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Abstract

Many problemsin informationprocessinginvolve someform of dimen-
sionalityreduction.In this paper, we introduceLocality PreservingPro-
jections(LPP).Thesearelinear projective mapsthat ariseby solvinga
variationalproblemthatoptimally preservestheneighborhoodstructure
of thedataset. LPPshouldbeseenasan alternative to PrincipalCom-
ponentAnalysis (PCA) – a classicallinear techniquethat projectsthe
dataalongthe directionsof maximalvariance. Whenthe high dimen-
sionaldataliesona low dimensionalmanifoldembeddedin theambient
space,the Locality PreservingProjectionsare obtainedby �nding the
optimal linearapproximationsto theeigenfunctionsof theLaplaceBel-
trami operatoron the manifold. As a result, LPP sharesmany of the
datarepresentationpropertiesof nonlineartechniquessuchasLaplacian
Eigenmapsor Locally Linear Embedding.Yet LPP is linear andmore
crucially is de�ned everywherein ambientspaceratherthanjust on the
trainingdatapoints. This is borneout by illustrative exampleson some
highdimensionaldatasets.

1. Intr oduction

Supposewe have a collectionof datapointsof � -dimensionalrealvectorsdrawn from an
unknown probabilitydistribution. In increasinglymany casesof interestin machinelearn-
ing anddatamining, oneis confrontedwith thesituationwhere � is very large. However,
theremight be reasonto suspectthat the “intrinsic dimensionality”of the datais much
lower. This leadsoneto considermethodsof dimensionalityreductionthat allow oneto
representthedatain a lowerdimensionalspace.

In thispaper, weproposeanew linear dimensionalityreductionalgorithm,calledLocality
Preserving Projections(LPP). It builds a graphincorporatingneighborhoodinformation
of thedataset. Using thenotionof theLaplacianof thegraph,we thencomputea trans-
formation matrix which mapsthe datapoints to a subspace.This linear transformation
optimally preserveslocal neighborhoodinformationin a certainsense.Therepresentation
mapgeneratedby thealgorithmmaybeviewedasa lineardiscreteapproximationto acon-
tinuousmapthatnaturallyarisesfrom thegeometryof themanifold[2]. Thenew algorithm
is interestingfrom anumberof perspectives.

1. Themapsaredesignedto minimizeadifferentobjectivecriterionfrom theclassi-
cal lineartechniques.



2. Thelocality preservingqualityof LPPis likely to beof particularusein informa-
tion retrieval applications.If onewishesto retrieve audio,video,text documents
underavectorspacemodel,thenonewill ultimatelyneedto doanearestneighbor
searchin the low dimensionalspace.SinceLPPis designedfor preservinglocal
structure,it is likely thata nearestneighborsearchin the low dimensionalspace
will yield similar resultsto thatin thehigh dimensionalspace.This makesfor an
indexing schemethatwouldallow quick retrieval.

3. LPP is linear. This makesit fastandsuitablefor practicalapplication. While a
numberof nonlineartechniqueshaveproperties(1) and(2) above,weknow of no
otherlinearprojectivetechniquethathassuchaproperty.

4. LPPis de�ned everywhere.Recallthatnonlineardimensionalityreductiontech-
niqueslike ISOMAP[6], LLE[5], Laplacianeigenmaps[2] arede�ned only on the
trainingdatapointsandit is unclearhow to evaluatethemapfor new testpoints.
In contrast,theLocality PreservingProjectionmaybesimply appliedto any new
datapoint to locateit in thereducedrepresentationspace.

5. LPPmaybeconductedin theoriginal spaceor in the reproducingkernelHilbert
space(RKHS)into whichdatapointsaremapped.Thisgivesriseto kernelLPP.

As a resultof all thesefeatures,we expect the LPP basedtechniquesto be a naturalal-
ternative to PCA basedtechniquesin exploratorydataanalysis,informationretrieval, and
patternclassi�cationapplications.

2. Locality Preserving Projections

2.1. The linear dimensionality reductionproblem

The genericproblem of linear dimensionalityreductionis the following. Given a set
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2.2. The algorithm

Locality PreservingProjection(LPP) is a linearapproximationof thenonlinearLaplacian
Eigenmap[2]. Thealgorithmicprocedureis formally statedbelow:

1. Constructing the adjacencygraph: Let $ denoteagraphwith � nodes.Weput
anedgebetweennodes% and& if x � andx ' are”close”. Therearetwo variations:

(a) ( -neighborhoods.[parameter(
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(b) . nearestneighbors.[parameter.

�0/ ] Nodes% and & areconnectedby an
edgeif % is among. nearestneighborsof & or & is among. nearestneighbors
of % .

Note: The methodof constructingan adjacency graphoutlinedabove is correct
if thedataactuallylie on a low dimensionalmanifold. In general,however, one
might take a moreutilitarian perspectiveandconstructanadjacency graphbased
on any principle(for example,perceptualsimilarity for naturalsignals,hyperlink
structuresfor web documents,etc.). Oncesuchan adjacency graphis obtained,
LPPwill try to optimallypreserve it in choosingprojections.

2. Choosingthe weights: Here,aswell, we have two variationsfor weightingthe
edges.1 is asparsesymmetric�324� matrixwith 1

�

' having theweightof the
edgejoining vertices% and & , and0 if thereis nosuchedge.
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Thejusti�cation for this choiceof weightscanbetracedbackto [2].
(b) Simple-minded.[No parameter].1
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connectedby anedge.

3. Eigenmaps: Computetheeigenvectorsandeigenvaluesfor thegeneralizedeigen-
vectorproblem: EGFHE
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3. Justi�cation

3.1. Optimal Linear Embedding

Thefollowing sectionis basedonstandardspectralgraphtheory. See[4] for acomprehen-
sive referenceand[2] for applicationsto datarepresentation.

Recallthatgivenadatasetweconstructaweightedgraph$W�

�YX

�[Z

� with edgesconnect-
ing nearbypointsto eachother. Considertheproblemof mappingtheweightedgraph$ to
aline sothatconnectedpointsstayasclosetogetheraspossible.Let y �
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besucha map. A reasonablecriterion for choosinga ”good” mapis to minimize the fol-
lowing objective function[2] _
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[4]. Matrix
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Thetransformationvectora thatminimizestheobjectivefunctionis givenby theminimum
eigenvaluesolutionto thegeneralizedeigenvalueproblem:

EGFHE
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by theminimumeigenvaluesolutionsto thegeneralizedeigenvalueproblem.

3.2. Geometrical Justi�cation

The Laplacianmatrix
F

(=
J

*

1 ) for �nite graph,or [4], is analogousto the Laplace
Beltramioperator€ oncompactRiemannianmanifolds.While theLaplaceBeltramioper-
ator for a manifold is generatedby theRiemannianmetric, for a graphit comesfrom the
adjacency relation.

Let ! be a smooth,compact, • -dimensionalRiemannianmanifold. If the manifold is
embeddedin
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the Riemannianstructureon the manifold is inducedby the standard
Riemannianstructureon
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. We arelooking herefor a mapfrom themanifoldto thereal
line suchthatpointsclosetogetheron themanifoldgetmappedclosetogetheron theline.
Let ‚ besuchamap.Assumethat ‚Kƒ
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is twicedifferentiable.

Belkin andNiyogi [2] showed that the optimal mappreservinglocality canbe found by
solvingthefollowing optimizationproblemon themanifold:
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Theseprojective mapsaretheoptimal linear approximationsto theeigenfunctionsof the
LaplaceBeltramioperatoron themanifold. Therefore,they arecapableof discoveringthe
nonlinearmanifoldstructure.

3.3. Kernel LPP

SupposethattheEuclideanspace
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To generalizeLPP to the nonlinearcase,we formulateit in a way that usesdot product
exclusively. Therefore,we consideran expressionof dot producton theHilbert spacë
givenby thefollowing kernelfunction:
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By simplealgebraformulation,we can�nally obtainthefollowing eigenvectorproblem:
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which is identicalto theeigenvalueproblemof LaplacianEigenmaps[2]. This shows that
KernelLPPyieldsthesameresultsasLaplacianEigenmapson thetrainingpoints.

4. Experimental Results

In this section,we will discussseveralapplicationsof theLPPalgorithm. We begin with
two simplesyntheticexamplesto givesomeintuition abouthow LPPworks.

4.1. Simply SyntheticExample

Two simple syntheticexamplesare given in Figure1. Both of the two datasetscorre-
spondessentiallyto a one-dimensionalmanifold. Projectionof the datapointsonto the
�rst basiswould thencorrespondto aone-dimensionallinearmanifoldrepresentation.The
secondbasis,shown asa shortline segmentin the �gure, would bediscardedin this low-
dimensionalexample.



Figure1: The�rst andthird plotsshow theresultsof PCA.Thesecondandforth plotsshow
theresultsof LPP. Theline segmentsdescribethetwo bases.The�rst basisis shown asa
longerline segment,andthesecondbasisis shown asa shorterline segment.Clearly, LPP
is insensitive to theoutlier andhasmorediscriminatingpower thanPCA.

Figure2: Thehandwrittendigits (`0'-`9') aremappedinto a 2-dimensionalspace.Theleft
�gure is a representationof thesetof all imagesof digits usingtheLaplacianeigenmaps.
Themiddle�gure showstheresultsof LPP. Theright �gure showstheresultsof PCA.Each
colorcorrespondsto adigit.

LPP is derived by preservinglocal information,henceit is lesssensitive to outliersthan
PCA. This canbeclearlyseenfrom Figure1. LPP�nds theprincipaldirectionalongthe
datapointsat theleft bottomcorner, while PCA �nds theprincipaldirectionon which the
datapointsat the left bottomcornercollapseinto a singlepoint. Moreover, LPPcanhas
morediscriminatingpower thanPCA. As canbe seenfrom Figure1, the two circlesare
totally overlappedwith eachotherin theprincipaldirectionobtainedby PCA, while they
arewell separatedin theprincipaldirectionobtainedby LPP.

4.2. 2-D Data Visulization

An experimentwasconductedwith theMultiple FeaturesDatabase[3]. This datasetcon-
sistsof featuresof handwrittennumbers(`0'-`9') extractedfrom a collection of Dutch
utility maps. 200 patternsper class(for a total of 2,000patterns)have beendigitized in
binaryimages.Digits arerepresentedin termsof Fouriercoef�cients, pro�le correlations,
Karhunen-Lovecoef�cients, pixel average,Zernike momentsandmorphologicalfeatures.
Eachimageis representedby a 649-dimensionalvector. Thesedatapointsaremappedto
a2-dimensionalspaceusingdifferentdimensionalityreductionalgorithms,PCA,LPP, and
LaplacianEigenmaps.The experimentalresultsareshown in Figure2. As canbe seen,
LPPperformsmuchbetterthanPCA. LPPsareobtainedby �nding theoptimal linearap-
proximationsto theeigenfunctionsof theLaplaceBeltramioperatoron themanifold.As a
result,LPPsharesmany of thedatarepresentationpropertiesof nonlineartechniquessuch
asLaplacianEigenmap.However, LPPis computationallymuchmoretractable.

4.3. Manif old of FaceImages

In this subsection,we appliedthe LPP to imagesof faces.The faceimagedatasetused
hereis the sameas that usedin [5]. This datasetcontains1965faceimagestaken from
sequentialframesof asmallvideo.Thesizeof eachimageis

b

~-2

b^´

, with 256graylevels



Figure 3: A two-
dimensional repre-
sentationof thesetof
all images of faces
using the Locality
Preserving Projec-
tion. Representative
facesare shown next
to the data points
in different parts
of the space. As
can be seen, the
facial expression
and the viewing
point of faceschange
smoothly.

Table1: FaceRecognitionResultsonYaleDatabase
LPP LDA PCA

dims 14 14 33
errorrate(%) 16.0 20.0 25.3

per pixel. Thus,eachfaceimageis representedby a point in the560-dimensionalambi-
entspace.Figure3 shows themappingresults.The imagesof facesaremappedinto the
2-dimensionalplanedescribedby the�rst two coordinatesof theLocality PreservingPro-
jections.It shouldbeemphasizedthat themappingfrom imagespaceto low-dimensional
spaceobtainedby ourmethodis linear, ratherthannonlinearasin mostpreviouswork. The
linear algorithmdoesdetectthe nonlinearmanifold structureof imagesof facesto some
extent.Somerepresentativefacesareshown next to thedatapointsin differentpartsof the
space.As canbeseen,theimagesof facesareclearlydividedinto two parts.Theleft part
arethe faceswith closedmouth,andthe right part arethe faceswith openmouth. This
is becausethat, by trying to preserve neighborhoodstructurein the embedding,the LPP
algorithmimplicitly emphasizesthenaturalclustersin thedata.Speci�cally, it makesthe
neighboringpoints in the ambientspacenearerin the reducedrepresentationspace,and
faraway pointsin theambientspacefartherin the reducedrepresentationspace.Thebot-
tomimagescorrespondto pointsalongtheright path(linkedby solid line), illustratingone
particularmodeof variability in pose.

4.4. FaceRecognition

PCA andLDA arethetwo mostwidely usedsubspacelearningtechniquesfor facerecog-
nition [1][7]. Thesemethodsprojectthe training samplefacesto a low dimensionalrep-
resentationspacewherethe recognitionis carriedout. The main suppositionbehindthis
procedureis that thefacespace(givenby thefeaturevectors)hasa lower dimensionthan
the imagespace(given by the numberof pixels in the image),and that the recognition
of the facescanbe performedin this reducedspace.In this subsection,we considerthe
applicationof LPPto facerecognition.

Thedatabaseusedfor this experimentis theYalefacedatabase[8]. It is constructedat the



Yale Centerfor ComputationalVision andControl. It contains165 grayscaleimagesof
15 individuals.Theimagesdemonstratevariationsin lighting condition(left-light, center-
light, right-light), facialexpression(normal,happy, sad,sleepy, surprised,andwink), and
with/without glasses.Preprocessingto locatethe the faceswasapplied. Original images
werenormalized(in scaleandorientation)suchthatthetwo eyeswerealignedat thesame
position.Then,thefacialareaswerecroppedinto the�nal imagesfor matching.Thesize
of eachcroppedimagein all theexperimentsin µ

b

2£µ

b

pixels,with 256gray levelsper
pixel. Thus,eachimagecanberepresentedby a1024-dimensionalvector.

For eachindividual,six imagesweretakenwith labelsto form thetrainingset.Therestof
thedatabasewasconsideredto bethetestingset.Thetrainingsampleswereusedto learn
a projection.Thetestingsampleswerethenprojectedinto thereducedspace.Recognition
wasperformedusinga nearestneighborclassi�er. In general,the performanceof PCA,
LDA andLPPvarieswith thenumberof dimensions.Weshow thebestresultsobtainedby
them. Theerror ratesaresummarizedin Table1. As canbeseen,LPPoutperformsboth
PCAandLDA.

5. Conclusions

In this paper, we proposea new lineardimensionalityreductionalgorithmcalledLocality
PreservingProjections.It is basedon thesamevariationalprinciple thatgivesrise to the
LaplacianEigenmap[2]. As a resultit hassimilar locality preservingproperties.

Our approachalsohasa majoradvantageover recentnonparametrictechniquesfor global
nonlineardimensionalityreductionsuchas [2][5][6]; its eigenproblemhasa sizewhich
scalesasthedimensionalityof thedatapointsratherthanthenumberof datapoints. For
massivedatasets,this saving in run time andmemorycanbeenormous.

Performanceimprovementof this methodover PrincipalComponentAnalysisis demon-
stratedthroughseveralexperiments.Thoughourmethodis a linearalgorithm,it is capable
of discoveringthenonlinearstructureof thedatamanifold.
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