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Abstract

Many problemsin informationprocessingnvolve someform of dimen-
sionalityreduction.In this paper we introducelLocality Preservingro-
jections(LPP). Thesearelinear projective mapsthat ariseby solvinga
variationalproblemthat optimally preseresthe neighborhoodstructure
of the dataset. LPP shouldbe seenasan alternatve to Principal Com-

ponentAnalysis (PCA) — a classicallinear techniquethat projectsthe
dataalongthe directionsof maximalvariance. Whenthe high dimen-
sionaldatalies on alow dimensionamanifoldembeddedh the ambient
space the Locality PreservingProjectionsare obtainedby nding the
optimallinear approximationgo the eigenfunction®f the LaplaceBel-

trami operatoron the manifold. As a result, LPP sharesmary of the
datarepresentatiopropertiesof nonlineartechniquesuchasLaplacian
Eigenmapr Locally Linear Embedding. Yet LPP is linear and more
crucially is de ned everywherein ambientspaceratherthanjust onthe

training datapoints. This is borneout by illustrative exampleson some
high dimensionabatasets.

1. Intr oduction

Supposeve have a collectionof datapointsof -dimensionatealvectorsdravn from an
unknown probability distribution. In increasinglymary caseof interestin machindearn-
ing anddatamining, oneis confrontedwith the situationwhere is verylarge. However,
theremight be reasonto suspecthat the “intrinsic dimensionality”of the datais much
lower. This leadsoneto considemrmethodsof dimensionalityreductionthatallow oneto
representhedatain alower dimensionakpace.

In this paperwe proposea new linear dimensionalityreductionalgorithm,calledLocality
Presewing Projections (LPP). It builds a graphincorporatingneighborhoodnformation
of the dataset. Usingthe notion of the Laplacianof the graph,we thencomputea trans-
formation matrix which mapsthe datapointsto a subspace.This linear transformation
optimally presereslocal neighborhoodnformationin a certainsense Therepresentation
mapgeneratedby thealgorithmmaybeviewedasalineardiscreteapproximatiorto acon-
tinuousmapthatnaturallyarisesfrom thegeometryof themanifold[2]. Thenew algorithm
is interestingfrom a numberof perspecties.

1. Themapsaredesignedo minimizea differentobjective criterionfrom the classi-
callineartechniques.



2. Thelocality preservingquality of LPPis likely to be of particularusein informa-
tion retrieval applications.If onewishesto retrieve audio,video, text documents
underavectorspacanodel,thenonewill ultimatelyneedto doanearesheighbor
searchin the low dimensionakpace.SinceLPPis designedor preservingocal
structure,it is likely thata nearesnheighborsearchin the low dimensionakpace
will yield similar resultsto thatin the high dimensionakpace.This makesfor an
indexing schemeahatwould allow quick retrieval.

3. LPPis linear This makesit fastandsuitablefor practicalapplication. While a
numberof nonlineartechniquesave propertieq1) and(2) above,we know of no
otherlinearprojective techniquethathassucha property

4. LPPis de ned everywhere.Recallthat nonlineardimensionalityreductiontech-
niqueslike ISOMAP[6], LLE[5], Laplacianeigenmaps[Rarede ned only onthe
training datapointsandit is unclearhow to evaluatethe mapfor new testpoints.
In contrastthe Locality Preserving?rojectionmaybe simply appliedto arny new
datapointto locateit in thereducedepresentatiospace.

5. LPP maybe conductedn the original spaceor in the reproducingkernelHilbert
space(RKHS)nto which datapointsaremapped.This givesriseto kernelLPP.

As aresultof all thesefeatureswe expectthe LPP basedtechniquego be a naturalal-
ternative to PCA basedechniquesn exploratorydataanalysisjnformationretrieval, and
patternclassi cationapplications.

2. Locality Presewing Projections
2.1 Thelinear dimensionality reduction problem

The genericproblem of linear dimensionalityreductionis the following. Given a set

X X X in , nd atransformatiomrmatrix thatmapsthese pointsto a set
of pointsy vy y in , suchthaty "represents’% , wherey X .
Our methodis of particularapplicability in the specialcasewherex , x X

and is anonlinearmanifoldembeddedn

2.2 The algorithm

Locality PreservingProjection(LPP)is alinear approximatiorof the nonlinearLaplacian
Eigenmagd?2]. Thealgorithmicproceduras formally statedbelow:

1. Constructing the adjacencygraph: Let denoteagraphwith nodes.We put
anedgebetweemodes and if x andx are”close”. Therearetwo variations:

(&) -neighborhoodgparameter ] Nodes and areconnectedy anedge
if x X wherethenormis theusualEuclideamormin

(b) nearesheighbors.[parameter ] Nodes and areconnectedy an
edgeif isamong nearesheighborof or isamong nearesheighbors
of .

Note: The methodof constructingan adjaceng graphoutlinedabove is correct
if the dataactuallylie on alow dimensionaimanifold. In generalhowever, one
might take a more utilitarian perspectie andconstructan adjaceng graphbased
onary principle (for example,perceptuasimilarity for naturalsignals hyperlink
structuredor web documentsetc.). Oncesuchan adjaceng graphis obtained,
LPPwill try to optimally presereit in choosingprojections.

2. Choosingthe weights Here,aswell, we have two variationsfor weightingthe
edges. isasparsesymmetric matrix with having theweightof the
edgejoining vertices and , andO if thereis no suchedge.



(a) Heatkernel.[parameter ]. If nodes and areconnectedput
X X

Thejusti cation for this choiceof weightscanbetracedbackto [2].
(b) Simple-minded[No parameter]. if andonly if vertices and are
connectedy anedge.

3. Eigenmaps Computeheeigervectorsandeigervaluesfor thegeneralizeaigen-
vectorproblem:

a a (1)
where is adiagonalmatrix whoseentriesarecolumn(or row, since  is sym-
metric)sumsof . is the Laplacianmatrix. The
columnof matrix isx .

Let the columnvectorsa a bethesolutionsof equation(1), orderedac-

cordingto theireigervalues, . Thus,theembeddings asfollows:
X oy X a a a

wherey isa -dimensionalectorand isa matrix.

3. Justi cation
3.1 Optimal Linear Embedding

Thefollowing sectionis basedn standardspectralgraphtheory See[4] for acomprehen-
sivereferenceand[2] for applicationgo datarepresentation.

Recallthatgivena datasetwe construciaweightedgraph with edgesonnect-
ing nearbypointsto eachother Considetthe problemof mappingtheweightedgraph to

aline sothatconnectegbointsstayasclosetogethemspossible Lety

be sucha map. A reasonableriterionfor choosinga "good” mapis to minimize the fol-

lowing objectie function[2]

underappropriateeonstraints Theobjective functionwith our choiceof incursaheary
penaltyif neighboringpointsx andx aremappedfar apart. Therefore minimizingit is
anattemptto ensurehatif x andx are’close”then and arecloseaswell.

Supposea is a transformatiorvector, thatis, y a ,wherethe columnvectorof
is x . By simplealgebraformulation,the objective functioncanbereducedo

- - ax ax

ax xa a x Xxa a a a a
where X X X ,and is adiagonalmatrix; its entriesare column(or row,
since is symmetric)sumof W, . is the Laplacianmatrix

[4]. Matrix  providesa naturalmeasureon the datapoints. The biggerthe value
(correspondingo ) is, themore”important”is . Thereforewe imposea constraintas
follows:

y Yy a a
Finally, the minimizationproblemreducego nding:



Thetransformatiorvectora thatminimizesthe objective functionis givenby theminimum
eigervaluesolutionto thegeneralizeatigervalueproblem:

a a

It is easyto show thatthe matrices and aresymmetricandpositive semi-
de nite. Thevectorsa thatminimizethe objective functionaregiven
by the minimumeigervaluesolutionsto the generalizeaigervalueproblem.

3.2 Geometrical Justi cation

The Laplacianmatrix (= ) for nite graph,or [4], is analogoudo the Laplace
Beltramioperator oncompactiRiemanniamrmanifolds.While the LaplaceBeltramioper
ator for a manifoldis generatedby the Riemanniammetric, for a graphit comesfrom the
adjacengy relation.

Let be a smooth,compact, -dimensionalRiemannianmanifold. If the manifold is
embeddedn the Riemannianstructureon the manifold is inducedby the standard
Riemanniarstructureon . We arelooking herefor a mapfrom the manifoldto thereal
line suchthat pointsclosetogetheron the manifold get mappedclosetogetheron the line.
Let besuchamap.Assumethat is twice differentiable.

Belkin and Niyogi [2] shaved that the optimal map preservinglocality can be found by
solvingthefollowing optimizationproblemon the manifold:

whichis equialentto *

wherethe integral is taken with respecto the standardneasureon a Riemanniarmani-

fold. is the LaplaceBeltramioperatoron the manifold, i.e. div . Thus,
theoptimal hasto be an eigenfunctionof . Theintegral canbediscretely
approximatedy onagraph,where

If we restrictthemapto belineatr, i.e. , thenwe have

The constrainttanbe computedasfollows,

where isthestandardneasurenaRiemanniammanifold. By spectralgraphtheory[4],
themeasure directly corresponds$o the measurdor the graphwhich is the degreeof
thevertex,i.e. . Thus, canbediscretelyapproximatedsfollows,

Finally, we concludethat the optimal linear projective map, i.e. , canbe
obtainedby solvingthefollowing objective function,

i hasaboundaryappropriatdboundaryconditionsfor needto beassumed.



Theseprojectve mapsarethe optimal linear approximationgo the eigenfunctionsf the
LaplaceBeltramioperatoron the manifold. Thereforethey arecapableof discoreringthe
nonlineamanifoldstructure.

3.3 Kernel LPP

Supposeéhatthe Euclideanspace  is mappedo aHilbert space throughanonlinear
mappingfunction . Let denotethe datamatrix in the Hilbert space,

. Now, the eigervectorproblemin the Hilbert space
canbewritten asfollows:

)

To generalizelL PP to the nonlinearcase,we formulateit in a way that usesdot product
exclusively. Therefore we consideran expressionof dot producton the Hilbert space
givenby thefollowing kernelfunction:

Becausdhe eigervectorof (2) arelinear combinationof , there
exist coefcients suchthat
where

By simplealgebraformulation,we can nally obtainthefollowing eigervectorproblem:

®3)

Let thecolumnvectors bethesolutionsof equation(3). For atestpoint
we computeprojectionsontothe eigervectors  accordingto

where isthe elementof thevector . Fortheoriginaltrainingpoints,the mapcan
be obtainedby , wherethe  elemenbf istheone-dimensionalepresentation
of . Furthermoreequation(3) canbereducedo

(4)

which s identicalto the eigervalueproblemof LaplacianEigenmapg2]. This shavsthat
KernelLPPyieldsthe sameresultsasLaplacianEigenmap®n thetraining points.

4. Experimental Results

In this section,we will discussseveral applicationsof the LPP algorithm. We begin with
two simplesyntheticexamplesto give someintuition abouthow LPPworks.

4.1 Simply Synthetic Example

Two simple syntheticexamplesare given in Figure 1. Both of the two datasetscorre-
spondessentiallyto a one-dimensionaianifold. Projectionof the datapoints onto the
rst basiswouldthencorrespondo aone-dimensiondlinearmanifoldrepresentationThe
secondbasis,shavn asa shortline sggmentin the gure, would be discardedn this low-
dimensionakxample.



Figurel: The rst andthird plotsshawv theresultsof PCA. Thesecondandforth plotsshov
theresultsof LPP. Theline sgmentsdescribehetwo basesThe rst basisis shavn asa
longerline segment,andthe secondasisis shovn asa shorterline sggment.Clearly, LPP
is insensitve to the outlierandhasmorediscriminatingpowerthanPCA.

Figure2: Thehandwrittendigits ('0'-"9") aremappednto a 2-dimensionaspace.Theleft
gure is arepresentationf the setof all imagesof digits usingthe Laplacianeigenmaps.
Themiddle gure shonstheresultsof LPR. Theright gure shavstheresultsof PCA.Each
color correspondso a digit.

LPPis derived by preservingocal information, henceit is lesssensitve to outliersthan
PCA. This canbe clearly seenfrom Figurel. LPP nds the principal directionalongthe
datapointsattheleft bottomcorner while PCA nds the principaldirectionon which the
datapointsat the left bottomcornercollapseinto a single point. Moreover, LPP canhas
morediscriminatingpower than PCA. As canbe seenfrom Figure1, the two circlesare
totally overlappedwith eachotherin the principal directionobtainedby PCA, while they
arewell separatedh the principaldirectionobtainedby LPP

4.2 2-D Data Visulization

An experimentwasconductedvith the Multiple FeatuesDatabasd3]. This dataseton-
sistsof featuresof handwrittennumbers("0'-"9") extractedfrom a collection of Dutch
utility maps. 200 patternsper class(for a total of 2,000 patterns)rave beendigitized in

binaryimages.Digits arerepresenteth termsof Fouriercoefcients, pro le correlations,
Karhunen-Lwe coefcients, pixel average Zernike momentsandmorphologicalffeatures.
Eachimageis representethy a 649-dimensionalector Thesedatapointsaremappedo

a 2-dimensionaspaceusingdifferentdimensionalityreductionalgorithms PCA, LPR, and
LaplacianEigenmaps.The experimentalresultsare shovn in Figure2. As canbe seen,
LPP performsmuchbetterthanPCA. LPPsareobtainedby nding the optimallinearap-
proximationgo the eigenfunction®f the LaplaceBeltramioperatoron the manifold. As a
result,LPPsharesnary of thedatarepresentatiopropertieof nonlineartechniquesuch
aslLaplacianEigenmapHowever, LPPis computationallymuchmoretractable.

4.3, Manifold of Facelmages

In this subsectionyve appliedthe LPP to imagesof faces. The faceimagedatasetused
hereis the sameasthatusedin [5]. This datasetontains1965faceimagestaken from
sequentiaframesof a smallvideo. Thesizeof eachimageis , With 256 graylevels



Figure 3: A two-
dimensional repre-
sentatiorof the setof
all images of faces
using the Locality
Preserving Projec-
tion. Representate
facesare shavn next
to the data points
in different parts
of the space. As
can be seen, the
facial expression
and the viewing
point of faceschange
smoothly

Tablel: FaceRecognitionResultson Yale Database

LPP | LDA | PCA
dims 14 14 33

errorrate(%) | 16.0| 20.0 | 25.3

per pixel. Thus,eachfaceimageis representedby a pointin the 560-dimensionaambi-

entspace.Figure 3 showns the mappingresults. The imagesof facesare mappednto the

2-dimensionaplanedescribeddy the rst two coordinate®f the Locality PreservingPro-

jections. It shouldbe emphasizedhatthe mappingfrom imagespaceto low-dimensional
spaceobtainedoy our methodis linear, ratherthannonlinearasin mostpreviouswork. The

linear algorithm doesdetectthe nonlinearmanifold structureof imagesof facesto some
extent. Somerepresentatie facesareshovn next to the datapointsin differentpartsof the

space As canbeseentheimagesof facesareclearlydividedinto two parts. Theleft part

arethe faceswith closedmouth, andthe right part arethe faceswith openmouth. This

is becausehat, by trying to presere neighborhoodstructurein the embeddingthe LPP

algorithmimplicitly emphasizeshe naturalclustersin the data. Speci cally, it makesthe

neighboringpointsin the ambientspacenearerin the reducedrepresentatiospace,and
faravay pointsin the ambientspacefartherin the reducedrepresentatiospace.The bot-

tomimagescorrespondo pointsalongtheright path(linkedby solidline), illustratingone
particularmodeof variability in pose.

4.4. FaceRecognition

PCA andLDA arethetwo mostwidely usedsubspacéearningtechniquedgor facerecog-
nition [1][7]. Thesemethodsprojectthe training samplefacesto a low dimensionakep-
resentatiorspacewherethe recognitionis carriedout. The main suppositionbehindthis
procedures thatthe facespace(givenby the featurevectors)hasa lower dimensionthan
the image space(given by the numberof pixelsin the image),and that the recognition
of the facescanbe performedin this reducedspace.In this subsectionwe considerthe
applicationof LPPto facerecognition.

The database@isedfor this experimentis the Yalefacedatabas¢g]. It is constructedtthe



Yale Centerfor ComputationaVision and Control. It contains165 grayscale@magesof
15individuals. Theimagesdemonstrateariationsin lighting condition(left-light, center
light, right-light), facialexpression(normal,happy, sad,sleeyy, surprisedandwink), and
with/without glasses.Preprocessingp locatethe the faceswasapplied. Original images
werenormalized(in scaleandorientation)suchthatthe two eyeswerealignedatthe same
position. Then,the facialareaswverecroppedinto the nal imagesfor matching.The size
of eachcroppedimagein all the experimentsin pixels, with 256 gray levels per
pixel. Thus,eachimagecanberepresentetly a 1024-dimensionalector

For eachindividual, six imagesweretakenwith labelsto form thetrainingset. The restof
the databasevasconsideredo bethetestingset. Thetraining samplesvereusedto learn
aprojection.Thetestingsamplesverethenprojectednto thereducedspace Recognition
was performedusing a nearesheighborclassi er. In generalthe performanceof PCA,
LDA andLPPvarieswith thenumberof dimensionsWe shav the bestresultsobtainedby
them. The errorratesaresummarizedn Table 1. As canbe seen,LPP outperformsbhoth
PCAandLDA.

5. Conclusions

In this paper we proposea new linear dimensionalityreductionalgorithmcalledLocality
PreservingProjections.lt is basedon the samevariationalprinciple that givesrise to the
LaplacianEigenmap]2]. As aresultit hassimilarlocality preservingproperties.

Our approachalsohasa majoradvantageover recentnonparametri¢echniquedgor global
nonlineardimensionalityreductionsuchas [2][5][6]; its eigenproblemhasa size which
scalesasthe dimensionalityof the datapointsratherthanthe numberof datapoints. For
massie datasets this saving in runtime andmemorycanbe enormous.

Performancemprovementof this methodover Principal ComponentAnalysisis demon-
stratedthroughseveralexperiments.Thoughour methodis alinearalgorithm,it is capable
of discoveringthenonlinearstructureof thedatamanifold.
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