NbKAkCsB6/eHzXn8OAfZ6wYLoKw="></latexit>



L�✓
+ = L(L [ ✓(L))⇤

<latexit sha1_base64="/LqGjceBCN/UOvuNhZBsf9WFQhk=">AAACFHicbVC7SgNBFJ31GeMramkzJAiJgbCrhTZC0MYiRQTzgGwSZieTZMjszjJzVwhLPkIQf8XGQhFbC7v8jZNHoYkHLhzOuZd77/FCwTXY9thaWV1b39hMbCW3d3b39lMHh1UtI0VZhUohVd0jmgkesApwEKweKkZ8T7CaN7iZ+LUHpjSXwT0MQ9b0SS/gXU4JGKmdypdasSs7Elou9BmQdn6Er3AJZ0vYpVGIZ2q2lMu1TtupjF2wp8DLxJmTTDHt5p/GxWG5nfp2O5JGPguACqJ1w7FDaMZEAaeCjZJupFlI6ID0WMPQgPhMN+PpUyN8YpQO7kplKgA8VX9PxMTXeuh7ptMn0NeL3kT8z2tE0L1sxjwII2ABnS3qRgKDxJOEcIcrRkEMDSFUcXMrpn2iCAWTY9KE4Cy+vEyqZwXnvGDfmTSu0QwJdIzSKIscdIGK6BaVUQVR9Ihe0Bt6t56tV+vD+py1rljzmSP0B9bXD2eHn3U=</latexit>



L�✓
+ = L(L [ ✓(L))⇤

<latexit sha1_base64="/LqGjceBCN/UOvuNhZBsf9WFQhk=">AAACFHicbVC7SgNBFJ31GeMramkzJAiJgbCrhTZC0MYiRQTzgGwSZieTZMjszjJzVwhLPkIQf8XGQhFbC7v8jZNHoYkHLhzOuZd77/FCwTXY9thaWV1b39hMbCW3d3b39lMHh1UtI0VZhUohVd0jmgkesApwEKweKkZ8T7CaN7iZ+LUHpjSXwT0MQ9b0SS/gXU4JGKmdypdasSs7Elou9BmQdn6Er3AJZ0vYpVGIZ2q2lMu1TtupjF2wp8DLxJmTTDHt5p/GxWG5nfp2O5JGPguACqJ1w7FDaMZEAaeCjZJupFlI6ID0WMPQgPhMN+PpUyN8YpQO7kplKgA8VX9PxMTXeuh7ptMn0NeL3kT8z2tE0L1sxjwII2ABnS3qRgKDxJOEcIcrRkEMDSFUcXMrpn2iCAWTY9KE4Cy+vEyqZwXnvGDfmTSu0QwJdIzSKIscdIGK6BaVUQVR9Ihe0Bt6t56tV+vD+py1rljzmSP0B9bXD2eHn3U=</latexit>

(Lm [ Ln)
⇤

<latexit sha1_base64="w+SNCjM33RiXKPcYFdeqsSthKbg=">AAAB+XicbVC7SgNBFJ2Nrxhfq5Y2Q4IQFcKuFloGbSxSRDAPyK7L7GQ2GTIzu8zMBsKSv7C0sVDE1j+xy984eRSaeODC4Zx7ufeeMGFUaceZWLm19Y3Nrfx2YWd3b//APjxqqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUO7qZ+a0ikorF41KOE+Bz1BI0oRtpIgW2XawGHHk4TWAvE2dN5YJecijMDXCXugpSqRe/ieVId1QP72+vGOOVEaMyQUh3XSbSfIakpZmRc8FJFEoQHqEc6hgrEifKz2eVjeGqULoxiaUpoOFN/T2SIKzXioenkSPfVsjcV//M6qY5u/IyKJNVE4PmiKGVQx3AaA+xSSbBmI0MQltTcCnEfSYS1CatgQnCXX14lzcuKe1VxH0wat2COPDgBRVAGLrgGVXAP6qABMBiCF/AG3q3MerU+rM95a85azByDP7C+fgCMmpVH</latexit>



L�✓
+ = L(L [ ✓(L))⇤

<latexit sha1_base64="/LqGjceBCN/UOvuNhZBsf9WFQhk=">AAACFHicbVC7SgNBFJ31GeMramkzJAiJgbCrhTZC0MYiRQTzgGwSZieTZMjszjJzVwhLPkIQf8XGQhFbC7v8jZNHoYkHLhzOuZd77/FCwTXY9thaWV1b39hMbCW3d3b39lMHh1UtI0VZhUohVd0jmgkesApwEKweKkZ8T7CaN7iZ+LUHpjSXwT0MQ9b0SS/gXU4JGKmdypdasSs7Elou9BmQdn6Er3AJZ0vYpVGIZ2q2lMu1TtupjF2wp8DLxJmTTDHt5p/GxWG5nfp2O5JGPguACqJ1w7FDaMZEAaeCjZJupFlI6ID0WMPQgPhMN+PpUyN8YpQO7kplKgA8VX9PxMTXeuh7ptMn0NeL3kT8z2tE0L1sxjwII2ABnS3qRgKDxJOEcIcrRkEMDSFUcXMrpn2iCAWTY9KE4Cy+vEyqZwXnvGDfmTSu0QwJdIzSKIscdIGK6BaVUQVR9Ihe0Bt6t56tV+vD+py1rljzmSP0B9bXD2eHn3U=</latexit>

A. Salomaa, K. Salomaa, S. Yu (2007)

(Lm [ Ln)
⇤

<latexit sha1_base64="w+SNCjM33RiXKPcYFdeqsSthKbg=">AAAB+XicbVC7SgNBFJ2Nrxhfq5Y2Q4IQFcKuFloGbSxSRDAPyK7L7GQ2GTIzu8zMBsKSv7C0sVDE1j+xy984eRSaeODC4Zx7ufeeMGFUaceZWLm19Y3Nrfx2YWd3b//APjxqqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUO7qZ+a0ikorF41KOE+Bz1BI0oRtpIgW2XawGHHk4TWAvE2dN5YJecijMDXCXugpSqRe/ieVId1QP72+vGOOVEaMyQUh3XSbSfIakpZmRc8FJFEoQHqEc6hgrEifKz2eVjeGqULoxiaUpoOFN/T2SIKzXioenkSPfVsjcV//M6qY5u/IyKJNVE4PmiKGVQx3AaA+xSSbBmI0MQltTcCnEfSYS1CatgQnCXX14lzcuKe1VxH0wat2COPDgBRVAGLrgGVXAP6qABMBiCF/AG3q3MerU+rM95a85azByDP7C+fgCMmpVH</latexit>





Non-final states



Non-final states

Including final states



(2n-k-1)(2n-1)

(2n-1)(2n-k)



(2n-k-1)(2n-1)

(2n-1)(2n-k)

This changes further depending 
on whether or not s ∈ F.



Lower bound





Future work
kth pseudopower and pseudocube,  
finite languages, universal witnesses



Finite languages

• State complexity of operations on finite languages is 
often much lower (C. Câmpeanu et al. 1999) 

• Starting with a finite set and generating sets of words 
makes sense from the biological perspective



Universal witnesses

• Universal witnesses used in pseudocatenation are not 
the ones for combinations of operations with reversal! 

• Lower bound witness for iterated pseudocatenation is 
not a universal witness as defined by Brzozowski 

• Are there universal witnesses for combinations of 
operations involving antimorphisms?



kth pseudopower

• State complexity of power and cube (M. Domaratzki and 
A. Okhotin, 2009) 

• State complexity of square and power for unary 
languages (N. Rampersad, 2006) 

• State complexity of k-catenation (Ésik et al. 2009, Caron 
et al. 2016)



Thank you


