
REU 2011 - Problems
Instructor: László Babai e-mail: laci@cs.uchicago.edu

Last updated: Monday, July 11 (Problems 48-53 added)

1. (Balancing numbers) Suppose we have 13 real numbers with the following property:
if we remove any one of the numbers, the remaining 12 can be split into two sets of 6
numbers each with equal sum. Prove: all the 13 numbers are equal. (Hint: first assume all
the numbers are integers.) [Case of integers done 07-07]

2. ♥ (Dividing a rectangle) A large rectangle is cut up into a finite number of smaller
rectangles. (All edges are either horizontal or vertical.) Suppose each of the smaller
rectangles has at least one side of integer length. Prove that the same holds for the large
rectangle.

3. ♥ (Spreading Infection) Some of the 64 cells of a chessboard are initially infected.
Subsequently the infection spreads according to the following rule: if two neighbors of a
cell are infected then the cell gets infected. (Neighbors share and edge, so each cell has at
most four neighbors.) No cell is ever cured. What is the minimum number of cells that
need to be initially infected to guarantee that the infection spreads all over the chessboard?
It is easy to see that 8 are sufficient in many ways. Prove that 7 are not enough. (This is
an AH-HA problem. The main idea of a clear and convincing solution can be summarized
in a single 9-letter word.)

4. (Polynomials with prime exponents) Prove: every polynomial f(x) 6= 0 has a multiple
g(x) = f(x)h(x) 6= 0 in which every exponent is prime. (So g(x) has the form

∑
p apx

p

where the summation is over primes.) [Done: 06-30]

5. (Dominoes) Prove: if we remove two opposite corners from the chessboard, the board
cannot be covered by dominoes. (Each domino covers two neighboring cells of the board.)
Look for an “AH-HA” proof: brief, convincing, no cases to distinguish. [Done: 06-30]

6. (Triominoes) Remove a corner from a n × n chessboard. We attempt to tile the board
by triominoes. (A triomino is like a domino except it covers three cells in a row or in a
column.) Prove that no tiling exists when n ≡ −1 (mod 3). (“Ah-ha”) [Done: 06-30]

7. (*Band-Aids*) Consider three pairwise adjacent faces of an n × n × n cube. For what
values of n is it possible to tile the three faces with 3× 1 “band-aids”?

8. (Prime powers in binomial coefficients) Prove: if a prime power pt divides the binomial
coefficient

(
n
k

)
then pt ≤ n.

9. ♥ (Products of primes) Prove, from first principles, that
∏

p≤x ≤ 4x for all x ≥ 0. Here
the products are over prime numbers. (Hint: binomial coefficients.)

10. (Chebyshev’s weak Prime Number Theorem) Let π(x) denote the number of primes
≤ x. Prove: There exist positive constants c1 and c2 such that for all sufficiently large x
we have
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c1
x

lnx
≤ π(x) ≤ c2

x

lnx
.

(Hint: use the preceding two exercises.)

11. (Reciprocals of integers) Show that for every natural number n there are only finitely
many solutions to the equation

n∑
i=1

1

xi

= 1

where the xi are natural numbers.

12. ♥ (Disjoint covering by arithmetic progressions) An arithmetic progression with
increment d is a sequence of the form (a, a+ d, a+ 2d, . . . ). Let A1, ..., Ak (k ≥ 2) be arith-
metic progressions consisting of nonnegative integers. Assume they are pairwise disjoint
and that together they cover all nonnegative integers. Prove: two of them have the same
increment. (Hint: generating functions.)

13. (Sum of two primes) Let ρ(n) denote the number of solutions of the equation n = x+y in
prime numbers. For instance, ρ(10) = 3 because the solutions are 10 = 3+7 = 5+5 = 7+3.
Goldbach’s famous conjecture says that for every even number n ≥ 4 we have ρ(n) ≥ 1.
Prove: lim sup ρ(n) =∞.

14. (Unique sums) (a) Find two infinite subsets A,B of the nonnegative integers such that
for every nonnegative integer n the equation n = x + y has a unique solution with x ∈ A
and y ∈ B. (b*) Find all pairs (A,B) of such subsets.

15. (GCD matrix) Let D = (dij)n×n where dij = gcd(i, j). Then,

det(D) = ϕ(1)ϕ(2) . . . ϕ(n)

where ϕ is Euler’s ϕ function: ϕ(m) = | { k | 1 ≤ k ≤ m, gcd(k,m) = 1 } |.

16. (Zig-zag polynomials) For every n, find a polynomial fn(x) of degree n such that (a) for
all x in the interval −1 ≤ x ≤ 1 we have |fn(x)| ≤ 1; (b) each of the equations fn(x) = 1
and fn(x) = −1 has at least n− 1 real solutions. (Hint: | cos θ| ≤ 1.)

17. (A generous casino) At time zero, the casino is empty. At each time beat, a new patron
arrives; patrons never leave. Immediately after the arrival of the n-th patron, the casino
awards a coin to one of the n patrons present, randomly selected. Prove: (a) The expected
number of coins won by each patron is infinite. (b) Each patron except the first one is
expected to wait infinitely long for his/her first coin. [Done: 06-30]

18. (Hausdorff spaces) Is there a countably infinite, connected Hausdorff space?

19. (Lebesgue measure zero) Prove that every subset of R of measure zero can be translated
into the irrationals.
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20. (A zero-one law for measurable sets) Prove that if a measurable subset of R is invariant
under all rational translations, then it has measure zero or its complement has measure
zero. [Done: 07-07]

21. (A zero-one law for first-order sentences) Let ϕ be a first-order sentence about graphs.
Prove: ϕ is either true for almost all finite graphs or false for almost all finite graphs.

22. (Paradoxical tournaments) We have n players. A “tournament” is an assignment of a
winner to each of the

(
n
2

)
pairs of players (an orientation of the complete graph). (Every

pair plays exactly once; there are no ties.) We say that a tournament is k-paradoxical if
for every set of k players, there is a player who beats all of them. (a) Prove that there exist
infinitely many 2-paradoxical tournaments. (b) Prove: for every k, there exist k-paradoxical
tournaments.

23. (Divergent reciprocals) Assume that an and bn are positive increasing sequences such
that both

∑
n 1/an and

∑
n 1/bn are divergent. Does this imply that∑

n

1

an + bn

is divergent?

24. (Almost disjoint sets) Let us say that two sets are almost disjoint if their intersection is
finite. We say that two sets are k-intersecting if their intersection has at most k elements.
(a) Prove that there are continuum-many pairwise almost disjoint sets of integers. (b)
There are at most countably many pairwise k-intersecting sets of integers.

25. (Rational indepedence) Show that {1,
√

2,
√

3} are linearly independent over Q. [Done
in apprentice class: 06-29]

26. (*More rational independence*) Show that the square roots of all square-free positive
integers are linearly independent over Q. (An integer is square-free if it is not divisible by
the square of any integer > 1.)

27. (Points in general position) Find a continuous function f : R → Rn so that for all
α1 < α2 < · · · < αn with αi ∈ R, the vectors {f(α1), . . . , f(αn)} are linearly independent.

28. (Hilbert matrix) Let a1, . . . , an, b1, . . . , bn be 2n distinct real numbers. Let H = (hi,j) be
the n× n matrix with entries hi,j = 1/(ai − bj). Prove: detH 6= 0.

29. (Hadamard matrix) An Hadamard matrix is an n × n matrix A = (ai,j such that all
entries ai,j are ±1 and the rows are orthogonal. Prove: (a) the columns are also orthogonal.
(b) n = 2 or n is divisible by 4. (c) Construct an Hadamard matrix for every n = 2k and
for every n = p + 1 (p prime of the form 4k − 1). [(a), (b), and the first part of (c) done:
07-07]
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30. ♥ (Discrepancy: Lindsay’s lemma) Let A = (ai,j) be an n× n Hadamard matrix. Let
I, J ⊂ {1, . . . , n}. Prove: ∣∣∣∣∣∑

i∈I

∑
j∈J

ai,j

∣∣∣∣∣ ≤√|I||J |n.
31. ♥ (Inscribed polygons) Suppose that a regular n-gon with vertices A0, A1, . . . , An−1 is

inscribed in the unit circle. Prove that

n−1∏
i=1

A0Ai = n.

(Hint: Use polynomials and complex numbers.) [Done: 07-05]

32. (Random relative primes) Show that the probability that two random positive integers
are relatively prime is 6/π2. What does this question mean?

To give a meaning to the question, consider the probability pn that two positive integers
less than n are relatively prime. Explicitly, we have

pn =
|{a, b | a, b ∈ [n] and gcd(a, b) = 1}|

n2
.

Let p = limn→∞ pn be the probability that “two random numbers are relatively prime.”
Show that p = 6/π2. (Assume first that the limit exists.)

33. (Irreducible polynomials) Let a1, . . . , an be distinct integers. Prove that

f(x) =
n∏

i=1

(x− ai)− 1

is irreducible over Q.

34. (More irreducible polynomials) Let a1, . . . , an be distinct integers. Prove that

g(x) =

(
n∏

i=1

(x− ai)

)2

+ 1

is irreducible over Q.

35. (Irreducibility over Fp) If pn is large, roughly a 1
n

fraction of the degree-n monic poly-
nomials over Fp are irreducible.

36. (Most integral polynomials are irreducible) Prove: almost all polynomials of degree
n over Z are irreducible over Q. - First, clarify what this problem means.
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37. (Zero to the zero) (a) For each real number r ∈ [0, 1] find a pair {xn}∞n=1 and {yn}∞n=1

of sequences converging to zero from above such that

lim
n→∞

xyn
n = r.

(b) Find a pair {xn}∞n=1 and {yn}∞n=1 of sequences converging to zero from above such that
every real number r ∈ [0, 1] is the limit of some subsequence of the sequence xyn

n .

38. (Almost sure limit) Show that
lim

x,y→0+
xy = 1

almost surely. Your main task is to define what this statement means.

39. (Sam Lloyd’s 15 Puzzle) Arrange the numbers 1, . . . , 15 on a 4 × 4 board, leaving one
cell blank and putting one number in each of the remaining cells. You may alter the
configuration by moving a number from an adjacent cell to the blank cell; now the cell
from which the numer was moved becomes blank. This is a “legal move.” The goal is to
arrange the numbers in their natural order (increaing row by row, leaving the bottom right
corner blank). Show that a random arrangement has 1/2 chance to be feasible (have a
solution).

40. (Rubik’s cube) Suppose we pull Rubik’s cube apart and reassemble it at random. This
leads to 8! · 38 · 12! · 212 configurations. Show that exactly 1

12
of these are feasible (solvable

by legal moves).

41. (Miklós Abért) Let A1, . . . , Am, B1, . . . , Bm ∈ Mn(F ) be n × n matrices. Suppose that
AiBj = BjAi if and only if i 6= j. Prove: m ≤ n2. (Open: is m much less than n2 ?)

42. (Irreducible characteristic polynomial) Suppose the characteristic polynomial of the
finite graph G is irreducible over the rationals. Prove: G has no nontrivial automorphisms.

43. (Grötzsch’s graph) Find a graph that is not 3-colorable but does not contain any 3-
cycles. (Hint: find such a graph with n = 11 vertices; your graph should have a drawing
with 5-fold symmetry. These properties determine the graph uniquely.

44. (Coloring infinite graphs: Erdős - de Bruijn Theorem) Let k be an integer and G
an infinite graph. Prove: if every finite subgraph of G is k-colorable then G is k-colorable.
Give 3 proofs: (a) use Gödel’s compactness theorem for first-order logic; (b) use Tykhonov’s
Theorem about the compactness of product spaces; (c) give a direct proof using nothing
but Zorn’s Lemma. [(a) done: 06-30; (b), (c) remain]

45. (*Coloring uncountable graphs: Erdős - Hajnal*) Suppose for some integer m, the
infinite graph G does not contain the complete bipartite graph Km,m as a subgraph. Prove:
G can be colored by countably many colors.

46. (Transfinite slot-machine) You start with one coin. When you insert a coin in the
slot-machine, it returns countably many new coins, but the particular coin you inserted
you will never see again. You are addicted; you continue even after infinitely many rounds.
Prove that within countably many rounds, you lose all your coins.
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47. (Kronecker) (a) Let f ∈ Z[x] be a monic polynomial with integer coefficients. (“Monic”
means the highest term has coefficient 1.) Suppose all (complex) roots of f have absolute
value 1. Prove: all roots of f are roots of unity. (b) Prove that the condition that f
is monic cannot be omitted. Give a counterexample that is a quadratic polynomial.

48. (A determinant) Let A = (aij) be the n× n matrix where each diagonal entry is x and
each off-diagonal entry is y. Calculate det(A). Your answer should be a simple expression,
written as a product of n linear forms of the variables x and y.

49. (Fixed-point-free permutations) Let Rn denote the set of fixed-point-free permutations
of {1, . . . , n}, i. e., Rn = {σ ∈ Sn | (∀i)(σ(i) 6= i)}.
Decide whether there are more even permutations or more odd permutations in Rn.

50. ♥ (North versus South) On an infinite square grid with horizontal Equator, the well-
equipped North invades the defenseless South. However, North’s troop movements come
at a heavy cost, partly due to treacherous terrain (swamps, jungles, and such). Initially,
North is permitted to position any number of soldiers above the Equator, at most one
soldier per cell. No new soldiers are added later; but soldiers can move as follows. If soldier
X is adjacent to soldier Y , then X may ‘jump over’ to the other side of Y if that cell is
unoccupied, but as a consequence Y is removed from the board. Adjacency is vertical,
horizontal, or diagonal (8 directions). Show that North’s troops cannot advance to a cell
9 steps south of the Equator. (First show 100 steps are impossible.) (Hint: potential
function.)

51. (The card game “SET”) Let us call a subset S ⊆ Fn
3 SET-free if it does not contain an

affine line. (Verify that affine lines correspond to “sets” in the card-game “SET.” What
are the affine lines in Fn

3?) Denote by αn the maximum size of a SET-free subset of Fn
3 .

Prove that:

(a) αn+m ≥ αnαm;

(b) (Fekete’s Lemma) Infer from (a) that L := limn→∞ α
1/n
n exists.

(c) 2n ≤ αn < 3n, and hence 2 ≤ L ≤ 3;

(d) L > 2, and find as good a lower bound on L as you are able. (Check the web about
the card game “SET!”);

(e**) (Meshulam’s Theorem) αn < 2 · 3n/n.

(f***) (Open problem) Is L < 3?

52. (Lipschitz) A function f is Lipschitz-1 if it does not increase the distance, that is, for all
x, y in its domain, we have

d(f(x), f(y)) ≤ d(x, y).

Show that if A ⊆ Rn and f : A→ R is Lipschitz-1 then f can be extended to a Lipschitz-1
function Rn → R.

53. (Rings vs. fields) Is there an infinite field that is finitely generated as a ring?
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