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Abstract

Standard ML is a “safe” language, which helps improve the security
and robustness of code at the cost of additional runtime checks.
Two examples of such checks are tests for overflow on arithmetic
operations and tests for invalid indices into arrays and vectors. In
this paper, we describe ongoing work in the SML/N]J system to
reduce the overhead of such tests without compromising the safety
of the language. Our approach is based on applying a range analysis
to SML/NJ’s CPS intermediate representation, the results of which
are then used to eliminate overflow and bounds checking when it
is sound to do so. While bounds-check elimination is a well-known
optimization, the use of range analysis to eliminate overflow tests
is rare. Some preliminary experiments with by-hand application of
these optimizations suggest that the performance benefits can be
significant for array-heavy code.

1 Introduction

Standard ML (SML) is a “safe” language, which means that the dy-
namic semantics require various runtime checks to avoid undefined
or erroneous behavior. Two examples of such checks are tests for
overflow on arithmetic operations and tests for invalid indices into
arrays and vectors. In this paper, we describe improvements to the
Standard ML of New Jersey system (SML/N]J) to reduce the over-
head of such tests without reducing the safety of the language. Our
approach is based on applying a range analysis to the CPS IR in the
SML/N]J compiler.

Range analysis allows us to determine for an integer variable x
an interval [Ib, ub], such that Ib < x < ub for any execution of the
program. For example, consider the following function that sums
the elements of an array:

fun sumArray ar = let
fun lp (i, acc) = if (i < Array.length ar)
then 1p (i + 1, acc + Array.sub(ar, 1i))
else acc
in 1p (0, @) end

A range analysis should be able to determine that the value of i
is always within the interval [0, |ar| — 1]. From this information,
there are two optimizations that we can apply:

(1) The Array.sub operation can be replaced with one that does
not check the index for validity, since i is always valid.

(2) The addition “i + 1” can be implemented without an over-
flow check, since i < |ar| — 1 < maxInt.
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The first of these optimizations (bounds-check elimination) has been
well-studied [3, 4, 6, 8, 9, 11, 13-17, 22] and, for this example, pro-
duces an approximately 20% speedup.! The second optimization
(overflow-check elimination) is less common, but it is also good
for a 20% speedup in this example. For this example, there is some
synergy between the optimizations and we measured a combined
speedup of over 50%. Thus, we see that for tight loops, there is the
potential for significant performance improvements from range-
analysis-based optimizations.

1.1 Overview

Our approach follows the basic structure of previous approaches [5,
7, 20].

e Construct an approximation of the control-flow graph for
the program. We currently construct this graph based on
a first-order syntactic analysis, but we eventually plan to
use the higher-order flow analysis developed by the second
author [23].

e We then construct a constraint graph for the “interesting”
variables in the program (see Section 3.2).

o We compute the strongly-connected components (SCCs) of
the constraint graph and then solve the constraints for each
SCC in topological order using a modified Bellman-Ford
algorithm (see Section 3.3).

o The solution to the constraints can then be used to trans-
form the program by eliminating conditional tests that are
always true and replacing trapping arithmetic operations
with non-trapping operations when the result is guaranteed
to not overflow (see Section 3.4).

2 CPS

The SML/NJ compiler uses a continuation-passing-style (CPS) in-
termediate representation (IR). [2]. For purposes of range analysis,
we use an extended form of this IR, which is presented in Figure 1.
Functions (and continuations) are defined by the fix binding form;
the other expression forms are bindings for primitive operations,
conditionals, and tail applications. The primitive operations include
both trapping (e.g., addt) and non-trapping (e.g., add) arithmetic,
and taking the length of an array; and the conditional tests include
both signed and unsigned (e.g., <,) comparisons.? The CPS IR is
extended with 7 bindings, which are described below. Because of
limited space, we have omitted the operations on tuples (allocation
and selection) and mutually recursive function bindings.

!Based on summing a 100,000 element array on an Apple M4 MacBook Air running
SML/N]J version 2025.1.
*Unsigned comparisons are used to implement bounds checks with a single test.
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e == fix f(xy,...,x,) =€ ine;
| let yi,....Ym =p (x1,...,xn) ine
| if tst (x1,...,%x,) thenIl;; e; else IIy; ez
| f(xls---sxn)

p € {length,add,addt,...}
tst € {<,<y ...}

I == letyp,...,yn=7(x1),...,7(xn)

Figure 1: The Extended-CPS IR

2.1 Extended CPS

Range analysis must account for loops and conditional control-flow.
In the first-order case, a common approach is to use the so-called
extended-SSA (e-SSA) IR [4], which renames variables at control-
flow join points using ¢-nodes (as in SSA) and at control-flow split
points using 7-nodes. This renaming means that constraints on
variables are valid wherever the variables are live.> Essentially,
e-SSA encodes control-flow information into the variable names,
which allows the constraint system to be solved without referring
to the control-flow graph. In our e-CPS, join points are represented
by fix definitions whose parameters represent the fresh names
of incoming variables. For split points (i.e., if), we introduce x
bindings for the arguments of the conditional test in each branch
of the split.

3 Range Analysis

We start with an approximate control-flow graph, which induces a
“flows to” relation from arguments to parameters of known func-
tions,* written x > y. In other words, if f (xi, ..., x,) is a applica-
tion that can call fix g (yi,...,yn) = e, then x; > y;.

3.1 Intervals

The heart of our analysis is the notion of intervals, which we briefly
describe here. Space does not permit a complete rigorous descrip-
tion; the interested reader is referred to the appendix. We start
with the integers extended with special constants —co and oo, with
—00 < i < oo, for i € Z. We assume a single fixed-precision signed
integer type int® and use L and U to denote the least and greatest
int values (e.g., L = —(2"™1) for n-bit integers). We use b; A b, for
the minimum (meet) of b; and b,, and b; V b, for the maximum
(join).

Non-empty intervals are of the form I = [Ib, ub], where Ib < ub,
Ib e ZU{—o0},and ub € ZU {co}. An interval whose lower bound
is greater than its upper bound is empty and is denoted by L. We
write I for [b and I" for ub, with the convention that 1} = co and
1T = —co. Intervals form a lattice based on the subset relation, with
T = [—o0, 00].

For purposes of range analysis, we are interested in abstract
intervals, which include the concrete intervals, plus symbolic values
to represent unknown bounds.

3The idea of renaming on splits is also present in Johnson and Pingali’s DFG IR [10]
and in Ananian’s SSI IR [1].

4A known function is one for which we know all of its call sites.

SA full implementation must handle SML’s multiple signed and unsigned integer
types [12].

John Reppy and Byron Zhong

3.2 Constraints

Given an approximate control-flow graph, we traverse the program
to construct a set of constraints. Following Su and Wagner [20],
our constraints have the general form EM I C 7, where 7, is the
interval-variable for x, E is an interval expression (described in the
appendix), and I is a static interval; we write E C 7, when I is
T. To keep the size of the constraint system manageable, we only
introduce constraints for “interesting” variables. For any variable x
of type int, we have the constraint [L, U] C 7, and for the primitive
operators of interest, we have the following rules for generating
constraints:

letz=addt(x,y) = (Ii+Iy)N[LU]C I,
let y=length(x) = Iy C Iy

For the addt operator, we know that if it does not trap, then the re-
sult will be a valid fixed-precision integer, which is why we intersect
with the [L, U] interval. We extend the rules for arithmetic opera-
tions to handle literal arguments by using the interval 7; = [i, ] for
literal value i. Likewise, the notation 7},| = [|x|, |x|] symbolically
represents the length of the array x.

For a known function definition fix f (xi,...,x,) = e and in-
teger parameter x;, we generate the constraint \/ y|yy,y 4y € Iy,
This constraint captures the flow of argument values to the func-
tion’s parameters.

For conditionals, we generate constraints on the 7-bound vari-
ables involved in the test. The generated constraints depend on the
test. For the signed-less-than comparison

if (x <y
then let x;,y, = n(x),7(y); e
else let xp,yy = n(x),7w(y); ef

we generate
{[ILIT/\(IT—I)]CI I cr [Jivﬂﬂ]cf I cI }
x s 4x y S Ixps Ly & Lyys [ £x yodx | = dxpdy = dyp

For array-bounds checks we use an unsigned comparison (<),
which generates the following constraints:

{lozln] -], pcr, Lulcr,. 1,cT, |

xpr Ly

3.3 Solving the Constraints

A valuation p is a map from the interval variables to intervals.® A
solution to the constraint system is a valuation that satisfies the
constraints. The valuation that maps all interval variables to T is
one possible solution, but using fixed-point iteration it is possible
to find a least valuation that satisfies the constraints [7, 20].

The rules for generating constraints have the property that there
is one constraint per interesting variable (generated at the vari-
able’s binding site). From a set of constraints C, we build a labeled
hypergraph’ G¢ = (N, E, L), where

¢ N = Ny U Ny is the set of nodes, with N,,, are the
nodes representing the variables in C and Ny, are the nodes
corresponding to constant intervals in C.

%Similar to the ABCD algorithm [4], we represent array sizes are symbolically in these
intervals. We know, however, that 0 < |x| < U for any array x, which is sufficient to
answer most optimization queries.

7 A hypergraph is a directed graph where edges connect a set of source nodes to a
set of sink nodes. In our application, there is only one sink node (the right-hand-side
variable).
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e EC P(N) XN are the hyperedges. For each constraint E I
I C I, there is a hyperedge from the nodes corresponding
to the inputs in E to the node for 7.

e L : E — C maps edges to their labels, which are the con-
straints in C.

While it is possible to compute the valuation using fixed-point
iteration, it has been shown to be more efficient to first compute
the strongly-connected components (SCCs) of the graph and then
iteratively solve each SCC in topological order [5, 20]. Under this
strategy, the initial inputs to a SCC are determined by the current
valuation; we can then iteratively compute the valuation for the
variables in the SCC.

3.4 Using the Constraint Solution

Once we have solved the constraint system, we can use the re-
sulting valuation p to optimize the code. While there are many
potential optimizations enabled by range analysis [21], we con-
sider the two described in Section 1 here. For a trapping addition
let z = addt (x, y) with constraint EM[L, U] C Z,,if p(E) C [L, U]
then we can replace the addt with its non-trapping equivalent add.
We eliminate bounds checks by using intervals to resolve condi-
tional tests statically. The test “x < y” is always true when IXT < Iyl
and false when IyT < J'xl. Likewise, the unsigned test “x <, y” is

always true when 0 < IXi and IXT < Iyl.

4 An Example

To illustrate how our range analysis and optimization works, we
return to the sumArray function from Section 1. Figure 2 shows the
e-CPS IR for this example, where we have expanded the Array.sub
operation and included the generated constraints.

Solving this constraint system produces the following valuation:

p(Liy) = [olar|-1] p(Lace,) = [LU]

p(Lyy) = I p(I,) = [0]ar| -1]

p(Lyy) = p(Iyy) = [Llar]]

p(Ie) = I p(Iiy) = [0]ar| -1]

p(]-t5) = ﬁar\ p(Ité) = [LU]
P(Iaccz) = [L’U]

Based on these results, we can replace the trapping-addition use to
compute i, with non-trapping addition and we can eliminate the unsigned
comparison of i; with the length of ar. On the other hand, we cannot
optimize the computation of accs, since p(Zacc, + It,) € [L,U]. The
results of these optimizations are shown in Figure 3. The code can be further
improved by lifting the loop-invariant computation of t; out of 1p, but that
transformation is left to a different pass.

5 Related Work

As mentioned above, there have been many proposed techniques for elim-
inating array-bounds checks [3, 4, 6, 8, 9, 11, 13-17, 22]. Our algorithmic
approach follows the ideas of Su and Wagner [20], Gawlitza et al. [7], and
Pereira and colleagues [5, 21]. Our constraints are somewhat simpler than
these other works, since we do not include multiplication.

Sol et al. used range analysis to eliminate overflow checks in a trace-
based JIT compiler for JavaScript [19], but their setting is very different
from ours. We are not aware of any other work on eliminating overflow
checks as a compiler optimization. There has been previous work, however,
on the problem of using range analysis to detect program vulnerabilities
(including overflows) [5, 18].

fix sumArray (k, ar) =
fix 1lp (i, accy) =
| ZoU I, € L1y B U Tace, € Tacey
let t; = length (ar)
djar) € It
in if (i; < t;) then
let ity = m(iy), (1)

S ARNCAR RS S A=y

let t3 = addt(ip, 1)
| (£, + 1) NILUI € I,
let ty = length (ar)
Liar) € I,
in if (i; <, t4) then

let ijts = m(iz), m(ty)

0.1l n(l -1 e 1, 1, € 7,

let tg = subscript(ar, i3)
[LU] c I,

let accy, = addt(accy, tg)

| (Boce, + £1) N [LU] € Toce,

in 1p (t3, accy)
else

- raise Subscript - - -
else k (accy)
in 1p (0, 0)

Figure 2: The e-CPS IR with constraints for sumArray

fix sumArray (k, ar) =
fix 1lp (i, accy) =
let t; = length (ar)
in if (i; < t;) then
let t3 = add(i;, 1)
let ts = subscript(ar, i;)
let acc, = addt(accy, tg)
in 1p (t3, accy)
else k (accy)
in 1p (0, 0)

Figure 3: The optimized IR for sumArray

6 Current Status

We have implemented the analysis in a standalone prototype and are in the
process of integrating it into the SML/NJ compiler. We have also evaluated
the potential benefits from these optimizations by using “unsafe” operations
to simulate their effect; these experiments suggest that the optimization is
quite effective for array-heavy kernels. We will report on the results for the
full implementation at the workshop.
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Appendix

In this appendix, we flesh out some of the technical details for specifying
constraints.

Bounds

We start by defining the set of bounds (b), which are the integers extended
with the special constants —co and oo, where —co < i < oo, fori € Z.
Addition and subtraction are partially defined on the extended integers as
expected:

—oco+i = =00 co+i = o
i+—-c0 = - itoo = o
-0 —-i = - 0o — i 0
I — —00 = o0 i — oo = —00
—00 + —00 = —00 0 + 00 = o]
—00—00 = —00 00— —00 = 00

We assume a single fixed-precision signed integer type and use L and U to
denote the least and greatest values of that type (e.g., L = —(2"~1) for n-bit
integers). We define b; A b, and by V b; as follows:

iNj = min(ij) uVvj = max(ij)
—00 Al = -0 —ooVi = i
iN—0c0 = -0 iV—co = |
oAl = i coVi = o
iANoo = i iVoo = o
Intervals

Non-empty intervals are of the form I = [Ib, ub], where Ib < ub, Ib €
ZU {—co},and ub € Z U {co}. An interval whose lower bound is greater
than its upper bound is empty and is denoted by 1. We write I' for Ib and
I" for ub, with the convention that 1l =coand LT = —co.

An interval I = [Ib, ub] denotes the set {i | Ib < i < ub} C Z. Thus
intervals form a lattice ordered by the subset relation. The meet and join of
intervals are defined as

nJ [Ilvﬂ,IT/\JT]

Iuj = [Il/\jl,ﬂvﬂ]

Addition, subtraction, and negation of intervals is defined as

I+7] [Il+]l,IT+]T]
I-7J [Il_]T,IT_]l]

- = [—IT,—Il]
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Bound and Interval Expressions and then the interval expressions are
The above discussion describes bounds and the interval lattice for concrete E == L the empty interval
intervals, but for analysis we need to allow symbolic interval expressions. =~ — .
. | [l b, ub] explicit interval
We define the bound expressions as follows:
7 b bound | I interval variable
n= t e, =00, 1, . . .
concrete bounds (i.e., —co, , or o) | E+E | -E interval arithmetic
| |xJ : abstract array length | EUE maximum
I; | 1, interval bound projecti
| - |~ X tnterval bound projection Finally, our constraints have the form EMI C I, where we write E C I
| b+d'|-b bound arithmetic when I'is T.
|

DAY | % minimum/maximum
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